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PREFACE 

The present volume contains a second course in algebra 
adapted to the latter part of the High School curriculum. 
The book is divided into two parts, Part One being meant 
for use in such classes as give only a half year to the 
second course in algebra, while the entire volume is to be 
used by classes giving a whole year to the second course. 
In half-year classes, Part Two will constitute a reservoir 
of extra work for bright pupils. 

The features which characterize the authors' First 
Book in Algebra are continued and dieveloped. Ex- 
tended use is made of the graph, among other advances 
being the per capita and efficiency curves and dissected 
bar graphs. 

In the treatment of the formula, the pupil is asked more 
frequently to supply letters and to devise the complete 
formula. 

No other part of algebra so develops thought power 
and cultivates an appreciation of the spirit of algebra as 
does the verbal problem. Accordingly, more difficult and 
varied verbal problems are supplied, many being given in 
the inverse form, where the conditions of a problem are 
stated in symbols and the pupil is asked to convert the 
symbolic statement into general language. 

Throughout the book, pivotal and permanently valiuible 
numbers, facts and laws from other branches of study are 
introduced in various ways. This gives a correlation of 
algebra with geography, history, economics, and other 
school studies. Also the numerous examples where a 

• •a 

Ul 
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pupil is asked to reduce units of different orders to a single 
unit constitute a useful preliminary to the study of physics 
and engineering. 

The self-activity of the pupil is aroused and developed 
by examples which require him to invent and solve 
problems to meet given sets of conditions. 
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A SECOND BOOK IN ALGEBRA 

PART ONE 

CHAPTER I 

FUNDAMENTAL PROCESSES 

1. Some Algebra Which You Haye Akeady Learned. 
In a former course in algebra you have learned that by an 
extended use of symbols in dealing with numbers, much 
labor is often saved, and sometimes also results are ob- 
tained which could not have been obtained in any other 
way. It is the object of this second course in Algebra to 
develop these advantages still further. 

First of all, it will be useful to recall to mind some of the things 
learned in the first course in algebra. 

The following illustration will bring to mind one of the first and 
most important ways in which labor is saved by the use of symbols 
in algebra. The rule for obtaining the interest on a given sum of 
money for a given time at a given rate is as follows: Multiply 
together the principal, the rate pei cent expressed decimally, and 
the number of years. By the use of symbols, this rule is expressed 
as a formula, thus: i^pri. By this means, the 72 letters in the 
rule are reduced in the formula to 5 sjonbols. 

Also from i=prt, we obtain 

. . a 

XX X 

«=— , r=— , and p=--. 
pr pt ri 

Express each of these results as a rule. Count the number of 
letters in each of these rules. How many letters are in all four of 
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these rules taken together? Hence, i^prt takes the place of how 
many letters in all? 

BXERCISE 1 

By use of the formula i=prt, solve Exs. 1-4. 

1. Find the interest on $350 for 2 yr. 6 mo. at 5 per cent. 

2. In how many years will the interest on $250 at 
6 per cent be $52.50? 

3. Find the rate per cent at which the interest on $500 
in 3 yr. 6 mo. is $70. 

4. On a given principal, the interest in 1 yr. 9 mo. at 
6% is $78.75. Find, the principal. 

6. In the formula p = 5r, let p = 32 and 6 = 800, and 
find r. State this example as a problem in percentage. 

6. In the formula a = Iw, let a = 903 sq. ft. and w — 21.5 
ft., and then find l. State this example as a problem con- 
cerning the area of a rectangle. 

7. If 40 cu. ft. of a certain kind of coal make a ton, 
find the formula for the numbers of tons (T) that may 
be put into a bin I ft. long, w ft. wide, and d ft. deep. 

8. By use of the formula of Ex. 7, find how deep a 
bin must be to contain 5 tons of coal, if this bin is to be 
10 ft. long and 5 ft. wide. 

9. The formula p=^br takes the place of what three 
rules? How many letters are in these three rules? How 
many symbols are in the formula p^br? Compare these 
two numbers. 

10. Find a formula for the length in feet (L) of a shelf 
to hold a books each h inches thick, b books each t2 inches 
thick, and c books each h inches thick. 

11. By use of the formula of Ex. 10, find the length in 
feet of a shelf long enough to hold 5 books each 2 in. thick, 
6 books each 1^ in. thick, and 8 books each If in. thick. < 
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BZERCISB a 

By the aid of symbols, write the following in the shortest 
way you can: 

1. 5 plus X minus a. 

2. The product of 7, x, and y. 

3. X divided by the sum of a and 6. 

4. p divided by the product of q and r. 

6. The product of 5 and a, minus 3 times the product 
of X and y. 

6. The square of a minus b equals the square of a, 
minus twice the product of a and b, plus the square of b, 

7. Write three consecutive numbers, the smallest of 
which is n. Also three, the largest of which is n. Also 
three, the middle one of which is n. 

8. Charles has x dollars, and Henry has 5 less than 
twice as many. How many has Henry? How many 
have both together? 

9. What is the cost in cents of 5 lb. of sugar at p cents 
a pound and 3 lb. of coffee at q cents a pound? Also 
express the cost in dollars. 

BXERCISE 8 

When a = 5, 6 = 3, c = l, x = 6, find the numerical value of 
1. 3a+2(a;-c). ^ (x-c)(2 6-a) 

0. 



2. (3a+2)(x-c). * 3(62+c)-2a- 

3. 3c2+7a-6(w-6). 
. 3x2-62 



6. 7x(5a— 4x)— cx^. 



a-2c' 7. 3x(x-a)(x2-a62+2ac2). 

If a=4, 6= J, c=0, x=sl, y = 9, find the value of 

8. <^2ax. 9. V^. 10. 3 6^6^3^. 

11. 3 cxVa2+6c2. 12. ixVaby-bx-lPiP. 
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If a =1.23, 6 = .56, c = .04, and d = .3, evaluate (that is, 
find the numerical value of) to the nearest thousandth: 

13. 2a(5-c)(a2+d2). abc , /a , c\ 4d 

16. -=~r"r 



(H 



14. (a+6)-5-(c+d). * 5d \b dj a+2b' 

16. Find the difiPerence between 6a&x— 2a&, and 
6 abx-T'2 ab, when a, 6, and x equal 3, 5, and 6, respectively. 

EXERCISE 4 

1. What is a formula? Give two examples of a rule 
and the corresponding formula. 

2. Give a definition of Algebra. 

3. What is an algebraic expression? Write an algebraic 
expression containing three terms. 

4. What is a term? Name the three terms in th& 
expression which you wrote in answering Ex. 3. Why ia 
it customary to regard an algebraic expression as made 
up of terms? 

6. What is a coefficient? Give an example of a numer-^ 
ical coefficient. A Uteral coefficient. A mixed coefficient. 

6. What is an exponent? Write a term containing 
both the exponent 2 and exponent 3. 

7. If a letter is written without an exponent, what 
exponent is the letter supposed to have? 

8. Explain the difference between a power and an 
exponent. 

9. By making selections from the following list of 
terms, Sx^, — Sxy, 7(a— 6), 4a^, Softc^, — 5(x+2/), write 
(1) three monomials; (2) three trinomials; (3) four 
binomials; (4) four polynomials, each of which contains a 
different number of terms from the rest. 

10. What are similar terms? Write two similar terms 
«ach of which contains the exponent 3. 
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11. Write two terms which are not similar, but each of 
which contains the letters x and y and no other letters, 
and the exponents 2 and 3 but no other exponents. 

12. What are the factors of an expression? What are 
the factors of 15? Of 5 xyt Of 5 xV? What is meant 
by literal factors? Give an example of a term containing 
three literal factors. 

13. What is meant by the degree of a term? Write a 
term of the 2d degree containing only one letter. Also a 
term of the 2d degree containing two letters. 

14. Write a term of the 3d degree containing two and 
only two letters. Also one of the 8th degree containing 
three and only three letters. 

16. Write a polynomial of the 4th degree containing 
five terms arranged according to the ascending powers of 
some one letter. Rewrite it in the descending order. 

EXERCISE 6 

1. Define negative number. Give three examples of a 
positive number with the corresponding negative number. 

2. Give three events which have negative dates with 
respect to the birth of Christ. 

3. Give three events which have negative dates with 
respect to July 4, 1776. 

4. At a certain place during a given year, the highest 
temperature was 99° and the lowest was — 14**. Find the 
difference between these two temperatures. 

5. The highest point of land on the earth's surface is 
the top of Mt. Everest, 29,002 ft. above sea level; the 
lowest point of dry land is in the valley of the Jordan, 
1290 ft. below sea level. What is the diJerence in altitude 
between these places? 

6. Coimt the number of letters and symbols in the 
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phrase "7 degrees below zero." Also in "- 
pare the two numbers. 

7. On the foot rule, show the sum of 2 in., —3 in., 
and 7 in. If each inch represents 10 yd., what would this 
example mean in terms of advances in a football game? 

8. Find the algebraic sum of 7J— 2^ — Ij. What is 
meant by an algebraic sum? 

9. How much money must be added to — $213 to 
make $920? 

10. Define algebraic numbers. What is meant by the 
absolute value of a number? What is the absolute value 
of -20 in.? 

11. At a place where a stream was 110 ft. wide, the 
depth of the water was measured at intervals of 10 ft. 
These depths were found to be in feet as follows: 4, 6, 16, 
23, 22, 14, 11, 7, 4, 2. Also 10 ft. from the left shore, 
the height of the bank above water level was 3 ft., and at 
80 ft. from the left shore it was 7 ft. Similarly at 10 and 
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20 ft. from the right shore, the heights of the land were 
5 ft. and 8 ft. respectively. Make a drawing of the banks 
and the bottom of the stream as determined by these 
numbers. 

Sua. The beginning of the drawing is shown in the above dia- 
gram. Let the pupil complete the drawing. 
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EXERCISB 6 






.dd and check each result: 






1. 2. 


3. 


4. 


8. 


-6 -3ofe2 


-2.5oV 


-4(fl-6) 


|»r8 


27 -5o62 


- 1.7 o^a? 


-7(o-6) 


-iirr» 


- 15 12 o62 


.9oV 


{a-b) 


-f wtS 


-3 -062 


-.3o2x8 


6(o-6) 


irr* 


7 -3a62 


.5 a^3? 







6. 2 a+6, 3 a—c, 2 5+3 c, 7. ax^y, h7?y, —cofiy. 

8. i x-iy+«-i 2^+3i «+| x+t x-i 2+1 2/-3J aj 
-7i2+2iy. 

9. 3 ab+.2 ac+.75 6c-. 02 a6-.35 ac+.003 6c+.6 a5 
-7.2 oc. 

10. a3»+5a2»-6a», 4a3»«-2a2»+3 a», -2a3»-a2»+ 
3a». 

11. 2n-l and 3-n-2n2. 

12. Reduce 5 aabhh — 3 aahhh — 7 aa&66 +8 aa666 to its 
simplest form. Compare the number of sjrmbols in the 
two forms. 

13. Add in the shortest way 6|-3^+i+2|+4|-3. 
Make up and work an example involving 16th's and 4th's. 

14. Add 6ft+3<+w, 2«+3w, 2h+u. If h means 
hundreds, t tens, and u units, express the example as an 
addition of arithmetical numbers. 

* 

16. Where x = 3, and 2^ = 5, find the value of Sx^y— 
9x^^+6x^2/— 2x^2/, (1) without first adding the terms; 
(2) after adding the terms. Compare the amount of work 
in the two processes. What does this comparison teach 
us as to the efficiency value of addition in algebra? 

16. Make up and work an example in which three bi- 
nomials and two trinomials are added together. 
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EXERCISE 7 

Subtract and check each result: 

1. 2. 3. 4. 

a2-3a6+2 62 9{x-y) -i Va-x a+b 

Sa^-Bab-lh^ -2(a;-y) Va-x b+c 

6. 6. 7. 

(2a-3 6)x (a+6-c)x {3a-2b-c)y 

(a+b)x {b+c-a)x (5a-2b+d)y 

8. Subtract 2 a+b from 3 a+c. 

9. From n — 2 subtract 3. 10. Subtract 6x^ from asfi. 

11. Subtract (o^ - 2 db+ly^)x from (a^ - 62)3.^ 
Find the expression which must be added 

12. To 2 a-3 b to make 5 a-7 6. 

13. To3a2-2a+l tomake7a3-2a2-3. 

14. To x2»+5 x»+7 to make 8 x2"-3 a;»-2. 

15. From the sum of 3a+5 6 — 2 c and 7 a— 2 6+5 c 
subtract their difference. 

16. From the sum of (5 a— 3 6)x and (2 a— 5 6)a; sub- 
tract their difference. 

If A=3x2-2x+5, 5 = 5x2-7, C = 3x-2, find 

17. A+B-C. 18. B-A-C. 19. C-A-B. 

20. If Rome was founded in the year —753 and cap- 
tured by the Goths in the year +410, find the number of 
years between these dates. 

21. Hydrogen melts at a temperature of —256° C. and 
ammonia at —34° C. Which melts at the higher temper- 
ature? Find the difference between the two temperatures. 

22. Subtract 2h+3t+5u from 7h+5t+6u, If h 
means hundreds, t tens, and u units, express this example 
as a subtraction of arithmetical numbers. 
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23. What is the parenthesis sign? Write three s3nnbols 
which may be used instead of the parenthesis sign. 

24. What is the meaning of the parenthesis sign? Give 
an example showing its use. 

Simplify: 

26. 15-(-6.4)+(-5.8). 26. 2.7 +{.4 -(3.07 -.015)}. 

27. 5«+{-2a;-(.3«-2.5)-4.7}. 

28. 6a2-[(3a-5)-7a2]-(2a2-7). 

29. In 7 x— (3 a— 2 6+c) what is the sign of 3 a as the 
example stands? 

In the next four examples, inclose the last three terms in 
a parenthesis preceded by a minus sign. 

30. 3x2-a2+2a6-62. 31. 5 r^- 1-2 a-a^. 
32. 5a2+2x2-3x2^-y2. 33. 7 a-3 6-4 c-x+y. 

34. State which of the following are identical with 
x-y\ viz., y-x, -(x+y), -(-x+y), -y+x. 

35. Make up'a similar example concerning x+y— 2. 

36. Make up and work an example in which a tri- 
nomial is subtracted from a binomial. 

EXERCISE 8 

1. Solve the equation 8 X— 72 = 3 x+23, (1) without 
transposition of terms; (2) using transposition. 

2. What does the word transposition mean as used in 
algebra? What are the advantages of employing transposi- 
tion In solving equations? When are the advantages in 
the use of transposition most apparent? 

Solve and check: 

3. 6x-.108 = 1.4». 4. 5x-(2x-3)«6. 

6. 10-(3x-5)-[8-(7x+2)] = 0. 
6. 14x-[22.4+(68.8-16x)] = 2.5. 
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7. llr=42.9-[-(3r-38.4)+6.5]. 

8. Give a definition of an equation. 

9. What is a root of an equation? Is 2 a root of the 
equation, 5x + 4 = 7x— 3? What is its root? 

10. What is meant by solving an equation? 

11, Does —.2 satisify the equation 3x— 1.5— (x— 4) 
=8.2? 

EZBRCISB 9 

Vebbal Problems 

1. Express each of the following statements in symbob: x 
exceeds y by 3; (2) x is greater than y by 3; (3) y is 3 less than 
x; (4) X equals y increased by 3; (5) y equals x diminished by 3. 
How many of the preceding statements express the same fact? 

2. In four different ways express in words a— 6=4. 

3. The dimensions of a given rectangle are x and y. State the 
dimensions of a rectangle which exceed those of the given rectangle 
^y 40 %. 

4. A man bought a house for x dollars and sold it so as to gain 
a dollars. For how many dollars did he sell it? What per cent 
did he gain? 

6. At a cents a yard, how many yards of calico can be obtained 
in exchange for h dozen eggs worth c cents a dozen? 

G. State the interest on 2 p dollars at r per cent for 3 1 years. 

7. What is the cost of a articles bought at c cents per hundred? 

8. If X represents a man's present age in years, what does 
X — 10 represent? a; — 5? 2 x? 

9. If c represents the cost of 1 pound of sugar, what does ^c 
represent? 

10. If X and y are the dimensions of a rectangle, what does 
(x-2)(y-3) represent? 

11. If a man bought a house for h dollars and sold it for b dollais, 
what does «— 6 represent? 
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12. A man had a journey of 150 mi. to go. He has now 
traveled for h hours at m miles an hour. What is the meaning of 
160 -i^m? 

18. A boy has m marbles. He loses f of these and then bu3rs 
} as many as he had at first. How many does he then have? 

14. A train runs m miles per hour. How far will it go in e 
minutes? 

16. Find the differenoe in area between a surface a feet square 
and one containing a square feet. 

BXBRCISE 10 

1. Four partners together made $28,500 in one year. 
The first partner received $2500 more than the third, 
the second $1000 more than the third, and the fourth, 
twice as much as the third. How much did each receive? 

Sua. NUMBERS DEALT WITH SYMBOLS 

Number of dollars received by first partner =x-f2500. 
Number of dollars received by second partner «x-|-1000. 
Number of dollars received by third partner — aj. 
Number of dollars received by fourth partner =2 x. ■' 

Number of dollars received by all together b:28|500. ^ 

SQUALITT AMONG NUMBERS 

Sum of first four numbers— last number. 
Let the pupil complete the solution. 

2. Two girls made $61.80 by keeping a refreshment 
stand. The girl who supplied the materials received $20 
more than the other. How much did each receive? 

3. A man and a boy together made $106 from a garden. 
The man received $25 more than twice what the boy re- 
ceived. How much did each make? 

4. Three partners together made $13,000 in one year. 
The first received twice as much as the third, and the 
second received $1000 more than three times as much as 
the third. How much did each receive? 
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C Find four consecutive numbers whose sum is 74. 

6* In a certain kind of concrete the parts of oemant, 
sand, and gravel are proportional to 1, 3, 5. How many 
cubic feet of each are needed in making 1800 cubic feet of 
concrete? 

7. One number exceeds three times another number by 
•23. The sum of the numbers is 1.04. Find the numbers. 

8. In a certain election 957 votes were cast. The 
successful candidate came within 18 votes of receiving 
twice as many as the defeated candidate. How many 
Votes did each receive? 

9. If three times a certain number is increased by 17 
the result is 6 less than four times the number. Find the 
number. 

10. For every dime of his savings that a boy spent for 
books his father gave him a quarter to spend for the same 
purpose. If the boy spent $78.75 in all, how much did 
his father give him? 

11. By what number must c+d be multiplied in order 
that when b is taken from the result, the remainder will be 

12. The perimeter of a rectangle is 176 in. The length 
is 8 in. less than three times the width. Find the area of 
the rectangle in square feet. 

2. Example in Multiplication. 

Ex. Arrange and multiply a?— 2a^+3a^a; by 2a^+x^ 

:fi+Za^x-2cfl =2 

gg- ax+2a^ =2 

afi +3oV-2aV 

-aa^ -3aV+2(3t*a? 
+2aV +6a^g-4ag 

Product, xP— ax^+5a^3?—5cfis^+Sa:^X'-4a^=A 
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3. Law of Exponents in Multiplication. 

By definition of a power, a^Xa? = {a'a'a'a*a){a'a)^c?. 

Similarly, when m and n are any positive whole numbers, 
o"*Xa"=(a'a'a ... to m factors) (a -a -a .... to n factors), 
=^a-a'a ... to {m+n) factors = a*""*"". 

Hence, a*"Xa* = a*""'"". 

Ex. Multiply 3a?"-^ by 4 x»+«. 

Since 2n— 3 and n+5 added, give 3n+2, 
the product is 12 a;^**"^^. Am, 



Multic 


)lv: 


EXERCISE 11 






1. 

4x2 
.2x3 


2. 

2n-l 

23 


3. 4. . 


6. 

.2a V^ 


6. 

X2» 



Multiply and check the following, arranging the terms 
of each polynomial in ascending or descending order: 

7. 3 x+ 1 by x+2. 8. 3 a;+4 y by 4 x-5 y. 

9. x^-Zz +1 by 2x-3. 

10. 3 a^— 4 ax+T? by 2 a— 3 x. 

11. 2i/3_4y2+y_lby 2y-5. 

12. 4x2+x-2 by 3x2-x-5. 

13. 2 x3+3 x2y_4 an/2+2/3 by 3 x2+ya. 

14. 5x3+a._5 by 3x2-2x-4. 

16. 4 a3+ 2a26-&3 by 3 a3-a62+63, 

16. 2 a:*-4 x3+3 x2-2 x+1 by 1+2 x+7?. 

17. 3 x2+ 6x+a?+15 by l+x2-3 x. 

18. ia2+ia6+i62by ia-J6. 

19. 1.2 x2+1.5x+6.4 by 2.4 x-3. 

20. 1.8 a2-3.2 a+.48 by 2.5 a+.5. 

11. a"+2a»-H3a»-*by 3a2-2a+5. 
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23. 4a:»+*-3x*+x"-* by x2+2x+l. 

24. What different ways are there of checking a result 
in multiplication? 

Multiply and check each result: 

25. 5(x+t/)2-4(x+y)+2by 3(x+2/). 

26. 5(a;-2/)2+3(x-y)-2by 2(x-y)-5. 
Simplify and check: 

27. a-2(a-3). 30. (3 x-2)(5ar^~3x-2). 

28. (a-2)(a-3). 31. (3 x+5)(x+y)-y. 

29. 3x-2(5x2-3x-2) 32. x-2(x-3)(x-5). 

33. 6-3(a-2)2-2(3-2a)(l+a). 

34. 3a2— [x(a--x)— a(x— a)]— 2x2. 

35. 3[x(.2-x)-.5(x-4)]-1.6x2. 

36. In the shortest way, multiply the sum of (x— 2j/)^ 
and (2 x-y)^ by 3 x-2(x-2/). 

If x=3, y=0, a= —2, 6= —5, find the value of 

37. lPy+3a{a—b). 38. 4 a^— axy(4 a— 6). 

39. 2{a^+b)-bxy+cfix. 

40. 3x(x-2a)-{x-(x-l)(a+l)-(a+x)2}+5ax. 

41. From 3 times the product of x+5 and 3 x--5 sub- 
tract 5 times the product of 1— 2 x and 2 x— 3. 

Solve and check: 

42. 3x2-2(x+l)(x-5) = (x+3)(x-l). 

43. (5-3x)(3+4x)-(7+3x)(l-4x) + l=0. 

44. 2[x+x(x-3)+l]-(2x+5)(x-l)=0. 

45. 4(28.5-3 x)-3(2x-11.3)+4.5 = 2(48.7-5x) -3.4. 

4. Example in Division. 

Ex. Arrange and divide 11 x— 3x^—6+6 a?*+7x' by 
3x-2+2x2. 
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Dividend Divisor 



6 x*+7 x»-3 x«+ll x-6 |2x«+3a;-2 «» 15+3 
6a:«+9jr»-6a;« 3x«- ar+3= 5 



-2x»+3x«+llx-6 Q^,^ 
-2x»-3x«4- 2x 



6x*+ 9x-6 
6x«+ 9x-6 



6. Law of Exponents in Division. 

If m is greater than n, by § 3 

or, a*"""Xa*=a*". 

Dividing each of these equals by a", 



a"»-^a"=a'"~^ 



Ex. Divide 12 a^"-» by 3 a"-^ 

12a^"*"' 
3a*""^ 

EXERCISE 12 
Divide and check: 

1. - 30 a^y^ by - 6 a^y. 4. 15 ar*»+* by - 3 x»-». 

2. .4 0x2 by .8 x2. 6. 2 a2x~+» by ox*. 

3. 8 a^" by 2 a». 6. a*'+' by a~+«. 

7. -1.4(a-6)«by -7(a-6)3. By -2 (a -6)*. 

8. a«» by a^". By a^". By -a^ 

0. -6 a-+' by 2 a"+^ By a^^^ By -3 a'^'K 

10. 6x8-19a:2y+21xy2-.i0j/3 by 3a;-5y. 

11. 2x«-5a:*-2a:3+9x2-7x+3by2x2+x-3. 

12. j?+Si^hyx+2y. 13. 16 a*- 1 by 2 a- 1. 
14. 4a2+62+a:2«4^5+4ctx-2 6xby 2a-6+x. 
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16. ix3-17f x+2by |x+|. 

16. it'-ia?+ii^-^^+-i^^y^'i^+h 

17. .Ia2-.23a6+.12&2by .2a-.3 6. 

18. 4.5a?-7A3^-'Ax+.2^hy 1.8 x^- 3.2 a; +.48. 

19. x»+^-x»-^-6x»-*-2x+4by x-2. 

20. 6r^'»+'-13ar^»+6a?»-^ by 3x»+^-2x». 

21. Make up and work an example in which a binomial 
of the third degree is divided by a binomial of the first 
degree without a remainder. 

Divide: 

22. 12(x+2/)4-8(x+y)3-16(x+y)2 by ^x+y)^. 

23. 9(a-6)«-12(a-6)3+15(a-5) by 3(a-6). 
If x = 0, y = 2, z= —3, a = l, find the value of 

2i. 3a^y. Sx—Sah 30. y+5x. 

26. 3a?x. 4 X 

31 -+^2 

26. 5+aH. Sa^y+^ ' o, 

27. ^x^z+baT?. ' x+y ' 32. xs^+5cfi. 

EXERCISE 13 

Verbal Problems 

1. How many cubic feet are in a box I feet long, w inches wide, 
and d inches deep? 

2. How many feet are in the circumference of a circle whose 
radius is a inches? How many square feet in the area of the circle? 

3. How many square feet are in the surface of a cube whose 
edge is i inches? 

4. If the area of a rectangle is r square feet and the rectangle 
in i inches wide, express the length of the rectangle in feet. 

6. The volume of a box is to be c cubic feet. If the top of the 
box is a square whose side is a inches, express the depth of the 
box in feet. 

6. If the edges of a box are I, w, and h feet, express the sum of all 
the edges. Express also the area of the surface, omitting the top- 
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7. Four boys share equally a pounds and b ounces of candy. 
How many ounces does each receive? 

8. A building lot is x feet square. How much will it cost to 
fence it at h cents a yard? 

9. Find the value in dollars of a block of marble, m feet square 
and X feet high, at c cents a cubic foot. 

10. How many square yards are in the surface of a wall I feet 
long and h feet high, if d square feet are deducted for door and win* 
dow spaces? 

11. If a cistern contains g gallons of water, and a quarts per 
minute run into it, how many gaUons will it contam at the end 
of an hour? 

12. A boy had d dollars and spent c cents a day. How many 
dollars did he have left at the end of t days? 

EXERCISE U 

1. Allowing 34 sq. ft. for a roll, find a formula for the 
number of rolls (r) of paper required to cover the walls 
and ceiling of a room whose dimensions are Z, Wj and h feet, 
if d square feet are deducted for doors and windows. 

« 

2. If 7| gallons be taken as equal to one cubic foot, and 
the dimensions of a rectangular cistern are a, &, c feet, 
find a formula for G, the number of gallons the cistern will 
hold. By use of this formula solve Ex. 3. 

3. If a cistern is to be 8 ft. long and 6 ft. wide, how 
deep must it be to hold 204 gallons? 

4. If a house whose value is h dollars is insured for 
the a/6th part of its value, and the insurance rate is r, ob- 
tain a formula for P, the insurance premium. 

6. If a man's salary the first year is a dollars and he 
receives an increase of 6 dollars a year, obtain a formula 
for his salary (s) at the end of t years. 

6. If a man's salary the first year is $1500 and he 
receives an annual increase of $125, how many years will 
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it be before his salary is $3000? Solve by use of the 
formula obtained in Ex. 5. 

7. If two cars start at the same place and move in 
opposite directions at the rate of a and h miles an hour 
respectively, obtain a formula for D, the nmnber of miles 
they will be apart in t hours. Make up and solve a numer- 
ical example by use of this formula. 

8. The rule for determining the length of time a beef 
roast should be cooked is as follows: to 20 minutes add 
one-quarter of an hour for each pound in the roast. From 
this rule, obtain a formula for the number of hours (ff) a 
rpast weighing n pounds should be cooked. 

By use of this formula find the number of hours a roast 
weighing 11^ lb. should be cooked. 

9. A man had n children, and left real estate worth r 
dollars and personal property worth p dollars, the property 
as a whole to be divided equally among the children. Find 
a formula for Z, the property inherited by each child. 

Illustrate the use of this formula by a numerical example 
composed by yourself. 

10. Express the relation between divisor, dividend, 
quotient, and remainder, using d, D, g, and r to represent 
these quantities respectively. 

11. Choosing your own letters, by use of them express 
the relation between minuend, subtrahend, and remainder. 

12. In making coffee, the rule is to allow one table- 
spoonful for each person, and one for the pot. Formulate 
this rule, using suitable letters. 

EXERCISE 15 

1. On Feb. 1, 1919, and Feb. 1, 1920, at the same place, 
the temperatures at two-hour intervals were as follows; 
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Feb. 1, 1919. 
Feb. 1, 1920. 



2 a.m. 



14' 

-6' 



4 a.m. 



12' 
-8' 



6 a.m. 



13' 

-8' 



8 a.m. 



16' 
-6' 



10 A.M. 



22' 

1' 



Noon 



24' 
7' 





2 P.M. 


4 P.M. 


6 p.m. 


Sp.m. 


10 P.M. 


Mid- 
night 


Feb. 1. 1919 


25' 
12' 


23' 
10' 


19' 

7' 


15' 
4' 


10' 
1' 


8' 

-3' 


Feb. 1, 1920 





Graph the two sets of 
temperatures on the same 
diagram. 

The beginning of the dia- 
gram is shown at the right. 
Let the pupil complete the ^^ 
two graphs. 

In the construction of 
the following graphs, let 
the pupil determine 
whether each graph should 
be a smooth curve or a 
broken line. 

2. At the same place 
on Jan. 15, 1919, and 
Jan. 15, 1920, the temperatures at three-hour intervals 
were as follows: 






3 a.m. 


6 a.m. 


9 a.m. 


Noon 


3 p.m. 


6 p.m. 


9 p.m. 


Mid- 
night 


Jan. 15, 1919 

Jan. 15, 1920 


9' 
-5' 


12' 

-7' 


15' 
-2' 


17' 
3' 


18' 

7' 


16' 

5' 


14' 
2' 


12' 
-3' 



Graph these two sets of temperatures on the same dia- 
gram. From, the graph determine on which of the two days 
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the difference between the highest and lowest temperatures 
was the greatest. 

3. At a given place on Aug. 4, 1919, and Aug. 4, 1920, 
the temperatvires at one-hour intervals were as follows: 





• 

a 

• 

< 

62° 
69° 


• 

a 

• 

< 

66° 
63° 


• 

a 

• 

< 

Oft 

70° 
67° 


• 

a 
< 

o 

76° 

72° 


• 

a 
< 

80° 

77° 


1 

o 

Z 

86° 
86° 


• 

a 

• 

92° 
89° 


• 

a 

• 

85° 
91° 


• 

a 

• 
CO 

74° 
87° 


• 

a 

• 

86° 
84° 


• 

a 

• 

to 


• 

a 

« 


Aug. 4, 1919 

Aug. 4, 1920 


87° 
78° 


81° 

74° 



Graph these two sets of temperatures on the same dia- 
gram. 

On one of the two days a thunderstorm occurred in the 
afternoon. From an examination of the two graphs, 
determine on which of the two days the storm occurred. 
At what time on the two days were the temperatures the 
same? 

4. The following 'were the mean or average tempera- 
tures at New York and San Francisco for a long period of 
years: 



New York 

San Francisco 



^4 


w^ 


1^ 


t3 


fH 


«H 


i-t 


1-1 


»-• 


«H 


1-4 


1^ 


• 

< 

•-> 


n 


< 


< 


< 


z 

p 


P 


■ 

o 

p 

< 


H 
GQ 


o 
O 


• 

> 

o 
Z 


• 
H 

Q 


31° 


31° 


35° 


42° 


54° 


64° 


71° 


73°i69° 


61° 


49° 


39° 


50° 


52° 


54° 


55° 


57° 


58° 


58° 


59° 


60° 


59° 


51° 


56° 



From the graphs of these two sets of temperatures, 
determine as closely as you can on what dates the mean 
temperatures of the two places are the same. 

Which of the two cities has the more uniform tempera- 
ture? What is the extreme range of temperature in each of 
the two cities? 

6. A boy's savings in the months of two successive 
years were as follows: 
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First year. . . 
Second year. 



Jan. 



$2.00 
3.50 



Feb. 



$2.75 

3.10 



Mab. 



$2.10 
3.40 



Apbil 



$2.42 
2.93 



Mat 



$2.80 
3.15 



JUNB 



$3.12 
3.75 



I 



First year. . . 
Second year. 



July 


AtJQ. 


Sept. 


Oct. 


Nov. 


Dec. 


$4.25 
8.90 


$4.17 
12.40 


$3.76 
6.21 


$4.15 
5.20 


$3.89 
4.15 


$2.78 
3.17 



Graph these two sets of num- 
bers on the same diagram. Also 
on this diagram, construct a third 
graph showing the increase of 
savings in the second year over 
the first year. The beginnings of 
the three graphs are shown on 
the diagram at the right. 

In the summer of the second 
year the boy worked on a farm. 
How is the result shown on the 
diagram? 

6. For the diflFerent months 
of a certain year, the expendi- 
tures and receipts of a certain 
business were as follows in dollars: 



































































































$6 
$5 
$4 

$3: 












































/ 




N 


1 
1 




-— " 





"1 


b 














i 

s 



s 



III 

z 

3 



6 

< 



Expenditures. 

Receipts 

Net Profits . . 



Jan. 


Feb. 


.Mab. 


Apbil 


Mat 


JuNB 


$810 

1024 

214 


$790 

1170 

380 


$820 
1220 


$872 
1380 


$850 
1460 


$890 
1570 



Expenditures. 

Receipts 

Net Profits . . 



JULT 


Aug. 


Sept. 


Oct. 


Nov. 


Dec. 


$920 
1320 


$950 
1603 


$921 
1727 


$874 
1629 


$882 
1548 


$923 
1276 
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Let the pupil fill in the vacant spaces. 

In constructing graphs of these three sets of numbers 
(on the same diagram) , let each space on the vertical axis 
represent $200. 

A convenient method of determining the vertical axis scale for 
numbers like the above is the following. If, for example, only 
12 spaces are available on the vertical axis, divide by 12 the 
largest number to be represented, and take some convenient 
number larger than the quotient as the number represented by 
one space. Thus, in this example: 1727 -^ 12 =144". Hence, let 
one space represent $200. 

7. The following table gives (in number of thousands) 
the population of New York and Chicago at ten-year 
intervals: 



Year 


Nhw York 


Chicago 


Year 


New York 


Chicaoo 


1800 


60 




1870 


942 


299 


1810 


96 




1880 


1165 


503 


1820 


124 




1890 


1441 


1100 


1830 


202 




1900 


3437 


1699 


1840 


313 




1910 


4767 


2185 


1850 


516 


30 


1920 






1860 


814 


109 


1930 







Graph these numbers on the same diagram. Let each 
space on the vertical axis represent 200,000 population. 

How do you account for the sudden increase in the 
population of New York between 1890 and 1900? 

8. The following table gives the amount of $1 at 
simple interest at 6%, at compound interest at 31%, and 
also at compound interest at 6%, for 5, 10, 15, etc., years. 
Graph these results on the same diagram. 

From the diagram, determine as exactly as you can, 
the number of years when the amount of $1 at 3|% com- 
pound interest equals that of $1 at 6% simple interest. 
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Also when the amount at 6% compound interest is double 
the amount at simple interest. 



Years 





5 


10 


15 


20 


25 


30 


35 


Amount at 6% Sim- 


















ple Interest 


$1 


$1.30 


$1.60 


$1.90 


$2.20 


$2.50 


$2.80 


$3.10 


Amt. at 3}% Com- 


















pound Interest. . . 


$1 


1.19 


1.41 


1.68 


1.99 


2.36 


2.81 


3.33 


Amt. at 6% Com- 


















pound Interest. . . 


1 


1.34 


1.79 


2.40 


3.21 


4.29 


5.74 


7.66 



9. Theadjoming 
table gives in mil- 
lions of dollars the 
exports and im- 
ports of the United 
States for the years 
specified. Make a 
graph of the exports 
and also of the im- 
ports on the same 
diagram. (Let each 
space on the vertical axis stand for 500 miUions of dollars; 
let each of the first three spaces on the horizontal axis 
stand for 5 years, and each space after that for 1 year.) 
Also on the same diagram, construct another curve 
showing the excess of exports over imports. How do you 
account for the great increase of exports over imports 
during the years 1914-1919? 



Ybab 


1 

EXFORTB 


Imports 


Year 


Exports 


Imports 


1890 


857 


823 


1911 


2092 


1532 


1895 


825 


802 


1912 


2399 


1818 


1900 


1478 


829 


1913 


2484 


1793 


1905 


1627 


1179 


1914 


2114 


1789 


1906 


1798 


1321 


1915 


3547 


1779 


1907 


1923 


1423 


1916 


5482 


2392 


1908 


1753 


1116 


1917 


6228 


2953 


1909 


1728 


1476 


1918 


6125 


3050 


1910 


1866 


1563 


1919 


7022 


3904 1 

1 



EXERCISE 16 
Review 

t Add 7 a«-3 a6, 5a«, 3 ab-l 6*, 16 a«-6«-7 ab. 
2. Simplify 5.8 p«-[8.2p»-(p«-.4)+.06]. 
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3. One number exceeds another number bj 12, and three times 
the smaller number exceeds twice the larger number by IS. Find 
the numbers. 

i. Find a formula for the number (B) of bricks, each a"Xh", 
required in making a pavement I feet long and w feet wide, if 5 
per cent be added as an allowance for breakage. 

5* The populations (in hundred thousands) of Dlinois, New 
York, and Virginia at ten-year intervals are given in fhe following 
table: 



Year 


1800 


1810 


1820 


1830 


1840 


1850 


Illinois 




• • • • 

9.6 
9.7 


.5 
13.7 
10.7 


1.6 
19.2 
12.1 


4.8 
24.3 
12.4 


8.5 
31.0 
14.2 


New York 


6.9 

8.8 


Vireinia 





Year 


1860 


1870 


1880 


1890 


1900 


1910 


JllinoiB 


17.1 
38.8 
16.0 


25.3 
43.8 
12.3 


30.8 
50.8 
15.1 


38.3 
60.0 
16.6 


48.2 
72.7 
18.5 


56.4 
91.1 
20.6 


New York 


Virginia 





Graph these facts as three curves on one diagram. 

From the graphs determine as accurately as you can thd year 
in which the population of New York State equaled that of 
Virginia. Also that in which the population of Illinois equaled 
that of Virginia. 

6. Solve and check 5[2(a;+l)-(x+3)]-3{x+2(6 a;-15)} =0. 

7. Subtract the product of —5 a and 4 a from the product of 
—6a and —8a. 

8. Add the numbers 496, 508, 492, 501, 509, 492. 500-4 
Then add the set of numbers equivalent to these as 500+8 
tabulated at the right. 500—8 

Which method of getting the required sum is easier? 500+1 
How is the efficiency value of negative number illus- 500+9 
trated in this comparison? 500—8 

(This process is also interesting since it was in con- 
nection with it that the minus and plus signs were invented. This 
occurred in the city of Nuremberg, Germany, near the year 1489.) 



FUNDAMENTAL PROCESSES 



25 



9. The following tabulation gives (in thousands of dollars) the 
monthly revenues and expenses of a certain business during a 
certain year. 



Month 



Revenue 

Expenses . . . 
Net Income 



J.4.N. 


Feb. 


Mar, 


April 


Mat 


June 


18 


21 


19 


23 


24 


20 


12 


13 


10 


11 


18 


21 



Month 



Revenue. . . . 
Expenses. . . 
Net Income 



July 


Aug. 


Sept. 


Oct. 


Nov. 


Dec. 


18 


19 


24 


27 


31 


32 


24 

1 


20 


17 


11 


13 


14 



Let. the pupil fill in the figures for net income and then make a 
graph of the three sets of figures on one diagram. 

10. Explain the difference between an identity and an equation. 
Give an example of each. Also state which of the following are 
indentities and which equations: 

(1) (a;+4)(a;-4)=x»-16. (3) (x-3)(a;+5)=x»+2x-15. 

(2) (z+4)ix-A)=x*-2x. (4) {x'-3)ix+5)=xK 

(5) (a+6)(a-6)=a«-6«. 

11. Two cars start 200 miles apart and move toward each other 
at the rate of a and h miles per hour, respectively. Find a formula 
for the number of miles (Af ) they will be apart at the end of t hours. 

Also find this formula if the cars start d miles apart. 

12. A man walked 15 miles, rode a certain distance, and then 
took a boat for twice as far as he had previously traveled. 
Altogether he went 120 miles. How far did he go by boat? 

13. Multiply 3x«-5.2 x+6 by .4 a;-.5. 

li. At a certain distance (a feet) below the earth's surface, 
ihe temperature of a coal mine was 78^. After that the tem- 
perature increased 1** for every 60 ft. of increase in the depth of 
the mine. Obtain a formula for the temperature (T) at a depth 
of d feet below the surface of the earth. 
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16. Divide 2 x^^+'-Q r*"+*+ll r*"+^-3 x*" by 2 x—^-3 «— » 

16. Subtract px«+gxj/— ry* from aa:*— 3 y«. 

17. Separate 4800 into three parts, such that the second part 
is three times the first, and one-half of the third part exceeds the 
second by 400. 

18. After proceeding a certain distance, a steamer had a tons 
of coal left and was using 6 tons of coal a day. Find a formula 
for Tf the number of tons of coal left in the steamer d days later. 

In this formula find the value of T when as 842, &a>62, and 
(f»4. Also when d=— 4. What is the meaning of this last result? 

fU*v> 

19. In L=— — , find the value of L when n=*60, <=3.4, d»42, 

a 

and ti;»623. (Use cancellation.) 

20. Copy the following tabulation and fiill in the vacant places 
with the needed rule or formula: 



Sdbjbct 


Brikf Ruls 


Formula 


Percentage 




6=? 

r 


Area of triangle 




A-=ihh 


Circle 


Diameter = circumf erenoe -i-ir 


-. 


Area of trapezoid 




A='i(b+b')h 


Motion of body 


Distance = rate X time 




Cubic yd. in cellar 




27 


Circle 


Area of circle »t times radius 
squared 




Interest 


Rate = (interest) -f- (principal 
Xtime) 





CHAPTER II 

ABBREVIATED MULTIPLICATION AND DIVISION; 

FACTORING 

Abbheviated Multiplication and Division 
6. Cases 1, 11, and m of Short Multiplication. 

I. (a+5)2 = o^+2iib+b2. 

Ex. (4a;*+3y)»«16x«+24xV+9y«. Product. 

II. (a-6)2=a2-2a6+62. 

Ex. (3x»-*-2xy»+^)^-:9x'»-2-12zV^*+4xy+^ ProiucL 

III. (a+6)(a-6)=a2-62, 

Ex. (x+y-2«)(x-y+2«)-[a:+(y-2 2)] lx-{y2z)] 

=x«-(2/-2«)« 
=a;*— (y*— 4 yz+A z*) 
=x*— y*+4y2— 4 2*. PtodiusL 

EXERCISE 11 
At sight write the product of 



1. 


(3 x+i o)2. 


9. 


(.5 0-. 04 62)2. 


2. 


(3 a; -4 a)^. 


10. 


[(a+6) - (x+y)]2. 


3. 


(!p-i3)*. 


11. 


1032. 


4. 


(10X1/9 + 1)2. 


12. 


99.82. 


6. 


[(a+x)-5P. 


13. 


(l3+9)(«3-9). 


6. 


(x-o-6)2. 


14. 


(.4x-.05)(.4x+.05) 


7. 


(3a*-5ir-*)2. 


16. 


(o+6+2x)(o+6-2x). 


8. 


(3a;-2i/+3«)2. 


16. 


(2a!"+5jr)(2x»-5i/*). 


17. 


(a»+»+i6->)(o»+*- 


-J6» 


-'). 19. 96X104. 


18. 


997X1003. 




20. 9.7X10.3. 



21. [(2a5-l)+y][(2x-l)-y]. 

27 



28 



A 8EC!0ND BOOK IN ALGEBRA 



22. I4+(x+p)][4-(*+p)]. 

23. (4+i+p)(4-x-p). 

24. (2x+3y-5)i2x-Zy+S). 

26. {3?+xy+t){x^-xy+f). 

26. Multiply a+2 6-3 z by a+2 6+3 x by long multi- 
plication. Also by short multiplication. Compare the 
amount of work in the two processes. 

7. Cases IV and V of Short Multiplicatioii. 

IV. (x+a)(x+6)=x2+(a+6)x+a6 

Ex. (x+3y)(z-2y)-x»+«y-6y». Prodwi. 

V. (ax+6)(c»H-d)=«a(2+(ad+6c)x+6d. 

Ex. (3x+5)(2z-7)=6i«-llz-35. ProdueL 
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At sight write the product of 



1. 

2. 

3. 

4. 

6. 

6. 

7. 

8. 

9. 
10. 
11. 



(x+3)(x+5). 12. 

(p2+.4)(p2-.l). 13. 

(p232-5o)(p232+3a), 14. 

(y-o)(i/4-6). 16. 

(x-7)(3z+4). 16. 

(2x2_3i^)(4r'-7»«). 17. 

(2x-.3)(4x-.5). 18. 

(7«3-3xy2)2. 19. 

(a2+3x)(o2-5x). 20. 

(««+>-z"-»)2. 21. 

(x2+2zy»-»)'. 22. 



(y+l)(y~i). 

[(a+6)+7][(a+6)-3|. 

(o+.26)(2o-.3 6). 

(Jx+io)(ii-io). 

(2i-.3)(2z+.3). 

(3ax"-2a»-*)2. 

(-2x+3i/)2. 

(-a-6)(-o+6). 

(z+|/+5)(z+y-5). 

(xH-y+5)2. 

(z+y+6)(z+y-3). 



86. 



23. (4o2+2aa!+z2)(4a2-2az+z2). 

24. (9oH3o+l)(9a2-3o+l). 

995*. 26. 995X1005. 27. 100.3X99.7, 
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Simplify the following, using methods of abbreviated 
multiplication as far as possible: 

28. {x+y)^+{x-y)^. 29. {3 x-y)^-(3 x+y)K 

30. (3x-l)2-(3x+2)(3x-2). 

31. (5a-3 6)(2a-6)-3(a~5 6)2+(a-56)(a+4 6). 

32. (a+6+c)(a+&-c)-3(a-c)2-(6+c)2. ^ 

33. Why is it that the value of (2 x— 3 y)^ is the same as 
that of (3 !/ — 2 x)^? Make up two similar expressions that 
have this property. 

Compute in a short way: 

34. The area of a field 104 rd. long and 96 rd. wide. 

35. The cost of 51 yd. of cloth at 49 cents a yard. 

8. Division of Sum or Difference of Two Cubes. 

By actual division we can obtain, 

^±?=a2-a6+b2, and ^^=a2+a6+&2. 
a+b a—b 

Hence, in general language, 

Tfie sum of the cubes of two quarUities is divisible by the sum 
of the quantities^ and the qa^tient is the square of the first 
guantityy minus the product of the two quantities, plus the 
square of the second quantity; also 

The difference of the cubes of two quantities is divisible by 
the difference of the quantitieSf and the quotient is the square 
of the first quantity, plus the product of the two quantities, 
plus the square of the second. 

^ 8a?-27y^ _ {2x)^'-(3y)^ 

^" ^' 2x-3y 2x-3y 

= (2x)2+(2x)(3y)+(3y)2. 

=4 x^+6 xy+9 p^. Quotient, 
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Ex. 2. (-^^^^g±|Z = (o-6)2-3(a-6)+9 

=a2-2a6+6*-3a+36+9. Quotienk 
Let the pupil check the work in these examples. 

EXERCISE 19 

Write at sight the quotient for each of the following and 
check each result: 

c^+S 1+8 afi 3*+t/^ 

a+2' 1+2 «2- ^- r8+y2- 

jfi- l 125 -xO .006 3? -y^ 

X— 1 5— ar* .2x— y 

10. Divide ^c?^-21}? by 2a+3 6 by the method of 
long division. Now write out the same quotient by the 
method of § 8, p. 29. Estimate how much of the labor of 
division is saved by using the second method of obtaining 
the quotient. 

Obtain in the short way the quotient for each of the 
following: 

c3 + (l-x)3 27a:« + 125yg 

"• c+(i-x) • "• "3 0^+5 2/3 • 

-5 8-(x+y)3 (a^i)3_a^ 

"• 2-(x+y)- ^*- (a- 1) -re- 

write the binomial divisor and the quotient for 

16. 8«^-^^ 17. l=6ix^= 19. ?^±1^'. 

16. 8^Z27^= 18. 8^±1= 20. 5^^+^' = 

21. Find the difference in value between o^^+y^ and 
(x+y)3, when x = 2 and t/ = 3. 
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9. Division of Sum or Difference of any Two lake 
Powers. 

By actual division We can obtain, 

a*— fc* 

= a^ — a^b+ai^ — 6^. Quotient. 



a+b 



==a^+a%+alP+l^. Quotient. 



a—b 

4jfi+b^ is not divisible by either a+b or a— 6. But 
a^+b^ 



a+b 



= a^-o36+o262-a63+54, QuotierU. 



= a'^+a%+a^b^+ab^+¥. Quotient. 



a-t 

The difference of two Uke even powers of two quantities 
is divisible by the sum of the quantities, and also by their 
difference ; 

The sum of two like odd powers of two quantities is divisible 
by the sum of the quantities; 

The difference of two like odd powers of two quantities is 
divisible by the difference of the quantities. 

For the quotient in all these cases — 

(1) The number of terms in a quotient equals the degree 
of the powers whose sum or difference is divided: 

(2) The terms of each quotient are homogeneous (sinc^^ 
the exponent of a decreases by 1 in each term, and that^ 
of 6 increases by 1 in each term). 

(3) If the divisor is a difference, (he signs of the quotient art 
all plus; if the divisor is a sum, the signs of the quotient are 
tdtemately plus and minus. 

In the above statements the parts in italics should be 
committed to memory. 

Ex. 1. ^5-^=a»-a«x+a*x2-a8a:8+aV-aa:»+a^. 
a+x 

QuotierU. 



32 A SE(X)ND BOOK IN ALGEBRA 

Ex.2. ?|^=(|^ 
2 x+y 2 x+y 

= (2 x)*- (2 «)'y+(2 «)V- (2 x)y8+y* 

= 16 x*-8 a?y+4 x^-2 xy^+y*. 

Qvuftient. 

EXERCISE ao 

Write the quotient at sight and check each result: 

1. ^?? A a^-128 a"+x" 

o+x- *• a-2 • ^- o+i • 

a^-x8 jj5_i x»°-y» 

__ a-x- *^- ^^- *• ^^Ip-- 

« ^^+y^ - 32xS-yS ^ 243-o« 

b+y 2x—y 3— a 

10. Divide 32 a*+x^ by 2 a+x by the method of long 
division. Now write the same quotient by the method of 
% 9, p. 31. How much labor is saved by using this method? 

Write the binomial division and the quotient for 

n. «-!±l^= is. ^^'= 16. «^±1^= 
i2.'«i::l^= x^tj=^=. i^.t±l^ 

17. Divide a^+6* by a+h. Also (a+6)^ by a+6. 

18. Find the diflference in value between sfi—y^ and 
(x—y)^, when x = 3 and 2/ = 2. 

Factoring 

10. Cases I and n of Factorings 

Case I. A Polynomial having a Common Factor in all 
Its Terms. 

Ex. ^ x*y -9 x*y*- IS ax*- 12 bx^y 

= 3 x«(2 y-S xy*-6 aa;«— 4 by). Factors. 
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Case II. A Trinomial that is a Perfect Square. 

Ex. L 16a;»-24xy+9y*=(4x-3y)«. Factors. 
Ex.2. a*-4a6+4 6*-9a:»=(a-2 6)«-9x» 

« (a-2 6+3 x)(a-2 6-3 x), Fadora. 

EXERCISE 21 
Factor and check: 

1. 3x2+6x3+9 a:*. 7. 4 a?*-8 a^*+a^. 

2. 15 az+10 ay - 5 az. 8. .49+1.4 5+62. 

3. f x3-|x2__|.a., 9, ar^»+2 xV+y"*- 

4. 2ir7^+2wrh. 10. Qa^+Aab+iV^. 

5. x2+4ox+4a2. 11. (a+x)2+2 5(a+x) + 52. 

6. x3+6x22/+9xy2. 12. (x+i/)2-2ox-2ay+a2 

13. x^+y^+s^+2xy+2xz+2yz. 
Compute in the shortest way: 
14. 73X$1.25+27X$1.25. 
16. 186 X $5.46 + 27 X $5.46- 113 X $5.46. 

11. Cases ni and IV of Factoring. 

Case III. The Difference of Two Squares. 

Ex.1. 16x*-9y«=(4x»+3y»)(4x«-3 2/»). Factors. 

Ex. 2. 4a»-x»+2xy-2/«=4o«-(x»-2xy+y«) 

=4a*— (x— y)' 
« (2 a+x— j/)(2 o— x+y). Factors. 

J^- 3. Compute the value of 82.1*— 7.9* in Uie shortest way. 

82.1«-7.9*=(82.1+7.9)(821-7.9) 
=90X74.2 
=6678. Ans. 
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Casb IV. A Trinomial of the Form j^+bx+c. 
Ex. «»-5zy-14y«=(x-7y)(x+2y). Faeton, 

EXERCISE 22 

Factor and check: 

1. 25-9a2. 8. x2-(a+5)2. 

2. IQa^x-V^x. 9. x2-a2-2a6-62. 

3. 144-.0009x2. 10. '4x2-p24.2pg-g2, 

4. .36x3-81x2/2. 11. 4a2-16 62+4a+l. 

5. Ip^-AP?*- ". 9-16a2-.8a-l. 

6. 6J/8-6. 13. A-(x-3 2/)2. 

7. x*"-2/*". 14. (a+6)2-9(a+6-ip. 

16. 9(x+y)2-4(2x-3j^)2. 
Compute in a short way by aid of factoring: 
16. 4762-3242. 17. 89.732-85.272. 

18. Evaluate 7ri22-Tr2'when 7r=^, 22 = 32, and r= 24, 
Factor and check: 

19. x2-7x+12. 29. a3-13a2+36a. 
' 20. p^»+3p~-70. 30. a3-12a2+36a. 

21. 6^+3 62-28. 31. 1-16x4. 

22. o2+4a-165. 32. a2-x2-4 x2/-4 j/^. 

23. 2r^»-^-.5j/'-H.06. 33. y^+{a+b)y+ab. 

24. a262-9o6+18. 34. 2db-a^-V^+y^. 

25. x«-13x*+12x2. 36. ap* -. 0016 a^ 

26. x2-(p+g)x+pg. 36. {x+y)^-6(x+y)+S. 

27- (x+j/)2-5(x+2/)+6. 37. (x+i/)2-6(x+y)+9. 

28. (2x-3)2+3(2x-3)-10. 38. x2«-2x»2/2+2/*. 

12. Case V. A Trinomial of the Form ax^+bx+c. 

The essential part of the process of factoring £^^trinomial 
of the form ax2+6x+c lies in determining two factors of 
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the first term and two factors of the last term, such that 
the algebraic sum of the cross products of these factors 
equals the middle term of the trinomial. 

Ex. 1. Factor 10»2+13a;-3. 

» 

The possible factors of the first term are 10 x and x,5x and 2 x. 
The possible factors of the third term are —3 and 1, 3 and ^1. 
In order to determine which of these pairs will give +13 a; as the 
sum of their cross products, it is convenient to arrange the pairs 
thus: 

lOx, -3 6a;, -1 





X, 1 

Variations may be made mentally by transferring the minus sign 
from 3 to 1 ; and also by interchanging the 3 and the 1. 
It is found that the sum of the cross products of 

5x,-l 

is +13 X 
2x, 3 

Hence, 10x«+13x-3=(5x-l)(2x+3). Factors. 

Let the pupil check the work. 

Hence, in general, to factor a trinomial of the form 

ax^+bx+c, 

Separate the first term into two siu:h factors, and the third 
term into two siLch factors, that the sum of their cross prodxids 
equals the middle term of the trinomial; 

As arranged for cross muUiplicalion, the upper pair taken 
together and the lower pair taken together form the two factors. 

If, in a given example, the number which takes the place 
of either a or c has many factors, the method of factoring 
used in the following example is a saving of labor. 
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Ex. 2. Factor 20 2^+49 x-48. 

Multiply and divide the given expression by 20, the coefficient 
of the first sum. 

TT «/. ...^ .« (20a:)«+49(20x)-960 



jacu 


iuU| ^iv * — r^*' * 


20 

(20x+64)(20x-15) 
20 

4(5 x+ 16)5(4 X- 3) 
20 

= (5x+16)(4x-3). FacUm. 
EXERCISE 28 


Factor and check: 




1. 


2a2+3a+l. 


10. 9a*-13a2+4. 


2. 


3a2-4a+l. 


11. St^-1Ax+M. 


3. 


2a:2_5^+3. 


12. 6x^2/ — 2x2/— 4 y. 


4. 


3p2+8p+5. 


13. 9a4-148a2+64. 


5. 


3p2+i6p+5. 


14. 12-7 X- 12x2. 



6. 7a2-2a6-5 62 is. 2x2«+5x~-3. 

7. 3x^-11x3+6x2. 16. 3(x-t/)2+7(x-z/)2- 622. 

8. 10x2-13xy-3y2. 17. 3(x2+2x)2-5(x2+2x)-12. 

9. 12a2-7a6-12 62. is. px^+(p^q)x^q. 

13. Case VI. Sum or Difference of Two Like Odd 
Powers. 

From § 8, p. 29, --^ ^a^-ab+b^. 

a+b 

Hence, a^+l^ = (a+b)(a^'-ab+fy^). . . . (1) 

In like manner, a^ — 63 = (a — 6)(a2+a6+62). ... (2) 

But any algebraic expressions may be used instead of a 
and 6 in formulas (1) and (2). 
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Ex. L Factor 27 «3-8y. 

27 x»-8 2/»= (3 a;)»- (2 y)K 

Use 3 X for a and 2 y for 6 in (2) above. 

27 x«-82/»=(3 a;-2 1/)(9 x«+6 xy+4: y«). Fa^ctora. 

In working examples of this t3rpe, it is often convenient to call 
3x— 2y the "divisor factor" and 9x*+6xy+^y* the '^quotient 
factor." Why are these names appropriate in this case? 

Ex. 2. Factor a«+8 6». 

a«+8 6»=(a»)»+(2 6»)' 

= (a«+2 6»)(a*-2 a»6»+46«). Factors. 

Ex. 3. Factor (a+b)^-a?. 

(a+6)»-a:»=[(a+6)-x][(a+6)«+(a+6)a;+x«]. 

Let the pupil check the above examples. 

In general, to factor the sum or difference of two cubes, 

Obtain the valriea of a and b in the given example, and sub^ 
atitute these values in formula (1) or (2). 

By the use of § 9 (p. 31), the sum or difference of two 
like odd powers higher than the third' may be factored. 

Ex.4. Factor o^-fcs^ 

a»-6»= (o-6)(a<+a»6+a*6«+a6»+6*). 
Ex.5. Factor x^ +32 y5. 

a;»+32y»=a:»+(2y)» 

= (x+2 2/)[x*-x»(2 y)+xK2 yY-x{2 y)»+(2 yY] 

= (x+2 2/)(x*-2 x»y+4 xV-8 xy'+lG y"). Factors. 

The sum of certain two like even powers maybe factored by 
regarding the expression as the sum of two like odd powers. 

Ex. 6. Factor a«+6«. 

ae+6«=(a«)»+(6«)« 

= (a«+6«)(a*-a*«+6*). Factors. 
But a^+Vj a* +6*, a* +6® cannot be factored by any 
elementary method and are therefore prime expressions. 
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BXERaSB S4 






Fac 


tor and check 


• 
• 








1. 


TO^— n^. 


12. 


a^—xfi. 


23. 


a^^+x^K 


2. 


c3+8<P. 


13. 


X»2_j,6. 


24. 


a»+69. 


8. 


27-i3. 


14. 


a«_64ni2. 


26. 


32a^-l. 


4. 


a? +8 lfi(?. 


15. 


250x-2x7. 


26. 


o"-6". 


6. 


13-125. 


16. 


8 3fi+y^. 


27. 


243 -x6. 


6. 


64j/3_27. 


17. 


16a:*y«-54a3?. 


28. 


a'o-yo. 


7. 


o363+l. 


18. 


««+»«. 


29. 


oio+6'O. 


8. 


1 - 1000 3^. 


19. 


x^—y''. 


30. 


32aJS-o»o. 


9. 


27 x*+aH. 


20. 


a^+m^. 


31. 


a6+j/». 


10. 


512a;3-y«. 


21. 


xi2+y**. 


32. 


8 xi2+y». 


11. 


0+343 a*. 


22. 


0^-128 67. 


33. 


.008 a? -1/8, 



34. Make up a binomial expression whose terms contain 
unlike exponents and which can be factored as the sum of 
two cubes. Also one that can be factored as the sum of 
two 5th powers. 

35. Make up a binomial the exponents in whose terms 
are even numbers, and which can be factored as the sum of 
two cubes. Also one that can be factored as the sum of 
two 5th powers. 

36. State which of these expressions can be factored: 
a?+2/» x3+i/5 a:3_2/io x^+yio 
a? +2/9 x3-t/i2 x^+y^ x^+y^^ 
a?+y^ x«-t/« x^+y9 x^-^^o 

Factor and check each of these miscellaneous examples: 

37. x2-4a2. 41. x^+a®. 

38. x3-8a3. 42. x«-a«. 

39. x2-4ax+4a2. 43. x^^+y^. 

40. x2-4ax+3a2. 44. x^2_yW 
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45. o^-o*. 48. 6a2-13a+6. 

46. afi+a^. 49. 16x?-Sxy+y^. 

47. r2-4(a+6)2. 60. 3^+27 a?x. 

51. Make up and work an example in factoring to illus* 
trate each case treated thus far. 

14. Case VU. A Poljrnomial whose Terms may be 
Grouped so as to be Divisible by a Binomial Divisor. 

Ex. 1. ax—ay-'bz+hy=(aX'-ay)~-{bx'-hy) 

«a(x-2/)-6(x-2/) 
= (a — 6) (a; — y ) . Factors, 

The last step in the preceding process is sometimes clearer to the 
pupil when written in the following form: 

V y/y_v — y^__v — ^/^(j._y)(^_5)^ Factors, 
a —0 

Ex. 2. 1+15 a*-5 a-3 a«- 1-3 a»-5 a+15 a* 

= (l-3a»)-5a(l-3a») 
= (1- 3a»)(l-5a). Factors. 

EXERCISE 25 

Factor and check: 

1. a{x+y)+b(x+y). 10. 2?— 2?— 2+1. 

2. ax+a2/+6x+6|/. 11. ab—by—a+y. 

3. (a— 6)p+(a — 6)g. 12. o:^— x*— 4a;+4. 

4. ap—bp+aq — bq. 13. a^x^—V^a^—a^y^+V^y^. 
6- (p+5)3:+P2/+gt/. 14. a^+i^+a+ft. 

6. 3x{a-b)+5ay-5by. 16. a3-&3+a2-62. 

7. iox— iay+Jfta;— J6y. 16. a^ — &^ — a^+ft^. 

8. x2(a.+i)+5(a.4.i). 17. ct3-63-(a-6)2. 

9. x3+x2+5x+5. 18. x-2/+x8-j/«. 
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19. d^—ttx+cx—ac. 23. 4 o^— o^x^+a?— 4. 

20. Sxy-lOy-Sx+e. 24. x3-l+2(x2-l). 

21. f+y^+y+1. 26. x(x+4)2+4(x+4). 

22. ax^ — 2a2x— x+2a. 26. 2(x^—y^)—x+y. 

Factor and check each of the following miscellaneous 
examples: 



27. 


a^-Sa?. 


33. 


x^— o^+x— 1. 


28. 


a2-16x2. 


34. 


x«+27 t/«. 


29. 


ax — bx+ay—by. 


36. 


a^-y®. 


30. 


a^-a-2. 


36. 


(a+6)2-2(a+6)p+p2. 


31. 


a:3-a3+2(x-a). 


37. 


(a+6)2-(a+6)-2. 


32. 


3a2-4a-4. 


38. 


x^+x^— a^ — a^. 



39. Make up and work an example to illustrate each case 
in factoring treated thus far. 

15. Case Vni. Polynomials Factored by the Factor 
Theorem. 

Ex. If 2 be substituted for x in x^ — 7 x+6, we find that 
x^--7x+6 reduces to zero (since 8—14+6 = 0). 

We will now show, by a special method to be applied later, 
that x^ — 7x+6 is exactly divisible by x— 2, and hence, 
that X— 2 is a factor of x^ — 7 x+6. 

Dividing x»— 7 x+6 by x— 2, we may express the result thus: 

x»-7x+6=0(x-2)+22, (1) 

where Q is the quotient and R stands for a possible remainder. 

But if in identity (1) we let x=2, x»— 7 x+6 becomes zero, and 
0(x— 2) also =0 (since x— 2=0). Hence, R must be zero. 

Hence, x»-7 x+6=0(x-2), 

that is, X— 2 is a factor of x"— 7 x+6. 
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16. Factor Theorem. Similarly, in general, if E is any 
polynomial expression consisting of powers of x, and E 
reduces to zero when x = a, then x— a is a factor of E, 

For S = Q(x — a)+/2, and R reduces to zero when x=a, 
in this identity. 

Ex. 1. Determinewhetherrr— 2 is a factor of 0:^+3x2—4. 

When a: = 2, the given expression reduces to 8+12— 4 or 16. 
Hence, by the factor theorem x—2 is not a factor, of x*+3 x*— 4. 

Ex. 2. Determine whether x — 1 is a factor of x^ +3 x^— 4. 

On substituting 1 for x, the given expression reduces to 1+3—4, 
orO. 

Hence, x— 1 is a factor of x«+3 x«-4. 

Observe that a short way to determine whether an expression, 
E, is divisible by x— 1, is to note whether the sum of the coefficients 
is equal to zero. Thus, x*+2x— 13x«— 14x+24 is divisible by 
X— 1 since the sum of its coefficients, viz., 1+2—13—14+24, 
equals 0. 

.Ex.3. Fnctor x3- 2x2-9 x+ 18. 

The last term of each factor of the given expression must be an 
exact divisor of 18. Hence, the only trial numbers which we 
need substitute f or x are ±\^ ±2, ztS, d:6, ^=9. It is customary 
to try the smaller numbers first. 

Substituting 

1, we obtain 1—2—9+18, or 7.*. x— 1 is not a factor; 

— 1, we obtain —1—2+10+18, or 25.'. x+1 is not a factor; 

2, we obtain, 8—8—18+18, or 0.'. x— 2 is a factor. 

Dividing x*— 2 x'— 9 x+18 by x— 2, we obtain 

x«-2 x2-9 x+18= (x*-9)(x-2) 

= (x+3)(x-3)(x-2). Fadan. 
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BXERCISE 26 
Oral 

L Is X- 1 a factor of x»- 13 x+12? 

2. Is x-2 a factor of x»-8 a;+12? 

8. Isx+2afactorof x»+7x-6? 

i. Is x-S a factor of x»+7 x-6? 

6. Is X— 1 a factor of x»— 5 x«+7 x— 3? 

6. Isa-lafactorof a*+a»-8a«+8? 

7. Is a-2 a factor of a<+a»-8 a«+8? 

EXBRCISS 87 

By use of the factor theorem, factor: 

1. a?-3x+2. 4. s?-llx^+2Sx+i5. 

; 2. x3-3x-2. 6. x3-9x2+26x-24. 

8. x*+2x3-41x2-42x+360. 6. x3+x2-14x-24. 
7- x*-4x3-29x2 + 156x-180. 

8. x*+5x3-6x2-45x-36. 9. a^-5x2+4. 
10. x3«.3aj2_iox+24. 11. «*+x3-llx2-9x+18. 

By use of the factor theorem, prove that 

12. X*— y" is always divisible by x— y. 

18. x^+^z** is always divisible by x+y when n is odd. 

14. x*+j/* is not divisible by x+y when n is even. 

EXERCISE 28 

Review 
Factor and check: 

1. x*+4 ax»+4 a«x«. 8. 40o»-6. 

2. x*-4a«x». 4. .16x«-.4x»y+.26xy. 
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5. a;<-4 aa;«+3 a«x«. 

6. 3x<-4ax»-4a«x«. 

7. a;*-8o»x. 

8. ia+x)y+az+xz, 

9. «»— 7x— 6. 
10. x»-.04x. 

IL a;«-4(a+2y)«. 

12. a*-2a«+l. 

13. }^+|Ay— |A«. 
14 16aj*"-8x'*+l. 
15. a;»-24a;«+144x. 



27. 3a;»-3x. 

28. l-6a«+4o«. 

29. 16 y«-. 0081. 

80. (m+3)*-18(m+3)«+32. 

31. 5 ax*— 5 a. 

32. 18x«-3a:«-36a:. 

33. 7a-7a»6<. 

34. 110-x-x*. 

35. (a;«+x-2)«-(y«-x+3)«. 

36. (x»+y«)*-16xV*' 

37. a;"-y". 



16. (2x+3y)«-(6a;-2y)«. 38. a;"+y". 



17. .04x«-.36y«. 

18. 4x»+6x*y-6a;V- 

19. a;«-l.la;«+.3x. 

20. px—qx—Zpy+Sqy. 

21. p«— ««— 2a:y— y«. 

22. a;»+ax— oft— 6a;. 

23. a«-2 a6+6«-a;«. 

24. 9x»-4a«-4a6-6*. 

25. 12a«-4a6-3ax»+6a:». 

26. 12 xy+25-4: a;»-9 y*. 



39. a;»-6aj«+lla;-6. 

40. (5a;-2)«-2(5x-2)-16. 

41. (a«-6)«-a». 

42. 32+n». 

43. m'^—n''. 

44. (a+6)«+4a;«+4(a+6)x. 

45. x*-10rr»+17a;«+40a;-84. 

46. 16a«6«-(a-6)^ 

47. 3(»+y)«-2(x+y)-5. 

48. a»-y«-a*+2/». 



49. Make a list of all the prime factors of x>— 1. 

60. . Make a list of all of the exact divisors of x* — x»— 6 x\ How 
many of these are prime factors? 

51. What is the smallest expression into which each of the 
following can be divided: x— 2, x— 3? 

r 

52. Answer the same for a;*— 4, x^— 6 x+6. 
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Find the least common multiple of the following: 

85. Zx'y,9xy',12xy. 64. 6((i'-y'), 9(a:'-i/^. 
65. 18{a:-I)', 24(a!'-l}, 36i. 

86. 6 a'-12 ab+Q &>, 9 o'-9 &■, 12(a-6)'. 

87. 6(o'-l), a'-a, 4o'-8o+4. 

88. 15 ax^(x-y)\ 3 bxy(x'-y'), 9 x{x+y)*. 
69. Define least common multiple. 

60. Write two expreeaions whose least common multiple is 

12a:'{z-2)'(x-l). 

61. Write three fractions which have 24 a'b' as their L. G. D. 

62. Write three fractions whose L. C. D. is 9(o+6)(a-6)». 

EXERCISE 29 

£x. 1. A newsboy sold papers during the following num- 
bers of hours on the successive days 
of a week: Monday, 1| hr.; Tuesday, 
2 hr.; Wednesday, 1 hr.; Thursday, 
IJ hr.; Friday, li hr.; Saturday, 2 
hr. The nmnber of papers sold by 
I him on these days were as follows: 

I 47, 42, 54, 68, 72, 56. Graph these 

two sets of numbers on the same 
diagram. 

Also on the same diagram, con- 

j 5 struct a curve showing the number 

I S S I S S of papers which the boy sold per 

hour. 
This last curve is termed an efficiency curve. 

Sob. It will be found convenient to tabulate the numbers to 
be giaphed thus: 



ABBREVIATED MULTIPLICATION AND DIVISION 45 



Day of Wobk 



No. hours 

No. papers sold. . 

No. papers sold 

per hour.... 



MON. 


TUM. 


Wkd. 


Thurs. 


FBI. 


Sat. 


u 


2 


1 


u 


li 


2 


47 


42 


54 


68 


72 


56 


31 


21 


54 


39 


58 


28 



2. One week on successive workdays, a newsboy sold 
papers during the following number of hours: 1, 1^, 2 J, 
IJ, 1, 1|, 2J. The papers sold per day numbered as 
follows: 47, 72, 64, 76, 84, 92, 67. On the same diagram 
construct graphs of these two sets of facts. Also on this 
diagram, construct an efficiency curve. 

3, The cost per month in dollars of running an auto 
truck for the first six months of a year and the number 
of miles run per month were as follows: 



Month 



Cost 

Miles run. 



Jan. 


Feb. 


Mab. 


Apbil 


Mat 


JUNB 


$31 
632 


$34 
476 


$43 

462 


$32 
610 


$38 
705 


$28 
800 



Graph these two sets of facts on the same diagram* 
(For the first graph let one space on the vertical axi? 
represent $10; and for the second graph, let one spacer 
represent 100 miles.) 

Also on this diagram, construct an efficiency curve show- 
ing the number of miles run each month per dollar of 
expense. (In constructing the efficiency curve, let each 
space on the vertical axis represent 5 miles.) 

4. For the first nine months of a given year, the 
sales and advertising expenses of a certain business were 
as follows: 



16 



A SECOND BOOK IN ALGEBRA 



Month 


Jam. 


Fbb. 


Mabcr 


April 


Mat 


Sales 


$7620 

225 

34 


$8200 
240 


$7420 
316 


$7530 
320 


$8940 
460 


Ad. Expenses 

Efficiency 



Month 


JUNB 


July 


AnansT 


SSPTBUBKR 


Sales 


$10,725 
530 


$12,010 
515 


$15,240 
468 


$17,903 
420 


Ad. Expenses 

Efficiency 



Fill in the blank spaces and graph the three sets of facts 
on the same diagram. (Note that the efficiency curve shows 
the sales corresponding to each dollar spent in advertising.) 

On May 1, a special advertising agent was employed. 
How is the effect shown on the efficiency curve? 

6. Make up and work a similar example concerning 
money spent in advertising a magazine and the number of 
copies of the magazine sold. 

6. The following table gives the normal or average 
height in inches and also weight of a boy at the ages 
specified. Graph these two sets of numbers on the same 
chart. 



Agk in Ybajis 



Height in inches. . . 
Weight in pounds . . 
(Pounds) -i- (inches) 



• • » 



3 


6 


9 


12 


15 


18 


21 


35 


44 


50 


55.5 


62.8 


66.8 


68.3 


30 


43 


57 


72 


102 


126 


152 



\- 



On this chart, also draw another curve showing the 
number of pounds in weight for each inch in height. From 
the chart, determine during what period the increase is 
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most rapid in his height. In his weight. In his weight 
with respect to his height. 

7. The following tabulation shows the growth in the 
population and in the value of the manufactures of a 
certain city for a certain period of years. Graph these 
facts on the same chart and add another curve showing 
the per capita value of the manufactures during the differ- 
ent years. 



Year 


1885 

32 
7.2 


1890 


1895 


1900 

46 
16.7 


1905 

51 
28.1 


1910 

53 
36.5 


1915 

58 
67.6 


1920 


Population in thousands . . 

M*f' res in millions 

Per capita value of m'f 'res. 


36 
9.3 


42 
12.4 


76 . 
125.4 



8. The following table gives for the years specified the 
population of the United States in millions and the area of 
United States in thousands of square miles. 



Ybab 


Pop. 

IN 

MiLtlONS 


Area in 
Tboubandb 

BQ. MI. 


Dknbitt 

PER 
BQ. MI. 


Year 


Pop. 

IN 

Millions 


Area in 
TBonaANOfl 

BQ. MI. 


Denbitt 

PER 
BQ. MI. 


1790 


4 


892 




1860 


31 


3026 




1800 


5 


892 




1870 


39 


3617 




1810 


7 


1720 




1880 


50 


3617 




1820 


10 


1792 




1890 


63 


3617 




1830 


13 


1792 




1900 


77 


3743 




1840 


17 


1792 




1910 


101 


3743 




1850 


23 


2997 




1920 




• 


• 



Fill in the blank spaces and graph the three sets of 
numbers on one chart. 
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FRACTIONS; FRACTIONAL EQUATIONS 

Fractions 
17. Important Properties of Fractions. 

(1) If the numerator and the denominator of a fraction are 
both multiplied or both divided by the same quantity ^ the 
value of the fraction is not changed. 

(2) The signs of any even number of factors of the 
numerator and denominator of a fraction may be changed 
ivithout changing the sign of the fraction; 

But if the signs of an odd number of favors are changed, 
the sign of the fraction must be changed. 

a?— 4 

, Ex. 1. Reduce 77^ rs to its lowest terms. 

(2— a:)2 

a;«-4 (a:+2)(x-2) (x+2)(a:-2) x+2 , 

Ans. 



(2-a:)« (2-x)(2-a:) (x-2)(x-2) x-2* 

An example in fractions may be checked by letting each letter 
equal a number both in the original expression and in the answer. 
Thus in the preceding example, if we let x^O, 



Also, 



x»-4 
(2-x)« 


-4 
2« 


4 
4 


x+2 
x-2 


2 

-2 
48 


-1. 
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./|w — Q^ J_ rf* 

Ex* 2. Reduce — irXo" ^ ^ mixed number. 



»» +2 X 



a;«+2 



x-1 



— x*— a; 
-x« -2 

- x+2 

«*— x*+x ^ x— 2 . 

Hence, — rr7>~=^~l — TT^- -^**** 

x«+2 a:*+2 

Let the pupil check by letting x^\^ both in the original ex- 
ample and in the answer. 



EXERCISE aO 

Reduce to its simplest form: 
^ 9xy-12y2 _ 3a;2+4x -4 . p3_27 



^ 18(a-&)2 . a^-64 4-(x+y)2 

^ 45(a2-62y «• a2_i6- ^- (a;-2)2-2^ 

02+62,^24,206 (x-l)(2~g)(3-x) 

*"• a2-62«c2-2 6c' *^ (l-x)(x-2)(x-4)' 

^^ 6a2-7a6+2&2 ^^ a^-(p+(7)a?+pg 

6a2 — a6 — 2 62' * x2_(p,|_^^^^p/ 

14. State which of the foUowing can be simplified by 
striking out each (j?\ 

(j?x a^+x c?x x+a^ cfijx+y ) 

aY a^+y' a^+y' 5+3 a?' 602^' 

Reduce to a mixed quantity: 

X 2a+l x2+a._f.i 
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Reduce to an improper fraction: 

18. 3X-2+-. 20. 6a-^^=^. 

X 4 

»• '+2»-w- "• ""-["-('-.-fi)]- 

22. Reduce « to a mixed number. Show 

that the result obtained proves that if the sum of the 
digits of any given number is divisible by 3, the number 
itself is divisible by 3. 

Treat 5 in like manner and state the 

property thus proved concerning the divisibility of a 
number by 9. 

23. Define fraction. Improper fraction. Mixed num- 
ber. 

24. Define integral expression. Fraction at its lowesi 
terms. 

25. State some of the uses of fractions. 

26. The labor of writing 777—5 — r^ — r is about how 

12 a^—loab 

manv times that of writing 2—? What principle makes 

4 a 

this economy possible? 
Supply the miissing nimierator in each of the following: 

27. 7: 7i = TT-o — ;?. 28. 



3a;-3 Qa^-6' x-2 a^-Sx 

Reduce the following to equivalent fractions having 
cheir least common denominator: 

,9. 2 5 8 3^^ x+2 x-S 



3o»6c' Qabt^c' abed' 2 3^+x-V 4x^-1' 

Za^ 2 a 5 a 



81. 



o3-6»' a-V a2+a6+62- 
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18. Addition and Subtraction of Fractions. 

Ex. Simplify g±g--^^+^. 

a«+6« a_ _6 a«+6«-a(o-6)-fe(o-f6) 

a*— 6* 
Let the pupfl check the work by letting a=2 and 5=1. 

EXERCISE 81 

Simplify and cheek: 

2a;~3 x-1 3(2-g) _2 4 3 

6 10 ■*" 15 • a+3 o+2"^a+r 

4a;-7 7a;~3 3a?~2 . 2/ ary x]^ 



, 3a+6 3a~6, 14 a6 



6. 



o-2ir a+2 6 '4 62-a2- 
2 r-3 r2 



r+4 r2-4r+16 r8+64' 



7. ,4^-„-jU+ 1 1 



4+462 2+26<'8-86 8+86" 

x-4 3a:-l Sr'-Ox+ll 
2«-3 a;+2 "^ 2x2+x-6 * 



(5-a)(o-3) ' 10-7 a+o2 (a-2)(3-o)* 
10. H±_ ;P-1 + 3 7 



6;»-6 12p+12'3-3p2 12 p- 
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11. By substituting numerical values for both x and y, 
determine whether 

2x 2_ !_ , z-3y 

x^—y^ y—x x+y ^ x^— y^- 

6l 4 1 

12. (1) In the formula A = ^ _ "^Tir/"^TX7> ^^^ *^® 

value of A when I = 10. Also when i = 11. When 2 = 12. 

(2) Now add the three fractions in the formula and, 
by substituting in the result, find the three required values 

of il. 

(3) Compare the amount of work in the two processes. 
What does this comparison teach us as to the efficiency 
value of the addition of fractions? 



19. Multiplication and Division of Fractions. 

The expression^^^+^^^-'-^+^')x^X^^-^)^^'+^^+^'^ 

a(a*+ab+b^) a-b a»-a6+6« 

=o+6. Ans, 
Let the pupil check the work by letting a =2 and &«1. 

EXERCISE 82 

Simplify and check: 
„ a?+l /, 1,1\ , 28oa~2^9o26 21 o^* 



*H^hy 



8 'V «'«2/- - I662c'^8c2x" 106c» 
p2-25 g2 • 2 p2-9 pq-5 q^' 



^ 



11. 
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a-b-c V-(a-c)» . c^-(a-b)» 
"• a+b-ca'-ib+c)^'(a+b)^-ei- 

/ a+2b . a-2b \ ^ / a+2b _ a-2b \ 
•• \a-2b'^a+2b) ' \a-2b a+2b)' 

L, „, l 4xy(y+x) ] ^ f a^+y(y+2 x) I 

/». OT \/ 9-"^' \/' 2-OT \ 2_ 

\ ■•'»»-3A4-»»VW+»»-6/ TO+2' 

IS. Define the reciprocal of a number. What is the 

reciprocal of 2? Off? Of«? Of ^? 

14. By substituting numerical values for a, h, x, and y, 
determine whether 

IB. (1) In the formula ,= ^/+^V^r2\ g^j ^ha 

ralue of 8 when ( = 5. Also when /s22. Also when ^^ 1,5^ 

(2) Now reduce the formula to its sunplest f orm« By 
substituting in this hist re^t, find the three required 
Talues of s. 

(3) Compare the amount of work in the two prooesses. 
What does the comparison ^each us as to the effideoejr 
^ahie (rf the multiplication -^ fractions? 

aO. A Coovlez Fractior is one having a f raetioo in ita 
numerator, or in its denominator, or in both* 

In sim|difying anv 'wmplez fraction, it is inqKvtant to 
write the entii» htLetkm at each st^ of the proeesi. 
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2^ 3g-2 

1^. 3x 3a; _ 3g-2 9x _ Z 

' -A 9x2-4 " 3 a; *9x2«4-3^+2' ^^* 
^ 9a? 9aj 

When the numerator and denominator of a complex frac- 
tion each contains one or more fractions, the expression is 
often simplified most readily if we 

Multiply both numerator and denominaior by the lowest 
common denominator of aU the fractiona contained in them. 

Ex. 2. Simplify *-JL_!. 

y z X 
Multiplying both numerator and denominator by xyz, «e obtain 

yz+xz+xy ^ An.. 



« o— 1 

a6 ^ , 2 



4 


t 




— - 


-X 




X 






1+- 

*^2 






1 




2- 


X 






1 * 




4- 


"x2 




1 


3 


2 


x 


a? 


*» 




fl . 


^^"» 


, 


— — 1 




1 


r2 




2^+1- 


_V 


y 




« 


2a:_j_tf 


• 

-3 


tf 


« 





x*z+xy^+yz^ 
EXERCISE 33 

X — 1 



2cd' "• 6 • 

a- — 7- 



2x-2z 



X x^ x' x+y-z 

^- - • •• 27- 



1+ 



x—y—z 



8. ;i^ ^. 10. 



a^ a 
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X . 1— a? 






12. 


a 2 


11. '+^\ ' . 

X 1 — x 

1+X X 


Find the value of 










_ 6a-36 , 

13. z r-T, when 

4 a— 5 6 


a- 


=i 


and 


«•=*• , 


14. -= -f when 

5x'-y 


X- 


=1 


and 


y=-f. 


.- T^ 3x-7 


iiol 


A 


TirVioi 


n /rssA.? 



Fractional Equations 

21. An Equation is a statement of the equality of two 
algebraic expressions. 

Define members of an equation and illustrate by an 
example. 

A root of an equation is a number which, when sub- 
stituted for an unknown quantity in that equation, satis- 
fies the equation; that is, reduces the two members of the 
equation to the same number. 

Thus, 6. is the root of the equation 3x— l=2a;+5, since, when 
6 is substituted for x, the given equation reduces to 17 =17. 

Define degree of an equation (of one unknown), simple 
equation, identity, conditional equation, fractional eqaaiion^ 
numerical equation, literal equation. 

22. Aids in Solving Equations. The following principles 
are frequently used as aids in solving equations: 

The roots of an equation are not changed if 
(1) T?ie same quantity is added to both msmbers of the 
e<iaation; 
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(2) The same quantity is subtracted from bath members 
of the equation; 

(3) Both members are multiplied by the same quantity or 
by equal quantities (provided the multiplier is not zero, or 
an expression containing the unknown) ; 

(4) Both members are divided by the same quantity (pro- 
vided the divisor is not zero, or an expression containing 
the unknown). 

Other principles similar are used later as aids in solving equa- 
tions. 

Explain the meaning of transposition, and show for 
which of the above principles it is an abbreviation. 

t:. . a 1 4 3 8x+3 

Ex.1. Solve3:p^-^,:3 = ,^3^. 

Rewriting the second fraction (why?), 

4 3 8x+3 



3+a: 3-a; 9-a;** 

Multiplying each member by 9— x', the L. C. D. of the fractions 
involved (see § 22, (3) ), 

4(3-x)+3(3+x)=8a;+3 

12-4x+9+3a: = 8a;+3 

-4 x+3 x-S x= -12-9-1-3 

-9x=-18 

x=2. Root. 

p„^, 4 __3 4 3__4 19 

UHBCK. 3^^ a;-3~3+2 2-3~5'^ 5* 

8a:+3 ^ 16+3 ^19 
9-x' 9-4 5" 
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Ex.2. Solve ^«(5-a)==^«(5+a) for X. - 

RemoYing the parentheses, -r 5-="r'H — "e"~- 

o o 5 

Hence, 10 x-lO a«=9 a;+9 a« 

a;=19a«. RodL 
Let the pupil check the work. 



EXERCISE 84 

Solve for x and check: 
L 2ag-8~ 7 =0' 2. ?(l+x)-f(2x+l) = 

8. x+2=a:-8-2{8-3(5-x)-x}. 

^ ^l-^-l(4x+l)=|(x-l)-3. 

6.3x+26.15 _e^ . 3.2x-3.4 _ .6x+4 

^' 8.3 "^•^" ^* 4.5 " 2.6 • 

3.1 _ 2.4 g— a _^ X— € 

3x-9.5""2x-4.7* 6-a" fc-c" 

9. (a+x)(6+x)-^^±^=a(6+c). 

.^ ^ 1 \__^ 

^^- x+2 x-1 x+l~"' 

_3 l-3x ^ 1-g 

"' x-2'^x2+2x+4 8^=x5' 

14 g~3 xg+6 x+3 ^ 
* 2x+6 6x2-54 3x-9 

x+2a,x— 2a 4a6 

13« ;r~7 "r 



2 6-x'2 6+x 4 62-a!2* 
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3-a? 5-x ^^ x2-2 



1-x 7-a; 7-8 x+a:^- 

16. ^ ^ + ^ I. +-r— r^^+^+^-Sx. 

^ X — O X — X — c 

! 10 ^ I ^ L_«sO 

p(g— x) g(r— x) p(r— a?) 

3x^—6 7 7 

« a a?+ab x 

Find the value of the letter in each of the foUowing; 
4a-7 7o+2 11 



19. 



6a+18 lOa+30 45' 



*"• «-7 «+3 s2-4«-21 "• 



21; Solve iJ=a(-+d| for d. 



iJ=a(l+d) 

22. Solve iJ=— (1+od) for c. 

c 

29. Solve Ri-^rL^^ — Ij for 62. 

i4. Evaluate,.907f J-.94W3.7 whenD = 3andd«} 

25. In ^ = ^^» when ff- 1.23, p =40, Z=*, o=63.62, 
find n to the nearest tenth. 

Er 

26. In P= j^_g , find r, to the nearest hundredth, when 

P=40. B=4. Z = 1.5. 
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27. (1) In C=f(F-32), find F, when C = 200. Also 
when C = 213. Also when C = - 150. 

(2) Now solve the formula for F and thus obtain 

Q C 
F=^+32. 
o 

By substituting in this last result, find the three required 

values of F. 

(3) Compare the amount of labor in the two processes. 
What inference do you make? 

23. Two Equivalent Equations are equations which have 
identical roots; that is, each equation has all the roots of 
the other equation and no other roots. 

Thus, x»— a;*— 6a;=0 and a;(a;+2)(a;— 3)=0 are equivalent^ 
aince each is satisfied bv the values a;«0, 3, —2, and by no other 
values of x. 

If we multiply the two members of an equation by the 
same expression, the resulting members are equal, but the 
resulting equation may not be equivalent to the original 
equation. 

Thus, if we take the equation x=5 and multiply each member by 
X— 3, we obtain z (x— 3)=5{a;— 3) or 

(x-3)(x-5)=0, . . 

which is not equivalent to the original equation, since it has th^ 
root x=3, which the original equation does not have. o 

In general, if the two members of an integral equation are 
multiplied by x — a, the root a is introduced and the result* 
ing equation is not equivalent to the original equation. 

24. An Extraneous Root is a root introduced into an 
equation (usually unintentionally) in the process of solving 
the equation. 

The simplest way in which an extraneous root may be 
Introduced is by multiplying both members of an integral 
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equation by an expression containing the unknown num* 
ber. See the example in § 23. 

A more common way in which extraneous roots are in- 
troduced during a solution — ^and one more difficult to 
detect — is by a failure to reduce to its lowest terms a 
fraction contained in the original equation. 

Thus, in solving ; — r-r; — ;;^«1, the first step should be to 

(a;-hl)(x— 3) 

reduce the fraction , — —-r-. — rr to its lowest terms. If this is 

(a;+l)(x-3) 

2 
done, we obtaiQ the equation — 7-r=l, whence x—l. 

x-\-l 

If, however, we should fail to reduce the fraction to its lowest 
terms and should multiply both members by (a:+l)(x— 3), we 
obtain 2x— 6=x*— 2a:--3, whence x*— 4a;+3=0. or 

(a;-l)(a;-3)=0, and x«l, 3. 

On testing both of these results, we find that the extraneous 
root 3 has been introduced. 

Often the fraction which can be reduced to simpler 
terms occurs in a disguised and scattered form. In this 
case it is best to solve the equation without attempting to 
collect the parts of the fraction. An extraneous root 
may then be detected by checking the results obtained. 

Thus, the fraction in the above equation might be 
changed in the following way so as to make it difficult to 
detect its presence in the equation: 

We have rXTTT — 5"\''l' 

(a:+l)(a:-3) 

2 x+2 8 _ 

^'^®''^' (x+l)(x-3)"'(x+l)(x-3)"^* 



Whence, 



8 



a?-3 (x+l)(x-3) 
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There is nothing in the appearance of this last equation to indi- 
cate that it contains a fraction which should be simplified before 
proceeding with the solution proper. 

Hence, it is important constantly to remember that a root of an 
equation is its root because it satisfies the original equation, not 
because it is the result of a series of operations, as clearing an equa- 
tion of fractions, transposition, etc. 

26. Losing Roots in the Process of Solving an Equation. 

If both members of the equationi (x+3)(a;— 2)=0, are 
divided by x— 2, we obtain 05+3=0. 

The resulting equation is not equivalent to the original equation 
since it does not contain the root x=2, which the original equation 
contains. 

Hence, in general, 

If doth members of an equation are divided by an expression 
corUainin^ the unknx)wn quantity , write the divisor expression 
equal to zero, and obtain the roots of the equation thv^ formed 
08 part of the answer for the original equation. 

EXERCISE 86 

1. Multiply each member of the equation a:+2 = l by 
X— 3. Is the resulting equation equivalent to the original 
equation? Why? 

2. Multiply each member of the equation x^3 by 
X— 2. Is the resulting equation equivalent to the original 
equation? Why? . 

3. Divide each member of the equation x^— 16=x— 4 
by x-'4. Is the resulting equation equivalent to tho 
original equation? Why? 

4. Make up and work an example similar to Ex. 4. 
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«— 2 
5. Solve the equation »_ . = 1 after first reducing 

the fraction to its lowest terms* Now solve the equation 
without reducing the fraction to its lowest terms. Do the 
two methods of solution give the same result? Which 
result is correct? Why? 

Solve for x and point out the extraneous root. 

®- ^^"^+2 2- ^- x2-4 '*"^- 

8. _li_^=i. ^ 



(a;+3)(x-2) a;+3' 

2 _ 2 

10. Form an equation in which 4 is the extraneous root. 



EXERCISE 36 

Oral and Verbal Problems 
Solve orally for x: 

1. 6a;=-. 

a 

« 

2. 4=i 

X 

3. ax— c=cl. 



6. 


4 2 

i~5* 


9. 


a 


6. 


-3a!=f. 


10. 


X 


7. 


px=5— gz. 


11. 


p— g a+6 
4 X • 


& 


c=o+<ir. 


12. 


^.'c==4. 



4. ^-1. 

X 

13. If n represents a number, what does n{n +l)(ri +2) represent? 

14. Begin with x+3 and count backward five numbers. 

16. A rectangular field is 6 a: feet long and has a perimeter 
of 20 X feet. What is the width of the field? The area? 
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16. If a side of a given square field is s feet, what is the increaae 
in the area of the field when its side is increased by 10 ft.? 

17« When sugar is at a cents a pound, how many more pounds 
can be bought for a dollar than when it is 6 cents a pound, h being 
greater than a? 

18. If a barrels of flour are sold for h dollars at a gain of c dollars 
a barrel, what is the cost per barrel? 

19. After one railroad train had traveled 1} hours, another train 
followed it and overtook it in x hours. How many hours did the 
first train go? If the first train went at the rate of 20 miles an hour, 
how many miles did it travel? 

20. Express the following as an equation: x divided by 16 gives 
9 for a quotient and 5 for a remainder. 

21. A pupil has worked 20 problems and x of them are right. 
What is his average? If he should work 10 more problems and 
8 of them are right, what would be his new average? '^ 

22. A baseball nine has played 42 games and won 30 of them. 
If it should play x more games and win f of them, what would be 
its new average? 

23. If milk is 6 % butter fat, how many gallons of butter fat 
are in 50 gallons of hiilk? If x gallons of water are added to the 
milk, what per cent of the resulting mixture will be butter fat? 

21. A boy's average in four of his studies is .885. If his grade 
in a fifth study is x, what is his average in all five studies? 

25. How many hours will it take a man to walk x miles out 
into the country at the rate of three miles an hour, and to ride 
back at 8 miles an hour? 

26. Express 4 % of f of x added to 3^ % of f of x. 
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EXERCISE 87 

1. New York and Philadelphia are 90 miles apart. 
Two bicyclists start from these places at the same time, 
travel toward each other, and meet in 7i hours If one of 
them travels 2 miles an hour faster than the other, what 
is the rate of each? 

2. A, B^ and C together have $1285. A's share is 
$25 more than f of B's, and C's share is ^ of B's. Find 
the share of each. 

3. A pupil has worked 20 problems. If he works 10 
more and gets 8 of them right, his average will be .80. 
How many problems has he worked correctly thus far? 

4. A ball nine has played 42 games and won 30. If 
after this it should win f of the games played, how many 
games must it play to bring its average up to .72? 

5. How much water must be added to 50 gallon's of 
milk containing 6 % of butter fat to make a mixture con- 
taining 4 % of butter fat? 

6. A mass of silver and copper alloy weighs 128 lb. 
and contains 12 lb. of silver. How many pounds of silver 
must be added to the mass in order that 8 lb. of the re- 
sulting alloy shall contain 1 lb. of silver? 

7. A boy's average in four of his studies is .885. What 
grade must he get in a fifth study to make his average .90? 

8. If the wheat crop of the United States during a 
period of 5 years averaged 680 milhons of bushels, what 
must it average during the next two years to bring the 
average of the 7 years up to 700 millions of bushels? 

9. If 100 lb. of sea water contains 2J lb. of salt, how 
much water must be evaporated from 200 lb. of sea water 
in order that 12 lb. of the water remaining shaill contain 
1 lb. of salt? 
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10. How much water must be added to 2^ gal. of alcohol 
which is 90 % pure to make a mixture 80 % pure? 

11. If a certain man can spade a garden in 2 days and 
a boy can spade it in 6 days, how long will it take the man 
and the boy together to spade the garden? 

12. If A, 6, and C together can do in lOf da3rs a piece 
of work which B alone can do in 48 days, or C alone in 
32 dajrs, how long will it take A alone to do the work? 

13. One pipe can fill a swimming pool in 24 min. and 
another pipe can fill the same tank in 36 min. How long 
will it take the pipes together to fill the tank? 

14. Make up and work a similar example concerning 
two pipes which fill a given tank and another pipe which 
at the same time empties the tank. 

16. A man having 10 hr. at his disposal rides out into 
the coimtry at the rate of 10 mi. an hour and walks back 
at the rate of 3 mi. an hour. Find the distance he rides* 

16. A man invests f of his capital at 4 % and the rest 
at 3^ %. The income from these investments is $304. 
Find his capital. 

17. A freight train started from a certain station and 
proceeded at the rate of 20 miles an hour. After 1| hours 
it was followed by a passenger train going 40 miles an hour. 
In how many hours will the second train overtake the first? 

18. A certain number when divided by 16 gives 9 for a 
quotient and 5 for a remainder. Find the number. 

19. Four men together made $19,200 in one year. 
The first made f as much as the fomlih, the second f as 
much as the fourth, and the third 60 % more than the 
fourth. How much did each make? 

20. A farmer has 280 yd. of wire fence and wishes to 
make a aattle yard which shall be 2^ times as long as it 
18 wide. Find the dimensions of the yard. 
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21. If 30 lb. of water at 150** are mixed with 20 lb. of 
water at 50°, what will be the temperature of the resulting 
mixture? 

SuG. Take as a unit of heat the amount of heat required to 
increase the temperature of 1 lb. of water by 1®. Then, 

NT7MBEBS DEALT WITH SYMBOLS 

(1) Temperature of the mixture =x. 

(2) Number heat units lost by the 30 lb. water =30 (150— x). 

(3) Number heat units gained by the 20 lb. water = 20 (x — 50). 

Then (2) must equal (3), or 

30 (150-x)=20 (»-50), etc. 
Hence, 50 a; =4500+ 1000, etc. 

22. If 100 lb. of water at 212** are mixed with 40 lb. at 
32®, find the temperature of the mixture. 

23. How many quarts of water at 120*^ must be mixed 
with 80 quarts at 50° to produce a mixture having a 
temperature of 100°? 

24. A crew can row 6 miles an hour i^ still water. 
If it takes the crew 4 hours to row 12 miles up-stream, 
find the rate of the current. 

25. In a bookcase the distance between the bottom and 
top boards is 56 in. It is desired to insert in this space 
5 shelves each 1 in. thick, so that the book spaces thus 
formed shall increase by 1 in. successively from top to 
bottom. Find the distances between the successive 
shelves. 

EXERCISB 88 

Verbal Problems 

L If the product of two numbers is p, and one of the numbers 
is a, what does p/a represent? 

2. If c represents a certain number of cents what does c/100 
represent? c/25? c/10? 



• I 
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3. A man has traveled x miles at y miles an hour. What does 
x/y represent? 

4. Find the length of a piece of carpet 27 in. wide that will 
contain y square yards? 

6. If a house rents for d dollars per month, what does 12 d 
stand for? 

6. If a man can do a piece of work in x da3rs, what is repre- 
sented by 1/x? By 5/x? 

7. If the dimensions of a rectangle are x and y feet, what ia 
represented by 2 x+2 y? By v x«+y«? By xy? 

8. If a side of a square is x, what does (a;+4)(x— 3) stand for? 

9. Three boys can run the quarter mile in a, 6, c seconds 
respectively. What does (a+b+c) -i-3 represent? 

10. Each side of a square contained / feet. From the square 
was cut out a smaller square each side of which was i inches. 
Express in square feet the area left. 

11. How many board feet are in a stick of lumber a feet long, 
h inches wide, and c inches thick? 

12. If a number n be diminished by r per cent of itself, how 
much of the number is left? 

13. What is the cost of manufacturing n articles at d dollars pey 
hundred articles? 

14. If the dimensions of a school room are 2, t&, h feet and 
200 cu. ft. of space are allowed for each pupil, what is represented 
by Iwh -5-200? 

EXERCISE 39 

1. If an agent sells a propefrty for s dollars and receives 
a commission of r per cent, obtain a formula for 6, the 
amount which the agent remits to the owner of the property. 

Solve this formula for s. By aid of this last result, 
determine the selling price, when the commission is 5 %, 
in order that $1900 be remitted. 
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In Fig. 1 and 2, all the angles are right angles. Ob- 
A formula for the area of Fig. 1. Also for Fig. 2. 
Fig. 3 repreeents a square plate (with side o), in 



b 

b 




Fio. 1. 



Fio. 2. 



Fia. 3. 




which four square notches have been cut, each side of which 
is b. Find a formula for the area left. 

, 4. Fig. 4 is a figure that was 

originally a square with a side a, but 
from which notches have been cut, 
and from which the four corners have 
been cut off, all the eight parts re- 
moved being equal. Find a formula 
for the area of the figure as it stands. 
6. In the shortest way {by the 
Fhj i- aid of factoring) by use of the for- 

mula obtained in Ex. 3, find the area of Fig. 4, when a is 
3.36 in. and 6 is .32 in. 

6. Obtain a formula for the cost (C) in dollars of 
n sticks of lumber, each I feet long, w inches wide, and 
t inches thick, at d dollars per thousand feet. 

Make up and work a numerical application of this 
formula. 

7. If p denotes the principal, r the rate of interest 
expressed decimally, and n the number of days, state the 
formula for t, the common interest (i.e., regarding 360 
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days as a year) and also for i', the exact interest (i.e., 
regarding 365 days as a year). 

Hence, find the formula for i—i' and reduce it to its 
simplest form. 

8. By use of the formula obtained in Ex. 7, find the 
difference between the exact interest and the common 
interest on $2520 for 67 days at 6 %. 

9. In manufacturing a certain article, the cost of the 
preparatory work was m dollars, after which the cost of 
manufacturing articles was h cents each. Obtain a 
formula for the entire cost of manufacturing n objects. 
Also a formula for the average cost in cents (C) of man- 
ufacturing each of the n objects. 

Illustrate the use of this formula by a numerical example. 

10. In a given city the population at the beginning of 
the year was p, the birth rate and death rate during the 
year were b and d per 1000 respectively, the accessions to 
the population from outside were a persons, and the re- 
movals were r persons. Obtain a formula for P, the 
population in the city at the end of the year. 

Illustrate this formula by a numerical example. 

11. Using appropriate letters, obtain a formula for 
converting a given number of hundred weight of grain 
into bushels, weighing 60 pounds each. 

Make up a numerical example and solve it by use of 
this formula. 

12. Show that ah+bh may be 
represented by the adjoining dia- 
gram. 

13. Draw a similar figure to 
represent dh+bh+ch. 

14. Also to represent 2 dh+ch, 

16. Also 2 dh+2 ch. 16. Also 2 ah+2 ch+ac. 
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EXERCISE 40 

Review 
1. At sight write the product of 

(1) {axn-'i-z^^)K (3) (3a-4 6)(5a+.3 6). 

(2) (.3x-1.4 2/)«. (4) (a«+ar+x»)(a»-ax+x«). 

9pg-12g» 



2. Find the value of 



, when p=5 and g=2, both 



12p»-16p5 

before and after reducing the fraction to its simplest form. Com- 
pare the amount of work in the two evaluations. 

3. The perimeter of a rectangle is 208 ft. The width is f of the 
length. Make a drawing of the rectangle to scale. 

4. Simplify 3(.3x - 2yy - 2(.3x + .2y)K 

6. A tractor plows an acre in m minutes. Find a formula 
for the number of hours (H) which it will require to plow a field 
I yards long and w yards wide. 

6. For the eight half years of their high school course, three 
pupils, James Ashley, Frank Evans, and William Porter, made 
general averages as follows: 



Ashley 


67 


71 


74 


81 


83 


85 


87 


88 


Evans 


82 


88 


86 


81 


78 


84 


86 


01 


Porter 


84 


73 


77 


69 


78 


83 


74 


77 



Graph the three sets of grades on the same chart. 
Which of the three pupils made the greatest improvement? 
Which of them made the most uniform improvement? 

7. State which of the following processes increase the value of a 
fraction: (1) multipl5ring the numerator by 3; (2) dividing the 
denominator by 3; (3) multiplying the denominator by 3. Illus- 
trate numerically. 

8. If it takes/ cubic feet of coal to make a ton, obtain a formula 
(or r, the number of tons a bin aXhXc feet will hold. 

5 6 

9. Express the sum of — - and — ^ as a single fraction. 
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10. The following tabulation gives the population of the United 
States in millions, and wheat crops in millions of bushels: 



Year 



Population. 
Wheat Crop 
Per capita. . 



1870 


1880 


1890 


1900 


1910 


1920 


39 


50 


63 


76 


92 




236 


499 


399 


522 


635 





Find the per capita production and graph the three sets of 
figures. Can you draw any important inference from your chart? 

11. Factor: (1) x^^-y^r (4) 40x»-5. 

(2) .09-a»-(6«~2a6). (5) x^-x+y^-y, 

(3) a;»-3x+2. (6) 14x*-3x2/-5y*. 
6x+6 2a;+l 2x 



12. Solve and check: 



2a;»+5x+3 l+x-2x» x*+2x 



=0. 



13. Simplify and check: --f 



d cd+d^x 

14. Find a formula for the number of hours (H) a child n years 
of age should sleep each day, if the rule is as follows: to 8 hours 
add § hour for each year that the child is under 18 years of age.' 

By use of this formula determine the number of hours sleep per 
day rpquired by a child 12 years old. By one 15 years old. By 
a dbild 6 years old. 

15. If 5 be subtracted from three fourths of a certain number, 
the remainder will equal the number divided by 5. Find the 
number. 

16. A dealer sells 40 % less than the catalogue price and yet 
makes a profit of 25%. What is the cost to him of an article 
whose catalogue price is m dollars? 

17. Simplify (l-^)(2+4r") and check by letting a;= 2, 

18. Compute the reciprocal of 13 to the nearest thousandth. 

19. If a pounds water at a temperature of 200° are added to b 
poimds at a temperature of 120°, what is the temperature of the 
resulting mixture? 
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20. What is the advantage of 8tud3ring f actormg before studying 
fractions? 

21. Simplify |^3|t-^3+. 

22. The following tabulation gives in millions of dollars foreign 
(international) trade of the whole world and also of the United 
States in the years specified. 



Yeab 


1810 


1820 


1830 


1840 


1850 


1860 


World Trade 


1600 
152 


1705 
143 


2035 
134 


2665 
222 


4160 
318 


7445 
687 


U. S. Foreign Trade . . . 
Per cent 





Year 


1870 


1880 


1890 


1900 


1910 


1920 


World Trade 


10,955 
829 


15,165 
1,504 


16,800 
1,680 


21,500 
2,244 


32,400 
3,429 




U. S. Foreign Trade . . . 
Per cent 





At each date given, determine what per cent the foreign trade 
of the United States is of that of the whole world and complete the 
tabulation. Then graph on one chart the three sets of figures. 

From the chart determine whether the foreign trade of the 
United States is increasing more or less rapidly than the world trade. 

«« 1 . 2 



23. Solve and check: 



+ 



=0. 



a;»-64 x-4 x«+4a;+16 

24. If the regular number of hours in a day's work be denoted 
by r, and the number of hours worked overtime by v; and if the 
regular rate of wages per hour is c cents, and a fifty per cent higher 
rate is paid for overtime, obtain a formula for D, the number of 
dollars in a day's wages. Illustrate the use of your formula by a 
numerical example. 



25. Solve 



a— 6 a+b 



=0, for X and check. 



z—c x+2c 

26. How much water must be added to a pint of ammonia 
which is 25 per cent pure to make a mixture 10 per cent pure? 



CHAPTER IV 
SIMULTANEOUS EQUATIONS; GRAPHS 

26. Simultaneous Equations are a set or system of 
equations in which more than one unknown quantity is 
used, and the same symbol stands for the same unknown 
number. 

Thus, in the group of three simultaneous equations, 

x+ y+2 2=13, 

x+2y+ z=- 0, 

2x+ y- z= 3. 

X stands for the same unknown number in all of the three equa* 
tions, y for another- unknown number, and z for still another. 

27. Independent Equations are those which cannot be 
derived one from the other. 

Thus, x+y=10, 

and 2x«20-2y, 

are not independent equations, since by transposing 2y in the 
second equation and dividing it by 2, we may convert the second 
equation into the first. 



But 3x-2y=5 
5x+ y=Q 



are independent equations, since neither one 
of them can be converted into the other. 



28. Elimination is the process of combining two equa- 
tions containing two unknown quantities so as to form a 
single equation with only one imknown quantity. Or, in 
general, elimination is the process of combining several 

73 
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simultaneous equations so as to fonn equations one less 
in number and containing one less unknown quantity. 

29. Methods of Elimination. 

Ex. 1. By the method of addition and svbtradion, solve 

9x- 8y=5 (1) 

15x+12y=2. (2) 

: The L. C. M. of 8 and 12 is 24. 
Multiply in (1) by 24-S-8, or 3; and in (2) by 24+ 12, or 2. 

Hence, 27x— 24y«15 

30x+24y= 4 

By adding, 57a;«19, or x=\. Root 

Substituting ^ for x in (1), 3—8 y = 5, or y = — i. Boat. 
Let the pupil check the work. 

Ex. 2. By the method of substitiUion, solve 

9x- 8y = 5 ,. (1) 

15x+12y=2 (2) 

From (1), 9x=5+8y, or x=^^^. 
Substituting for x in (2), 

15(5+8 y) ^^^^^^^ ^^^^^ y=-i. Boot. 

Substituting for y in (1), we find x=^. Boot, 

Ex. 3. Solve the following for x and y: 

{a+b)x-(a-b)y = 3ab (1) 

{a-b)x-{a+b)y = ab (2) 

Multiplying (1) by a+h and (2) by a— 6, 

(a»+2a6+60x-(a»-62)y=3a«6+3a62. ... (3) 

(a*-2a6+6«)x-(a*-6«)y»o«6-a6« (4) 

(3) -(4), • 4a6x=2a«6+4a6*. 
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Whence, a;=}(o+2 6), 

In like maimer find y=i{o—2 b). 

Let the pupil check the work. 



Ana. 



EXERCISE 41 

In solving the following pairs of simultaneous equations, 
use that one of the two methods of elimination which iff 
best adapted to each particular problem: 

1. 3a;+4y-l. 3. Sx+2y=21. 6. x=6y-3. 
6x-2y=-3. y^2x. 8-5y=x. 

S. p=2q—3. 4. 05=5 y— 2. 6. y—^(x—5). 
p=iq-7. y=2i-3. y=f(2«+l) 

7. 4m-3y=-l. I^_5=l 
5m-4y=-l. 2 3 

8. 2a;-3y+17=0. I^_5=i 
y=3. 4 9'- 

x,2y_ 12. j/=2x-3.4. 

4"^ 3 ~ y=2.3x-6.4. 

8 2 • 3x+4i/-25=0. 

10. 5x-y=-1.8. 14. ix-|(y+l) = l. 
3x+y = 11.4. ix-i(3y+l)=0. 

16. i(2x-y)-hCix-2y)=5y+2, 
f(x-4y) = 17-1(7 x-2 J/). 

ie 2x+y 3x+l x+2y _^ 
16. -^ ^ g 0. 

K4 x-2)-Kx-y)+K5 a;+4 j/)=0. 
IT. 4.-4^=0. 18. ^+^— 2- 



x+3 y+4 "• a+6 ' a-6 a^-b^' 

a:(!/-2)-y(x-5) = -13. -^+^ = ^^- 
^^ " o— a+b a'— or 

19. (x-l)(y+2)-(x-5)(y+3)=0. 
xy+2x-x(j/+10) = 72y. 
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Solve for z and y: 

20. ax+by — a^+lf^. 23. (c— d)^+d!/ = c^. 
bx+ay = 2ab. dx—cy^^dr. 

21. aa:+^i/ c (a-6)x-(a+6)2/=0. 

2_ __a & _^ 

22. a:+j/ = a+6. * 6+i/ a—x 

a+x _h a 6 _^ 

h+y a h+x a—y^ 

26. {p+q)x+{p-q)y^p^'-q^. 

30. Three or More Simultaneous Equations. 

Ex. Solve 4x-2 2/+«=-2 (1) 

3x-y-2« = ll (2) 

6a;-2/+3 2=-3 (3) 

If we choose to eliminate z first, multiply (1) by 2, and use (2) 
unchanged. 
Then 8x-4y+2 2=-4 (4) 

3x- y-2«=:ll C5) 

Add the corresponding members of (4) and (5). 

lla;-5y=7 (6) 

Also multiply (1) by 3, and set down (3) unchanged. 

12x-62/+3«=-6 (7) 

Subtracting, 6x- y+3«=-3 (8) 

6x-5y =-3 (9) 

From (6) and (9), 5 a;=10, hence x=2. Root. 

By substitutions in (9) and (1), find y ==3, and z= —4. Boots. 

Let the pupil check the work. 
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31. Use of - and - as Unknown Quantities. 

X y 

^- Solve ii'fy-T (« 

4x 3y 2 . . w 

Multiply in (1) by 8 (the L. C. M. of 8 and 2), and in (2) by 12. 

* 5 12 
= 82 (3) 

X y 

9 20 

=138 (4) 

X y 

To eliminate y, multiply in (3) by 5, and in (4) by 3. 

^-«?=410 (5) 

X y "^ ' 

27 60 ,,, 

=414 (6) 

X y . ^ ' 

Subtracting each member of (5) from the corresponding member 

in (6), 

2 

-=4, whence 2=4 x, and x^h. BoaL 

X 

Substituting for x in (3), 

12 

10 =82, whence y=— 4. RooL 

y ^ fi 

Let the pup3 check the work. 

EXERCISE 42 
Solve and check: 

^ 2^3^ 1 2. 4x-5|/+3« = 18. 

g J[ 5x-5j/-42 = 2. 

x"^y"^' 3x+4 2/-5«=32. 
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8. J--^=3. 6- iy+3x=xy. 

1 / 2y-Qx=3xy. 

^^ 2j/ • 7. .8x+Ay-.5z = .5. 

4. ^+T^ = 1. .5x-.6j/+.22=.5. 

^3^ Y .9x+.5y-.6 2=.5. 

X 8y g 3a_26^ 

6. 4a;+5 3=8. ' x y ~ 

6a;-3j/+22=0. 5o 46 

2x+62/-2=-l. X ~Y~'^- 

9. x-2j/-2«=-2o. 
x+J/-3z=— 4 6. 
3x-3y-5z=-2(a+6). 

10. 2x+j/+z = 2(a+6). 1,1. !_« 
2y+x+2 = 2(a+c). " x'^y'^z ^^ 

2 2+x+y=2(6+c). §+2 1^10 

X y z 

11. :^-:2^ 2 5+i+? = 14 

a; y x^y^z ^*- 

l+f = 1.09. 16. ^+«=£Z^. 

ah b — a 

12. _7___5_ = 16. x+r"^- 
.2a; .3i/ 3 ,« 2 , 3 4 

3 5 13 "• a:;+J7;-F:;=i8. 



3x 4y 5z 



Ax 1.2y 12- A_A !.__ 

13. -+- = 7. 3 7,3 

^x oy lOz 
3,4- , 
-+-=9. 19 a.l ,,, 

^+2 = 15- i+£=a+62. 
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32. Eluninatioii of Letters from Formulas. 

Ex. Given the formulas V — Iwh and 1 = 2 w, obtain from 
them a formula containing the other letters but not {. 

Substituting in the first formula the value of I given in the second 
formula, we obtain . 

V^{2w)wh, 
or V=2w*h. Anar 

BXERCISB 43 

Eliminate: 

1. X between p = &x and x=3d, 

2. r between p = 6r and r — 3d. 
8. X between v = hlx and x = 3 A. 
4. p between a = bp and c = dp. 

6. h between V = Iwh and 3l = 2h. 

6. 8 between s = (1 +g)c and s = (1 — d)c. 

7. c between 8 = 2 ab+2 ac+2 be and c = | a. 

8. w between V = lwh and 3 h+5w = 7. 

9. I between o = 2 h(l+w) +lw and 51 = 2 w, 

9 

10. c between i> = — and c=ad. 

a 

11. c between 3 x+2y = 5 c and 8x— 2c = 5. 

12. p between 3 x+2!/=12— 5 p and 4x— 3 t/— 2p = 6. 

18. (1) By use of the two formulas s = -T7r and s = -^, 

find a when c=4. Also when c = 25. Also when c = 17. 

(2) Now eliminate 8 between the two given formulas and 

11 c 
thus obtain a = '-^. By use of this last formula, find the 

three required values of a, 

(3) Compare the amount of work in the two methods of 
finding the three values of a. What inference do we draw 
as to the labor saving value of elimination? 
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EXERCISE 4i 

Verbal Problems 

1. If a bushel of oats was sold for a cents at a profit of 20 %, 
what was the original cost of the bushel of oats? 

2. If X boys each contribute y dollars toward the cost of a 
motor boat, how much do they all contribute together? If the 
number of boys is increased by 2, and the number of dollars con- 
tributed by each diminished by 10, how much will be contributed? 

3. How many pounds of butter fat in all are in x pounds of 
milk containing 4 % of butter fat and y pounds of cream con- 
taining 60 % of butter fat? 

4. If gold loses iV and silver iV of its weight when immersed 
in water, how many pounds altogether are lost by x pounds of 
gold and y pounds of silver? 

6. Express a number of three digits, in which the digits in 
order from left to right are x, y, and z. 

6. Express a number of two digits, in which the tens' digit is 
X and the units' digit is twice as great as the tens' digit. 

7. If a steamer runs 20 miles per hour in still water, how 
many hours will it take to run 72 miles down a stream flowing 
at the rate of x miles an hour? 

8. If a clerk's salary of x dollars a month was increased by 
25 %, how many dollars would he earn in y months at the increas^ 
salary? 

9. A boy has d dollars and q quarters. What then does 100 d 
+25 q represent? 

10. If a school has x pupils of which b are boys, what does x^h 
represent? 

11. If a man earns d dollars and spends s dollars per month, 
what is the meaning of 12(d— «)? 

12. If a field is a feet long and h feet wide, what is the meaning of 
064-43,560. 
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13. A woman bought a pounds of sugar at b cents a pound and 
c pounds of coffee at d cents a pound. She gave the clerk a five- 
dollar bill. What does 500— a6— cd mean? 

14. Of 8 pupils in a class, 3 had a grade of g and 5 of h. What 
does -^ — stand for? 

o 

BXERCISE 46 

1. The difference of two numbers is 12 and three 
times the smaller number exceeds twice the larger number 
by 18. Find the numbers. 

2. A mass of metal composed of iron, lead, and alumi- 
num weighs 5280 lb. and contains 13 cu. ft. A cubic foot 
of each of these three metals weighs 480 lb., 700 lb., and 
156 lb., respectively, and the given mass contains 2 cu, ft. 
more of aluminum than of lead. How many cubic feet of 
each of the metals does the mass contain? 

3. Five times the smaller of two numbers exceeds 
three times the larger by 15. Also J of the larger exceeds 
i of the smaller by 2. Find the numbers. 

4. If the cost of a telegram of 13 words between two 
cities is 31 cents, and that of a telegram of 19 words is 
43 cents, what is the charge for the first ten words in a 
message and for each word after that? 

6. Find a fraction, such that if 1 is added to the 
numerator, the value of the fraction will become f ; but 
if 1 is added to the denominator, the value of the fraction 
will be |. 

6. Separate 3.32 into two parts such that 50 % of one 
part added to 18 % of the other equals .86. 

7. The difference of two numbers is 28. If the larger 
number is divided by the smaller, the quotient is 3 and 
the remainder 4. Find the numbers. 

8. A ton of fertilizer which contains 40 lb. of nitrogen, 
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120 lb. of potash, and 80 lb. of phosphate is worth $15.60. 
A ton containing 60 lb. of nitrogen, 110 lb. of potash, and 
120 lb. of phosphate is worth $19.90, while a ton contain- 
ing 55, 105, 100 lb. of each, taken in order, is worth $18. 
Find the value of one pound of each constituent. 

9. A man has a tank containing water at a tempera- 
ture of 60° and another containing water at 180°. How 
many gallons must be taken from each tank to make a 
mixture of 360 gallons at 110°? 

10. If two grades of coffee, worth 18 cents and 28 cents 
are to be mixed to make 100 lb. which can be sold for 30 
cents at a profit of 20 %, how many pounds of each must 
be used? 

11. A farmer wishes to combine milk containing 4 % 
of* butter fat with cream containing 60 % of butter fat in 
order to produce 30 gallons of cream which shall contain 
30 % of butter fat. How many gallons of milk and how 
many gallons of cream must he use? 

12. A man has a tank containing water at a tempera- 
ture of h degrees and also a tank containing water at <a 
degrees. How many gallons must be taken from each 
of these in order to make a mixture of p gallons at t degrees? 

Make up and work a numerical example illustrating the 
use of the formula which you have obtained. 

13. How much milk containing 3.4 % of butter fat must 
be mixed with how much cream containing 24.5 % of 
butter fat to make a mixture of 20 gallons containing 18 % 
of butter fat? 

14. Of three pipes, the first and second running together 
can fill a swimming pool in 80 min.; the first and third can 
fill it in 1 hr. 40 min.; and the second and third in 2 hr. 
How long will it take each pipe running alone to fill it? 

16. A and B together can complete a piece of work if 
A works 4 days and B 3 days, or if A works 2 and B 6 daya 
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How many days noald it take eadi of them workiiig akme 
to do the WQifc? 

16u A man has $40,000 to invest and from it wishes to 
obtain an annual ineome of $1800. If he invests part of 
his piincqial at 4 ^ and the rest at 5 f^» how much must 
he invest at each cl these rates? 

17. A party of boys purchased a motor boat. They 
found that if there had been 2 more boys, they would have 
paid $10 apiece less; but if there had been 2 less, they 
would have paid $20 apiece more. How many boys were 
ih&e and what did the boat cost? 

18. A 164b. mass of gold and silver alloy, when im* 
mersed in water, weighed only 14.656 lb. If gold loses 
.051 of its weight and silver .095, how many pounds of 
each were in the alloy? 

19. A mass of copper and tin weighing 300 lb. when 
inmiersed in water weighed 262.5 lb. If the specific 
gravity of copper is 8.8 and that of tin is 7.3, how much 
of each metal was there in the mass? 

20. The denominator of a certain fraction exceeds the 
numerator by 2. If a certain number is added to both 
numerator and denominator, the value of the fraction thus 
formed is |; while if this number is subtracted from both 
numerator and denominator, the value of the fraction is ^. 
Find the original fraction. 

21. In a given number of three digits, the sum of the 
digits is 9. The units' digits exceeds the hundreds' digit 
by 1. Also the given number is fifty-four times as great 
as the sum of the units' and tens' digits. Find the number. 

22. A steamer can run 20 miles an hour in still water. 
If the steamer can go 72 miles with a current in the same 
time that it can go 48 miles against the current, what is 
the rate of the current? 

23. A clerk earned $504 in a certain number of months. 
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His salary was increased 25 % and he then earned $450 
in two months less time than that in which he previously 
earned $504. What was his original salary per month? 

24. One bottle contains ammonia 90 % pure and another 
contains ammonia 60 % pure. How much must be taken 
from each bottle to make a quart 80 % pure? 

26. A farmer has enough feed for his oxen to last a 
certain number of days. If he sold 10 oxen, his feed 
would last 30 days longer. If, on the other hand, he were 
to buy 10 oxen more, his feed would last 10 days less. 
Find how many oxen he has and for how many days he 
has feed. 

26. There are two alloys of silver and copper, one of 
which contains twice as much copper as silver, the other 
three times as much silver as copper; how much of each 
alloy is required to make an alloy of equal parts of silver 
and copper which will weigh 2J lb. avoirdupois? 

27. The sum of two numbers is a, and five times the 
smaller number exceeds four times the larger by 6. Find 
the numbers. 

EXERCISE 46 




Fig. 1. 




JPiG. 2. 




Pig. 3. 



Fi<].4. 



1. In Fig. 1, two isosceles triangles are attached to a 
rectangle. Obtain a formula for the area of the entire 
figure. 

2. In Fig. 2, four isosceles triangles are attached to a 
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square. Obtain a formula for the area of the entire 
figure. 

Find a formula also for the area of the figure when the 
four triangles are equilateral. 

8. In Fig. 3, four equal isosceles triangles have been 
taken from a square. Find a formula for the area of the 
figure left. 

4. In Fig. 4, two semicircles are attached to a rectangle. 
Find a formula for the perimeter of the entire figure. 

If a = 5 6, eliminate a from the formula. Also if a = 6, 
eliminate a. Describe the shape of the resulting figiu'e. 

6. A one-half mile running-track is to be constructed in 
the general shape of Fig. 4, with a = § 6. Find the length 
of a and b to the nearest tenth of a foot. (Use ir = ^.) 

6. If a body is moving at the rate of v feet per second, 
obtain a formula for df the number of miles it will go in 
1 hour. State this formula as a rule Make up a numer- 
ical example and solve it by use of this formula. 

7. Solve for v the forviula obtained in Ex. 6. State 
this new formula as a rule. 

8. Construct a graph of the formula obtained in Ex. 6. 
By use of this graph, determine the rate in miles per hour 
of a boy who is traveling at the rate of 6 ft. per second. 
Also 20 ft. per second. Also 420 ft. in 1 minute. 

9. By use of the graph constructed in Ex. 8, determine 
the rate in feet per second of a car that is going 20 miles 
per hour. Also of a boy who runs 12 miles in an hour. 

10. Adjoining is the diagram of a 
chicken house whose end is a trapezoid. 
If a space of 50 cu. ft. is allowed for b 
each hen, find a formula for N, the 
number of hens that can be accom- w^ 
modated in the chicken house. 
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If a = 5, 6 ==8, It? = 10, how long must the house be in 
order to accommodate 40 hens? (Solve by use of the 
formula.) 

11. li 8 denotes the selling price of an article, c the cost, 
p the per cent of profit (expressed decimally), and the per 
cent of profit is computed on the selling price (not on the 
cost), show that s=c+ps. Solve this formula for s. 

If the cost of a given article is to be 84 cents, by use of 
the last formula, find what must be the seUing price in 
order to obtain a profit of 40 per cent. 

12. A cistern contains 120 gal. of water. At a given 
moment water begins to flow into the cistern at the rate 
of a quarts per minute, and to flow out of another opening 
at the rate of 6 quarts per minute. Write a formula for 
the number of gallons (G) in the cistern at the end of t 
minutes. Also write the formula if the cistern contained 
Go gallons at the start instead of 120 gal. 

13. If the proper height in inches of a chalk trough in a 
grade school room be denoted by h, and the number of 
the grade by G, the formula for the height of the chalk 
trough is A = 25+f((?--4). Convert this formula into a 
rule. 

By use of the formula determine the proper height of 
the chalk trough in a room for the 6th grade. For your 
own grade. 

14. If the length, width, and height of a room are 
denoted by Z, w, h respectively, what does 2(l+w)h repre- 
sent? Draw a diagram to show this. 

15. Also what does 2{l+w)h+lw represent? Draw a 
diagram to show this. 

16. Also what does Iwh represent? Draw a diagram to 
show this. 

ilT. Using suitable letters, construct a formula for the 
weight of a wagon and its load, if the load consists of two 
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sets of objects, as a number of barrels of equal weight, 
and a number of boxes also of equal weight. 
Illustrate the use of your formula by a numerical example. 

18. What temperature is numerically the same on both 
the Centigrade and Fahrenheit scales? 

SuQ. Eliminate C between the equations C=»t(F— 32) and 

19. Find that temperature on the Fahrenheit scale 
which is numerically double the equivalent temperature 
on the Centigrade scale. 

20. Also find that temperature on the Fahrenheit scale 
which is numerically one half the equivalent temperature 
on the Centigrade scale. 

21. How many square miles are in a tract of land which 
contains 20,000 acres? If M means number of square 
miles and t means number of thousands of acres, find a 
formula for M in terms of t. 

33. A Variable is a quantity which has an indefinite 
number of different values. 

A function is a variable which depends on another 
variable for its value. 

Thus, the area of a circle is a function of the radius of the circle; 
the wages which a laborer receives are a function of the time that 
the man works. 

A graph is a diagram representing the relation between 
a function and the variable on which the function depends 
for its value. 

A function may depend for its value on more than one variable. 
Thus, the area of a rectangle depends on two quantities — the length 
of the rectangle and the breadth. The present treatment of graphs, 
however, is limited to functions which depend on a single variable. 
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34. Uses of Graphs. A graph is useful in showing at a 
glance the place where the function represented has the 
greatest or least value and where it is changing its value 
most rapidly, and in making evident similar properties of 
the function. 

Graphs of algebraic equations are useful in making 
evident certain properties of equations which are other- 
wise difficult to understand. A graph also often furnishes 
a rapid method of determining the root (or roots) of an 
equation. 



Q 

(-8. 2)|- 

I 

\ 



r^i I I I — I — \ 



(-2.-2)' 



•--(2. i) 



I I t — I — I- 



M 



S 
•—••(1-4) 



36. Location of Points. In the diagram above, the 
lines XX' and YY' are perpendicular to each other. 
If, in constructing graphs, the point P is considered as 
located with reference to XX' and YY\ what are these 
lines called? 

What name is given to the point when the lines inter- 
sect? What to PAf? To OM? Which are the four 
quadrants in the figure? Name them in order. Draw a 
similar set of axes on squared paper, and with reference 
to them locate the points (3, 2), (—5, 4), (—3, —6), 
(4, -2), (3, 0), (0, -5), (0, 0). 
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36. To Construct the Graph of an Equation of the First 
Degree Containing Two Unknown Quantities, as x and y. 




Let X have a aeries of convenient values^ as 0, 1, 2, 3, etc., 
-1, -2, -3, etc.; 

Find the corresponding values of y; 

Locate the points thus determined^ and draw a line through 
these points. 

Ex. 1. Construct the graph of the equation y^l'^2x. 

Construct the points (0, 1), (1, —1), (2, -3), 
(3, -5), (-1, 3), (-2, 6), etc., and draw a line 
through them. The straight line AB is thus found 
to be the graph of y= 1— 2 x. 



X 


V 





1 


1 


-1 


2 


-3 


3 


-6 


etc. 


etc. 


-1 


3 


-2 


5 


etc. 


etc. 
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Ex. 2. Graph y = 600 - 4 x. 



X 


y 





600 


50 


400 


100 


200 


-60 


800 



Let each space on the y-ajda represent 100, and 
each space on the x-axis represent 50. 
We then obtain PQ as the required graph. 




Y'' 



37. Linear Equations. It will always be found that the 
graph of an equation of the first degree which contains 
not more than two unknown quantities is a straight line. 
Hence, 

A linear equation is an equation of the first degree. 

38. Abbreviated Method of Constructing the Graph of a 
Linear Equation. Since a straight line is determined by- 
two points, in order to construct the graph of an equation 
of the first degree, it is sufficient to construct any two points 
of the graph and draw a straight line through them. 
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Ex. 1. Graph 3 x-2 y=^6. 

Whenx=0,y=-3; 
when y=0, x=2. 
Hence, the graph 
passes through the 
points (0, —3) and 
(2, 0), or CD is the 
required graph. 

The greater the dis- 
tance between the 
points chosen, the 
more accurate the 
construction will be. 
It is usually advisable 
to test the result obtained by locating a third point and observing 
whether it falls upon the graph as constructed. 

If the given line does not pass through the origin, or near the 
origin on both axes, it is usually best to construct the line by 
determining the points where the line crosses the axes as was done 
n the above example. 

EXERCISE 47 

1. Draw axes and locate the points (—4, 3.5), 
(-2.6, 0), (0, 3.2), (-1.8, -1.2)^ 

2. A point moves with reference to two axes so that 
its ordinate is always 3. What is the locus of the point? 

3. A point moves with reference to two axes so that 
its abscissa is always 2. What is the locus of the point? 

Graph the following: 



4. 


y-x-Z. 


10. 


200a;+y=600. 


6. 
6. 


3a;+4y = 12, 
3x+2»=9. 


11. 


x-3^ 1 
2 =2^- 


T. 


2y=x. 


18. 


x=3. 


8. 


.3x+.5y = l. 


13. 


y=4. 


9. 


2x+3j/=600. 


14. 


y—3.5x-2A. 
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16. x = 2(2/-l). 17. x^O. 

IS. x=400--3x. 18. y = 0. 

19. Construct the graph of M=^t, the vertical axis 
being that of M. By use of this graph find the value of M 
when i = 10. 

What is the meaning of this problem as applied to the 
formula obtained in Ex. 21, p. 87? 

20. By use of the graph obtained in Ex. 19, find t 
when M = 8. What is the meaning of this example in 
relation to Ex. 21, p. 87? 

X— 3 1 

21. In graphing ""^ = 9^' ^^^ ^^ ^^ ^^ advantage to 

solve fbr y before substituting successive values of a: in 
the equation? 
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89. Gmphic Solutipn of Simultaneous Linear Equations. 

If we construct the graph of the equation 2y+3x=«— 5 
(the line AB) and the graph of 4y+xs=6 (the line CD), 
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and measure the coordinates of their point of intersection, 
we find this point to be (—3, 2). 
If we solve the pair of simultaneous equations 

by the ordinary algebraic method, we 

find that x= —3 and y = 2. 

In general, the roots of two simuUaneoiLS linear eqiuitions 
correspond to the codrdinates of the point of intersection of 
their graphs; for these coordinates are the only ones 
which satisfy both graphs, and their values are also the 
only values of x and y which satisfy both equations. 

Hence, to obtain the graphic solution of two simulta- 
neous equations. 

Draw the graphs of the given equations, and measure the 
coordinates of the point (or points) of intersection. 

Graphing two simultaneous equations is a convenient 
method of testing or checking their algebraic solution. 

40. Simultaneous Linear Equations whose Graphs are 
Parallel Lines. Construct the graph of dx—2y=^6 and 
also of 3x — 2y = 2. 

You will find that the graphs obtained are parallel straight lines. 
Now try to solve the same equations algebraically. You will find 
that when either x or ^ is eliminated, the other unknown quantity 
is eliminated also, and that it is therefore impossible to obtain a 
solution. The reason why an algebraic solution is impossible is 
made clear by the fact that the graphs, being parallel lines, can- 
not intersect; that is to say, there are no values of x and y which 
will satisfy both of these lines, or both equations, at the same 
time. 

41. Graphic Solution of an Equation of the First Degree 

of One UnkioLOwn Quantity. By substituting for y in the 

f y = 2 X — 5, 
first equation of the pair - _ the two equations 

reduce to 2 x— 5=0. Accordingly, the graphic solution of 



94 A SECOND BOOK IN ALGEBRA 

an equation like 2x~5=0 can be obtained by combining 
the graphs of y = 2x—b and |^=0. In other words, the 
root of2x— 5=0is represented graphically by the abscissa 
of the point where the graph of y = 2x— 6 crosses the 
a>axis. 

EXERCISE 48 

Solve both algebraically and graphically: 

1. 2x-7y = 9. 7. 6x-5y=3. 
5x+3y = 2. 5x-6y = 8. 

2. Zx-2y = l. - 



y=3a;+9. 

2x+7i/+6=0. 



y = 2-x. 

3. x+3+5 2/=0. 
7x+8 2/ = 6. »• 2y-x=2. 

4. x=3. 2^ = 2- 
2j/+3a;=5. 10. z-4j/=6. 

5. 3a:+2 2/ = 21. y+l = 0. 
J/ = 2a;. 11. y = o. 

6. a:-^=5. y = 2x+3. 

^1 2Q 12. Solve graphically 2 x+3 = 0. 
4y = 3+— g— . ^g Solve graphically 3 a:- 5 = 0. 

14. Draw the graphs of 2 1/+3 a:+6 = and 4 x— 1/+5 = 
and on the diagram estimate to the nearest tenth the values 
of X and y at the point of intersection of the graphs. 

{Sx+by= 9. 

6x-2i/ = ll. 

'3x-22/=4. 

9x-6y=4. 

Can you solve this pair of equations algebraically? 
Give reasons for your answer. 

17. Construct the triangle whose sides are the graphs 
of the equations 3y+8x = 26, 4y— 9x=15, 7z/-x+18 
= 0, and find the coordinates of the vertices of the triangle 



16. Solve graphically to the nearest tenth 



16. Construct the graphs of 
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18. Construct the quadrilateral whose sides are the 
graphs of the equations y+2x=10, 5y+2x = 26^ 
y+llx+16=0, 6y— 5a;+25=0, and find the coSrdinates 
of the vertices of the quadrilateral. 

42. Graphical Solution of Problems. 

Ex. 1. A man starts to walk toward a certain place at 
the rate of 4 miles an hour. After he has gone 8 miles, 
a boy on a bicycle starts after him a.nd goes at the rate of 
6 miles an hour. Show graphi- 
cally how many hours and how 
many miles the boy will have to «eMu[- 
travel in order to overtake the 24 ml 



man. 



20 ML 



16 ML 



12 ML! 



8 ML 



4 ML !"• 



OMJ 




On the diagram each space on the 
horizontal axis represents 1 hour, each 
space on the vertical axis represents 
four miles. Then the line OC repre- 
sents the relation between the num- 
ber of miles and number of hours 
traveled by the boy and AB in like manner represents the motion 
of the man after the boy starts. 

Hence, the time the boy travels is 4 hours, and the distance he 
travels is 24 miles. 

The point P, where the two graphs intersect, determines the num- 
ber of hours and miles traveled before the boy overtakes the man. 

These results may be checked algebraically by noting that if 
d denotes distance (or number of miles), and t time (or number 
of hours) after the boy starts, the equation for the distance traveled 
by the man is d=8+4i, and that for the boy d=Qt. Solving 
these equations, d=24, and i=4. 

In other words, AB is the graph of the equation 4=8+4 1, and 
OC is the graph of the equation d=6 i. 

Ex. 2. The cost of making a certain article by hand is 
$50 each. If the article be made by machinery, the cost 
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of preparing the machinery will be $240, after which each 
article can be made for $10. How many articles must be 

made before the use of ma- 
chinery becomes profitable? 

Let each space on the vertical 
axis represent $40. Then the 
line AB (graph of formula 
c=240+10 n) represents the cost 
of the machine-made article, 
and OC (graph of the formula 
c=50n) represents the cost of 
the hand-made article. 

The two lines intersect at P. 
Hence, 6 articles must be made 




1 2 3 4 5 6 7 
NUMBER OF ARTICLES 



8 



before the use of machinery becomes profitable. 



EXERCISE 49 

Solve the following graphically and check by the use of 
formulas: 

1. A boy started to walk toward a certain place at the 
rate of 3 miles an hour. After he had gone 9 miles, another 
boy on a bicycle started after him and went at the rate of 
6 miles an hour. How many hours and how many miles 
must the second boy go in order to overtake the first? 

2; A freight train started from a certain station and 
proceeded at the rate of 20 miles an hour. After it had 
gone 30 miles, it was followed by a passenger train going 
40 miles an hoiur. How many hours and miles will the 
passenger train have traveled before it overtakes the 
freight train? 

3. The cost of manufacturing a certain article by hand 
is $10 each. If the article be made by machinery, the 
cost of preparing the machinery is $180, after which the 
cost of making each article is $4. How many articles 
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must be made by machinery before such manufacture 
becomes profitable? 

4. A merchant wishes to send a circular letter to a 
number of his customers. He finds that to prepare type- 
written copies will cost 5 cents a copy, but that to have 
the letter printed will cost $5 for the first hundred copies, 
and $1 for each hundred after that. What is the least 
mimber of letters he must send to make it pay to have 
the letters printed? 

SuG. Observe that the cost of preparing to have the letters 
printed is $4, that is, $5 less SI (the cost of printing the first hun- 
dred copies). Hence the cost of printing the letters may be stated 
as $4 plus $1 for each hundred copies. 

6. At a certain place it costs 20 cents each to hew 
railroad ties by hand. After spending $1000 for machinery, 
they could be sawed for 4 cents each. How many would 
have to be sawed before it became profitable to use 
machinery? 

6. After spending $600 in getting special training, a 
youth obtained a position which paid a weekly wage of 
$10 with an increase which amounted to $2 a week. At 
the same time a friend, who had begun working earlier 
without waiting to get an education, was receiving $15 
a week with an increase of 75 cents a week. How many 
weeks must elapse before the weekly wages of the educated 
youth will equal that of the other? When will it be $12 
greater? 

7. A boy starts from a certain place and travels at 
the rate of 8 miles an hour. Three hours after he starts, 
another boy goes after him on a motorcycle and travels at 
the rate of 32 miles an hour. How many miles and how 
many hours must the second boy travel in order to over* 
take the first? 



CHAPTER V 
INVOLUTION AND EVOLUTION 

Involution 

43. Inyolution is the operation of raising an expression 
to any required power. 

Since a power is the product of equal factors, involution is a 
species of multiplication. In this multipUcation, the fact that the 
quantities multiplied are equal leads to important abbreviations of 
the work. 

44. Law of Exponents or Index Law. 

Since c? = aXaXay 

{a^y = {aXaXa){aXaXa){aXaXa){aXaXa) 

In general, in raising a" to the m** power, we have the 
factor a taken mXn times, or 

(a»)"'=a~» I. 

Also, {abY — dbXdbXahXahy . . to n factors 

= (aXaXa ... to n factors) (6 XbX6 ... to n factors) 

.-. (a6)»=a»6» II. 

This law enables us to reduce the process of finding the 
power of a product to the simpler process of finding the 
power of each factor of the given product. 

98 
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46. Law of Signs. It is evident from the law of signs 
in multiplication that 

(1) An even power of a quantity (whether plits or mintAs) 
is always positive. 

Thus, ( - 5 a6) * = 625 a*6*. 

(2) An odd power of a quarUity has the same sign as the 
original quantity. 

Thus, (-2a)7=-128o». 

46. Involution of Monomials in General. Hence, to 
raise a monomial to a required power, 

Raise the coefficient to the required power; 
Multiply the exponent of each literal factor by the index of 
the required power; 

Prefix the proper sign to the resuU. 

Ex. (.-5a2a:3)4 = 525a8xi2. Ans. 

47. Powers of Fractions. By a method similar to that 
used in § 44^ it can be shown that 



f^y^a^ 



Hence, to raise a fraction to a required power. 

Raise both numerator and denominator to the required 
power, and prefix the proper sign to the resulting fraction. 



„ / 3ay V_ 27 c?b^ , 
' \5^) "■"l25xV' 



EXERCISE 60 



Write the square of 

1. 7 a%. 3. — 13x"2/. 3x x*j/* 

2. -fr^i/*. 4. -4y»-^ ' "sF* • lo^' 



-2' 



19. 



/ 5g* y 

V 3a-7 • 
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Write the cube of 

Write the value of 

12. (7a62c3)3. 16. (-2x3)7. 

18. (tx2j,)4. 16. (-Jm2)e. 

1A /2^V 17. (3ir^)3. 1/2X5 

^*- \ a»2 >/ • 18. (.003)3. ^"" 2V3y ' 

21. The number 5^000,000^000 may be expressed in a 
brief form by the use of an exponent thus, 6X10^. Suni- 
larly, express 19,000,000,000,000 in a brief form. Compare 
the number of figures in the long and short forms. 

22. The nearest fixed star is approximately 20 millions 
of millions of miles from the earth. Express this number 
in a brief form by the aid of an exponent. 

23. Give the value of 2X32. Also of (2X3)^. 

24. Give the value of each of the following: [(— 2)3]^, 
[(-2)2]3, [(-3)2p. Does [(-a)3]2 equal [(-a)2]3? 

25. Does 2X3^ equal 6«? Does i(4«) equal 2«? 

26. Given 2^ = 32, find in the shortest way the value of 
210. Also of 21^ Of 212. 

27. In 2?'X^, how many x's are multiphed together? 
How many in (a?)^? Write out in full each of these set of 
factors. 

28. State how many x's are multiplied together in 
[(x2)3J4. Alsom(x2)3.a4, 

29. In reducing \ ^ to its simplest form, is it allowable 

to cancel the 5's? Why? Is it allowable to cancel the 3's? 

30. Does 2^X2* equal 4^? Give a reason for your 
answer. The value of the second expression is how many 
times as great as that of the first? 



INVOLUTION AND EVOLUTION 101 

31. Express as a power of 2 the number of great-grand- 
parents a person has. Also the number of great-great- 
great-grandparents. 

32. If a decimal fraction contains four places, how many 
places will its square contain? Its cube? Its fourth 
power? Give a numerical illustration of your answer to 
the first of these questions. 

33. Show that 2® X 5^ = 10®. Is there any advantage in 
knowing that 28X58 = lO®? 

48. A Root of a given quantity is a quantity which, 
taken as a factor a certain number of times, will produce 
the given quantity. 

Evolution 

49. Evolution is the process of finding a required root 
of a quantity. 

What is the radical or root sign? What is the meaning 

of V9? Of ^a? Of V7? 

50. Number of Roots. Taking a particular example, 

we find that Vl has two values, viz.: +2 and —2, for 
(+2)2=4 and (-2)2=4. 

A number containing a square root of a negative quan- 
tity is termed an imaginary number. 

A real number is a number which does not contain an 
imaginary number. 

The nature of the square of an imaginary number, as of V— 4, 
is explained on page 136. 

If we include imaginary roots, it may be shown that when any 
root of a given number is extracted, the number of possible roots 
equals the index of the root to he extracted. 

Thus, in taki ng th e cube root of 8, we find three possible roots; 
viz., 2, -1+ Vr^^ and -1- VHa 
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01. The Principal Root of a number is that real root of 
the number which has the same sign as the number itself. 

Thus, the principal root for Vi is 2; for '^J^is 3; for ^-27 
is -3. 

In this chapter, only the principal roots of numbers are con- 
sidered. 

62. Index Law. Since (a"')»=a"« (§44, p. 98), it 

follows that 

^d^ = d^y I. 

where m and n are positive integers. 

Hence, finding the root of a quantity afifected by an 
exponent becomes simply a division of exponents. 

Also, v^a6 = v^v^6. II. 

For, let \^=Xy \^b^y) 

.'. a^^a. ... (1) y»=6 (2) 

But x"!/" = (a;2/)» (by § 44) . 

Substituting for a:" and y^ from (1) and (2), 

a6 = (v^v^)» (3) 

Extracting the nth root of each member of (3), 

This reduces the process of finding the nth root of a 
product to the simpler process of finding the nth root of 
each of the factors composing the product. 

63. Method. Hence, to extract a required root of any 
monoihial. 

Extract the required root of the coefficient; 
Divide the exponent of each letter by the index of the re- 
quired root; 

Prefix the proper sign to the resuU. 

How may the work be checked? 



5/ 32aio 
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EXERCISE 61 

1. Write the square root of 16 a^x®, 9 x^y^, ^ o?7?i/^j 

Write the value of 

2. VsT^ft*. 6. </Wc^. 

8. </W^^. 6. -v^32 aVO. 

4. v^-27o«6«. 7. v^64^^. 
Find the value of x in each of the following equations: 
10. x* = 81. 11. x7 = 128. 12. x«=-32. 

64. Square Root of Pol3momials. In squaring a tri- 
nomial, a+b+c, we may regard a +6 as a single quantity, 
and denote it by a symbol, as p. We then obtain the 
square in the form p2+2 pc+c^. 

Evidently we may reverse this process, and extract a 
square root to three terms by regarding two terms of the 
root, when found, as a single quantity. Similarly, a fourth 
term of a root, or any number of terms, may be obtained 
by regarding the root already found as a single quantity. 

Ex. Extract the square root of a^+lOa^fe+lQa^ft^— 
30aft8+9 6*. 



a*+10 a»6+19 o«6«-30 a6»+9 6* | a«+5 ab^Z hK RooL 



2 a«+5 ab 



10a»6+19a*6« 
10 a»6+25 a*6« 



2a«+10a6-3 6» 



-6a»6»-30a6»+9 6* 
-6a«6*-30a6«+9 6* 



Check the work by squaring the result obtained, or by numerical 
substitution. Let the pupil state the above process as a rule. 
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56. Square Root of Arithmetical Numbers. The same 
general method as that used in § 54 may be used to extract 
the square root of arithmetical numbers. 

The details of the method of extracting the square root of num- 
bers are explained in arithmetic (see DureWs Advanced ArWimetic), 
As an illustration of the process, we give the following example: 

Ex. Extract the square root of 679.6449. 

679.6449 | 26.07. BooL 
4 
46" 



279 
276 



6207 



36449 
36449 



EXERCISE 62 

Extract the square root and check: 

1. 29 62-26 5^+12 65- 14 63- 10 6+9 6«+L 

2. 4 p«- 12 62p3+20p3+9 6^-30 62+25. 

3. a2-2a6+62+25+10a-10 6. 

4. 24 0^6+24 a65+9 a« +9 6«~8 a*62-8 a26*-50 cfiV^. 

5. 22 01^-20 s? +4:^4^ z+17 3^+9 z^-2isfi. 

8. 4p2_|p_4p3+^+4p4. 
Find the square root of 

9. 283024. 11. 8042896. 18. .64048009. 
10. 9312.25. 12. 4916.8144. 14. 10.06476625. 
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Find the square root to nearest thousandth: 

16. 17.5 17. .4. 19. ^. 21. 9.0042. 

16. 7|. 18. 9^. 20. .081. 22. 176.5. 

23. In extracting the square root of f, what is the 
advantage of reducing f to a decimal fraction before 
extracting any root? 

Compute to three places the value of 

24. Vz+V2. 26. V4V7-V5. 26. ^^^±^, 

27. Find the altitude of an equilateral triangle whose 
side is 27 in. 

28. Find the side of an equilateral triangle whose alti- 
tude is 27 in. 

29. Find the side of a square whose diagonal is 36 in. 

30. If a city park is 800 yd. long and 600 yd. wide, 
how much is saved by walking from a corner to the 
opposite corner along a diagonal instead of along the 
sides? How much time does a man save in a year by 
walking thus, if he walks at the rate of 4 miles an hour, 
and crosses the park four times a day on 300 days? 

31. If X=Vs(s-a)(«-6)(s-c), a = 126, 6 = 50, c = 148, 
^=J(a+6+c), find K. What is the meaning of this 
process in geometry? 

32. Find in feet the radius of a circle whose area is one 
Hquare rod. 

33. Find in feet the length of the tether by which a cow 
must be tied in order that she may graze over two fifths 
of an acre? 

34. If 4 iri22 = 200 sq. in., and t=^, find R. What 
is the meaning of this process as applied to the sphere? 

35. The area of California is 158,300 sq. mi. Find the 
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side of a square hftving an equivalent area. How m&y 
you then visualize the area of California? 

86. By the use of the method of Ex. 35, visualiie the 
area of the state in which you live. 

87. A bushel measure is to bo square and 12 in. deep. 
Find in inches the inside edge of the square top. 

88. The inside dimensions of the bottom of a trunk 
are 27 in. and 39 in. What is the length of the longest 
umbrella which can lie flat on the bottom of the trunk? 

89. What is the diameter of the largest wheel that can 
be made to pass through a door 40 in. wide and 7 ft. high? 

S6. Dissected Bar Graphs. 

Ex. The enrollment of boys 
and girls in a certain high 
school by grades is given in the 
adjoining tabulation. Make a 
graphical representation of 
these numbers by the use of 
bars divided into parts. 

The graphical repreBentation is given in the diagram below. 
In each bar the left-hand or block part representa a. number of 
boys, and the right-hand part repiesents the corresponding mxra- 
berof giris. 

NUMBER OF PUPILS 





Bort 


Onu 


let year 
2d year 
3d year 
4th yew 


Sg 
64 
48 
30 


102 

97 
82 
70 
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Make dissected bar graphs 
for the following: 

1. In a certain college the 
numbers of men and women 
students in the different 
classes were as follows: 

2. The parts of the cotton crop of the United States 
(in millions of bales) used at home and abroad in the years 
specified were as follows: 





MSN 


WOMVN 


Freshman 
Sophomore 
Junior 
Senior 


432 
402 
386 
354 


316 
256 
203 
122 



Year 


1870 


1880 




1890 


1900 


1910 


1920 


Used at home 


1.1 
2 


1.9 

3.8 


2.4 
4.9 


3.5 
5.9 


4.3 
6.8 


■ 


ExDorted 







PABftKNOKR 


1 Fbeioht 


1st railroad 
2d railroad 
3d railroad 


68% 
37% 
46% 


32% 
63% 

54% 



3. For three different 
railroads the per cents 
that the passenger and 
freight receipts were of 
the total receipts were as 
follows in a given year: 

4. In a certain year in two different states, the per cents 
of native white, for- 
eign-born white, and 
colored population 
were as follows: 

(Dissect the bar 
for each state into three parts.) 

5. In two successive years the sales of a company 
^ere as follows: (Dissect each bar into foiu: parts.) 





Native 
Whitb 


Foreign 
White 


Colored 


1st state 
2d state 


88 

56 


10 
4 


2 
40 



, 


Coal 


Lumber 


Limb 


Fertilizers 


1st year 
2dyear , 


S24,500 
28,700 


$32,800 
22,700 


$6,500 
7,610 


$12,010 
13,216 



108 



A SECX)ND BOOK IN ALGEBRA 





LlTESATBB 


Ilutbratss 


1st state 
2d state 
3d state 
4th state 


98.3% 
94 
88 
71 


1.7% 

6 
12 
29 



6. In a given year in 
four different states in the 
United States, the per 
cents of literates and illit- 
erates were as follows: 

Make circle graphs for 
the data in Exs. 7, 8, and 9. 

7. The per cents of the population formed by the differ- 
ent races of the world are as follows: Yellow, 45; white, 
41; black, 11; brown, 2; red, 1. 

8. Of 100 tons of coal burned in locomotives, the 
following are the per cents utilized and lost or wasted in 
various ways, on the average: Utilized in boiler, 41; 
lost through radiation and leakage, 23; lost in gases in 
emoke-stacks, 10; unconsumed in ashes, 12; lost in other 
ways, 14. 

Represent these figures also as a dissected bar. 

9. A certain man distributed the 24 hours of an 
ordinary day as follows: sleep, 8; hard work, 6; light work, 
4; meals, 2; recreation, 4. 

Represent these figures also as a dissected bar. 



EXERCISE 54 

Kevisw 
Solve and check: 

1. The length, width, and height of a room iq feet are {, w, h, 
respectively. The walls of the room contain n windows each 
bXc inches and d doors each eXf inches. Obtain a formula for 
the cost (c) in dollars of lathing and plastering the walls and 
ceiling of the room at p oents per square yard, deducting one half 
of the door and window space. 

Make up a numerical example and solve it by use of this formula* 

2, Solve for x and check: 

i(x-a)— K2x-3 6)-i(a-x)-10a+lH, 
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8. Factor: 

(1) o(4a+4 6)+6«. (3) 2a-2h+ax-bx. 

(2) .0016-x*. (4) «»-!. 

(5) a;*+ll a;»+41 x«+61 x+30. 

Graph the numerical facts given in Exs. 4, 5, 6, in each case 
selecting the most appropriate form of graph. i 

4. The numbers of subscribers' stations on the Bell telephone 
sjrstem and its connections in the United States were as follows 
in the years specified (in graphing let each space on the vertical 
axis represent 500,000). 



Year 


1880 
31 


1885 
148 


1890 
212 


1895 
270 


1900 
677 


1905 
2005 


1910 
5143 


1915 
8649 


1920 


No. of thousands of 
stations 


11,796 



6. The per cents of proteins in six important foods are as 
follows: Oatmeal, 16.1; whole wheat flour, 13.8; white flour, 11.4; 
com meal, 9.2; rice, 7.8; potatoes, 2.2. 

6. A certain business disposed of its total revenue for a year as 
follows: Salaries and wages, 50 %; purchase of materials, 22 %; 
dividends, 12 %; taxes, 5 %; surplus, 5 %; insurance, 3 %; 
miscellaneous expenses, 3%. 

7. Using suitable letters, make a formula for the entire weight 
of a wagon and its load, which consists of three sets of like objects 
(see Ex. 17, p. 86). 

8. Extract the square root of x*+A x'— .96 x*— .2 a;+.25. 

9. A half-mile running track is to have the shape shown in 
Kg. 4, p. 84. If the radius of the semi-circular ends is to b^ 
200 ft., by use of the formula obtained in Ex. 4, p. 85, find th<> 
length of the straight sides of the track. 

10. Eliminate p between a=6p-fc and d=»lp+f. 

11. Compute the numerical value of V 5.2+2 v 3.72 to the 
nearest hundredth. 

12. Solvex+3y+3 2=l, 3a;-52=l, 9|/+102+3x=l, and 
check. 
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13. Simplify 



4 ax a*^x* a*^ax 



and cheek by letting a^l^ 



3 by e^—x* be+bx 
6—2, c— 3, ar«4, and y«5. 

14 How much milk containing 3.4% of butter fat must be 
mixed with how much cream containing 26.5 % of butter fat to 
make a mixture of 100 gal. containing 12 % of butter fat? 



15. Solve r 



iM 



for c. 



16. Solve graphically to the nearest tenth Zx+5y=S and 
4j-3i/=12. 

17. How much pure alcohol must be added to 2 gallons of a 
mixture which is 80% pure to make a mixture which is 90% 
pure? 

18. Divide both sides of the formula v=lwh by Iw. What is 
the meaning of the result? 

19. The following table gives the population (in millions) of 
the Britbh Isles, France, Germany, and the United States in the 
years specified. 



YSAB 


16 


o 
18 


1H 

21 


r-* 


o 


fH 


29 


31 


1-1 
35 


1 

00 


.H 


o 

1-H 




British Isles 


24 


26 


27 


38 


41 


45 




France 


27 


29 


31 


32 


34 


36 


37 


36 


38 


39 


39 


40 




Germany 


22 


23 


26 


30 


32 


35 


38 


41 


45 


49 


66 


65 




United States 


6 


7 


10 


13 


17 


23 


31 


39 


50 


63 


76 


92 





Graph these four sets of figures on one chart. From the chart 

.determine as nearly as you can the year in which the populations 

of the following countries were equal: (1) British Isles and United 

States; (2) France and Germany; (3) British Isles and France; 

(4) British Isles and Germany. 

20. A man has an income of i dollars. All of this above $2000 
is subject to a tax of a per cent (expressed decimally), and all 
above $5000 is subject to an additional tax of h per cent expressed 
decimally. Denoting the total tax by T, obtain a formula for T. 

By use of this formula, find the income tax of a man whose 
moome is $5800 when a=4 % and 6 = 2 %. 



CHAPTER VI 
EXPONENTS; RADICALS; IMAGINARIES 

67. Positive Integral Exponents. Using a^ as a brief 
symbol for aXaXa, and a"* as a brief symbol for aXa 
XaXa . . . to m factors, we have already found the 
following laws to govern the use of positive integral ex- 
ponents: 

I. a'^Xa'' = a'^-^\ III. (a*")** =a'»». 

oT IV. vV*^ = a*". 

II. -ir=^"* ", ifm>n. ,^ , ..„ „,^ 

We shall now find that it is both possible and desirable 
to regard these laws as true when m and n are fractional 
and negative numbers. 

68. I. Meaning of a Fractional Exponent. By addition 
of exponents, a?Xa?Xa^ = a^+2+2 _. ^e 

If we apply the same method to fractional exponents, 
we get, for example, 

alXaiXal=aJ+i-'"!=af=a«. 

that is, a* may be regarded as one of three equal tactors 
composing a^; that is, a* is the cube root of a^. 

So, in general, 

2. £. L 2. 

a« Xo« Xa« Xa*" ... to g factors 

= a« = a*. 
Ill 
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Hence, in general, in a fractional exponent the numerator 
denotes the power of the base that is to be taken, and the 
denominator denotes the root thxU is to be extracted. 

Ex. 1. 27« = 'C^27^ = 3^ = 81. Ans. 

Ex. 2. a^XaiXa^=a^''i-^^=a^. Ans. 

Ex. 3. V2a:«+*-2V-^ = 2*x«+*.2V-* = 22x2«=4a:2a^ 

Ans. 

Note that in Ex. 1 it is best to extract the required root first. 
In the examples which involve letters, the work may of ten be 
checked by numerical substitutions. 

EXERCISE 66 
Express with radical signs: 

1. X*. 3. 3 6i. 6. 5xM. 7. 5 J'. 

2. x^. 4. 2a*6*. 6. Sa^x^. 8. ab^y'^. 
Express with fractional exponents: 

9. ^6^ 11. 5v^. 13. ^C^v^. sx<^ 

10. Vx. 12. a</x. 14. SVa^. ' ab^Vc 
Find the value of 

16. 9*. 20. \/253. 24. (-125)*. 28. (.25)*. 

17. 16* 21. </W. 26. (A)*. 29. (.36)*. 

18. 81*. 22. (-27)*. 26. (-A)*- 30. (.125)*. 

19. </W^. 23. (-32)*. 27. (if)*. 81. (.008)*. 
Simplify by performing the operations indicated: 

32. a^Xa^. 36. 3*a*X3*a*. 38, 2*X2*. 

33. 3 6*X2 6*. 36. a^Xa^. 39. -^Vs^. 
OA. a*jt/*Xa*2/*. 37. a^-^a^. 40. b^y/^-x^^ 
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41. 3*.3'-3*. 3 gVjS 4<^Vx 

A A t>l-672 . R2.153 

49. a3-7i0-s-ai-2«3. 
45. 6*+~.6«-»^6«-". 50. 102-3674^ iQi-^i. 

51. Find the value of 5^ to three decimal places. (See 

§ 55.) Also of 5* or Vl25. Multiply the two results. 
Compare the amount of work in this combination of 
processes with that of finding the value of 5^. Which 
method gives the more accurate result? 

52. What two parts are there to every power? What 
is the difference between an exponent and a power? 

69. II. Meaning of the Exponent Zero (or of a^). 
By direct division, -;= = 1. 

By subtraction of exponents, -;;; = a®. .'. a® = l. 

Thus, a^ may be regarded as the result of dividing some power of 
o by itself. 

An expression like px^+qx+r is sometimes written px^+qx+rx^^ 
the advantage being that in the latter form every term contains 
anx. 

60. in. Meaning of a Negative Exponent. 

If we extend Law I of § 57 to cover negative exponents, 



a* 
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Ex. 1. 2"* = =5 = o. Ans. 

2* 8 

Ex. 2. 4"*=^=|. Ans. 

Negative exponents are useful in enabling us to write 
certain decimal fractions in an abbreviated form. 

Ex. 3. Express .000000007 in a briefer form by the 
use of negative exponents. 

7 7 

.000000007= =— =7X10-». Ans. 

^^^^ 1,000,000,000 10» 

61. Transference of Factors in Terms of a Fraction. 

It follows from the meaning of a negative exponent that 
any factor may be transferred from the numerator to the 
denominator of a fraction, or vice versa, provided the sign of 
the exponent of the factor is changed, 

Ex. 1. Transfer to the numerator the factors of the 

5 X 



denominator of 



— — — a=5a6~*xi/t. Ans, 



• K ax~' 

Ex. 2. Express with positive exponents 



3 6- V,i* 

5 ax~ » 5 ab*yi 



3 6"»t/-"i 3a:» * 



EXERCISE 66 



Ans. 



Transfer to the numerator all the factors of the denom- 
inator in 

1 JL 2 -^^ 3 ^ 4 ^ 



aW ' xy-^' "' Z3^' - 4-ia*t-t" 
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Express with positive exponents: 
6. a%-^. 7. 5o-2y-*. ». 3(-y)-2. 

« a;-V o 3o-36-i , • 

Obtain the value of 

11. 9-i. ^g 1-* 21. (12J)-»^(i)-*. 



12. 9"*. * 4-*" 



13. 



1 ,- A-2^o-i 22. 



5 



V^R" 



17. 4-2x8-*. 3+3-2' 



18. (.125)-*. /6\-2 

14 1 1 23. 40+(|) . 

**• pi' 19. (.0625)-*. \^/ 

8"* 3 „^ 2-3.3-2-4-* 

15. ?-^. 20. ^-.rf^r-o. 24. 



4-2- .— 4-24.3-2- 80-9-1 -8-^ 

26. Express .000000003 in a briefer form by the use of 
negative exponents. How many more figures and symbols 
are there in the first form than in the second? 

26. Express .000000001 in a briefer form by the use of 
negative exponents. 

27. Express 10-' as a decimal fraction. Also 17X10-'. 
Give the value of 

28. 50. 6000, 0", (^^\ (-7)0, (a+6)o, |. 

29. 8X50, 6(|y, 3 oo, (3 0)0, 9*-5-3o, ^. 

80. 1* 1-*, 10, 1*X1-*, 9*X1*, 5-40XI-*. 

81. 8-*X16*X20. 82. 4-2x8*+2-». 

33. Express jfi as some power of z divided by itself. 

34. Express 4-2 as the quotient of two powers of 4. 
86. State the value of $4o. Of $4-2. $4"*. 

86. Which is the greater, (i)-2 or (i)-^? 
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Simplify the following by performing the indicated 
operations, and reducing the results: 

37. Goix-J-aM. 39. 8a-^-i-2a'-^. 

38. 8x-J2/-5-4xV- *0. x2^-8a;-2. 

44. a-2/-I^-2,«VF^r 46. ^I^. 46. £4S. 

Give the value of 

47. 4-*+8*-(J)-'. 48. 40+3x0-5x4-*. 

49. TT-a — =—5. 60. — , . . , . 61. 



3-2_5-2- — a-1+6-1' ''*• X-1-2/-1* 

62. Meaning of {a^Y for Fractional and Negative Expo- 
nents. We now extend the law (a*")"=a~" to fractional 
and negative exponents. 

Ex. 1.. Find the value of (9*)"*. 



(9t)-*=9-.=i=4 An.. 



9» 729 
Ex. 2. Find the value of (9 a'Hh y^)"* 

(9 a-«a;*y-»)-*=9-*a»2;" V 

a»y* . 
= a- -Awa. 

27 x* 
Ex. 3. V^ = V^ = (x*)* = x*. Ans. 
Ex.4. (V^)* = (a*xi)*=a2x2. Arw. 

Hence, in general, to simplify a complex expression in 
exponents, 

Convert each radical sign into a fractional exponent; 
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Convert each power of a power into a power with a single 
exponent; 
Convert each negative exponent into a positive exponent; 
Simplify by carM:eUations and collections. 



Reduce to simples 

1. (43) -J. 

2. (x-3)J. 
8. (5^)0. 

4. (64*)». 

5. (4 a*)*. 

6. (9 6-*) -2. 

7. 2«+'^.2«-». 

8. (2«+»)»-*. 

9. {x-iyi)-^ 



EXERCISB 57 
form: 



0. 

1. 
2. 

3. 

4. 

6. 

6. 

7. 

8. 

n\n+2 



4 o-26-8x)*. 

27»)-». 

5 o-*)o. 

-3 a%-i)-^. 

a^+'-x"-*)*. 

;49x-V)"*- 



19. VVs. 

20. {<^y. 

21. (Vox)«. 
ox;* 

23. i<^)^. 

24. [V(a-6)3]<. 

26. "^x-iVyS. 
/ 25Vx \"* 



26. 



27. 



\8 y* VF^/ 



63. Polynomials whose Tenns Contain Fractional or 
ive Exponents. 

Ex. 1. Multiply 

x"^ — 2 x~iyi+4 y by x~^+2 x-§j/i+4y. 

x-i-2x-Jyi+4y 
x-»+2a;-iyi+4y 

x-*-2x-iyi+^x-^ 

+2 x-lyi-4 x-iy+S x-iyi 

+4x-^-Sx-iyi+iey* 



—J 



+4x-»y 



+16|/«. Product. 
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Ex. 2. Extract the square root of 



-1 .8 



16 



a Va 

Writing the expression by use of exponents only, 

a"*+8 a-i-2 a"*+16 a"*-8 a"i+l|a-*+4 a"i-l 
a * 



2 a-l+4 a"* 8 a-i-2 a^i+lG a"* 

8a-i +16a"J 

2 a"^+8 a"i-l -2 a"*-8 0"*+! 

-2a"i-8a-i+l 



EXERCISE 68 

1. Arrange 5x''^+3+4tx^—S x—x~^ in descending 
order of magnitude. 

Also arrange a 2 — a^^+a*— l+a2 in ascending order. 
Multiply: 

2. 3 x*-2 xi+3 xi+4 by 2 xi-3. 

3. '3 a-2-3 a-i+2 by 3 a-2-2 o-^. 

4. 3a*-2a*6*-4 6*by 4aJ-3 6*. 

6. 3x*-5a;i+4 by 3-4a;"*. 

6. x'^—x^^y+y^ by x~^+x~^y+y^, 

7. X* — xiy*+2 i/^ by y~^+x~'^y~^+2 x~'. 
Rearrange and then multiply: 

8. 2x2+5_.3a.by 2x-i-6+3x-2. 

9. 3 x*+2 x"*-x* by x"*+2 x*. 
Divide : 

10. 4x-2-4x-i+l by 2x-i-l. 
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11. 6a*-a*+l by 2a*+a*. 

12. 3 a-4_4 a-2-4. by 3 a-2+2. 

13. x'^—y^ by x'^—y. 

. 14. a-2+a-i6+62 by a-i-o-*6i+6. 

16. 2 a-i+3+a+6 a^ by 2a"*-a*+3 a*. 
Extract the square root of 

, 16. a-4-6a-3+13a-2-i2a-i+4. 

17. 4x2-12x*+7x+3x*+i. 

18. 9x*-12a;-26x*+20a:l+25. 

19. 4a*+12a36-i+a26-2-12a6-3+4 6-*. 

20. 16 x*+24 aM-7 a- 12 ah'^+A a^x"*. 

21. 13-12 6-*+6*-6 6*+4 5-*. 

EXERCISE 59 
Oral 
Give the value of each of the following: 

L 4* 4-«,4-«,4o, (4-«)-i,(4-«)* ji^. 

«. (♦)*,(♦)»,(♦)"*, 4Ha)i. 9. (ai+6i)(ai-6*). 

3. x•+».a?«-^ (i^+r-». 10. (al+6l)(a*-6*). 

4. ^-+V-*(x^+»)^-». 11. (al-6*)^(ai-6»). 



«+l n-l 



12. (x-+y)(z--y). 



5. X ^ 'X ^ ^ 



7. 2i-2*, 3*. 3"*. 

8. 4*-4«, 4*.4o, 7a:«+6a». ^^' x-i-y-i 



14. (o-*+6*)«. 
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Factor: 

le. a'-6'. la a-*-6-*. 

17. a*-6*. 19. xJ*-9. 

<te A Ag 

20. Give the value of each of the following: --, --^ --, 3*X5| 
3X59, 3«X6^, 3*+6>, 3«-6, ^zripg, ^ZT^^- 

2L Give the square root of each of the following: 4 z^i, 4 x"^, 
4«-», a-**, ax^y'^, i aH)K 

22. Give the value of each of the following: (.3)-«,l-*XPXl"*, 
(.01)*, l-*+4», (.25)*, (.25)* 

28. Give the reciprocal of 2. Of |, -}, 4-», 8"*, 1""*. 

EXERCISE 60 

Rbvibw 
Simplify: 

1. (^)l+4i-8"'. Also (t)*-4o-8-'. 

7a'-^g^ / 16g-* \-i (z»~^)» ' 

6. (64-0"*. 6. (V^»)*. 7. '^/v^. 

8. (9a-«a;*y-»)""*. 
9. Multiply 6 a;*-3 aj*+7 by 2-3 a;-*+2 a;"*. 

10. Divide x""*— y» by «""* -y. 

IL Arrange and extract the square root of 

x"* +yi+2 x~*|/*-2 a;"*y-x->y*. 
12; Express 19~* in two other forms. 

18. Divide -^i — =s by <^-<^. 

a; * y * 
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14. Simplify the following and express the result with positive 
exponents: 

\/(a->c-ipV"')(«"**'P~'3'r)-5-(6c-»p-»5«r-«). 

^^ ^^^^ 4.2X10-^X8.1X10» ' 

16. Simplify 6a-«6'4-3Va-«6». 

17. Simplify io»"625^iqi.29164 

18. Express one millionth of one millionth of an inch in a short 
way by use of a negative exponent. 

19. Express 213X10-^° as a decimal fraction. 

20. Multiply 6+5a-«-3a-i by 3a«+2a-3, first arranging 
both expressions in ascending powers of a. 

21. Evaluate (.125)""*+ 



2+2-1' 

22. Evaluate .6X32«; .8X4-«; 12X9"*. 

23. Which is greater (2»)-* or 2»X2-«? How many times 
greater? 

24. Does (x")* equal x"'? Illustrate numerically. 

25. Divide a— 6* by a^—hK 

64. Indicated Roots. The root of a quantity may be 
indicated in two different ways: 

(1) By the use of a fractional exponent; as a*. 

(2) By the use of a radical sign; as '>/a. 

For some purposes, one of these methods is better; for 
some, the other method. 

Thus, when we have 6■X6■-^6~*, where the quantities are alike 
except in their exponents, it is usually better to use fractional ex- 
ponents to indicate roots. But if we have 7 Vl2-6V3+2\/48i 
where exponents are alike, but coefficients and bases unlike, it is 
usually an advantage to use the radical sign to indicate roots. 
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60. A Badical is a root of a quantity indica l c d hy the 
use of the radical sign; as Va, 'C^ 

The railkamd is the quantity under the radical sign. 

In treating radicals, we deal only with prindpsd root? 
(see f 51, p. 1Q2), unless the contrary is stated. 

66. Surds. An indicated root which may be exactly 
extracted is said to be rational; as v^, sldcc the cube 
root of 27 is 3. 

A sard is an indicated root which cannot be exactly 
extracted; as V5, ^^^4. 

67* The Coefficient of a radical is the number prefixed 
to the radical proper, to show how many times the radical 
is taken. 

Thus, the coefficient of zVl is 3; of 5(a+6)V^is 5{a+6). 

68* Entire Surds. If a surd has unity for its coefficient, 
it is said to be entire. 

69. The Degree of a radical is the number of the indi- 
cated root. 

Thus, V5 is a radical of the third degree. 

70. Similar Radicals are those which have the same 
quantity under the radical sign and the same index. 
(The coefficients and signs of the radicals may be unlike. 
Hence^ similar radicals must be alike in two respects, and 
may be unlike in two other respects.) 

Thus, 3 V7 and — 5 v7 are similar radicals. 

71. Fundamental Principles. Since a radical and a 
quantity affected by a fractional exponent differ only in 
form, in investigating the properties of radicals we may 
use the properties obtained for fractional exponents. 
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Thus, since (ofe)" — a»6»* 

.-. v^«-v^v^, or v^v^»v^. 
Similarly, from the properties of exponents, 



vz^vs^;ji. 



sad (V^)»-(a-)»-o"-'0'?. 

72. Simplification of a Quantity under flie Radical Sign. 

Ex. 1. SimpUfy ^<^250c^. 

-^^2500^1' = ^>/l25 x«X2 o«=» } x*^2 a*. Aim. 

Ex.2. SimpUfy ^^^. 

2a /"8x«^2a /8a;« 3a^2a S4air« 
X \27 a"" x \27 a Z a" x \ 81 o« " 

X \81 a* 9 

EXERCISE 61 
Express in the simplest form: 

1. v^l6 a*xt/2. 6. iVsio^ftV. 9. ^64 ax^o. 

2. Vl6aW. 6.. -i^^J''25a36. 10. v^729 fey^: 

3. v^l6a^. 7. v^SOxV^. 11. ^432"a2^. 

4. V54 a3fe2c4. 8. axVj2^. 12. v'a'+V". 
13. V(4^+4x+T)2/. 1*. V(a+6)(a2~62), 



X.V%^. .. V,^. .,. ,^^. 
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Simplify: 

18. 10V|. 19. <^. 20. V3|. 21. v^. 

^^ 3 J20^ «^ 8/9a2 ^^ 4/3^ 

\25a \7a2 l+x\l— x 

28. (a2-62)^v__^^ 30^ ^__^ 



29. 



»/_a__ «+i/(a+6r^ 

32. Given V3 = 1.73205+, find the value of VIOS to 
four decimal places in the shortest way. Also that of 

Vl92. 

33. Using V6 = 2.44948+, make up and work an ex- 
ample similar to Ex. 32. 

73. Making Entire Surds. It is sometimes desirable 
to introduce the coefficient of a radical under the radical 
sign. This may be done by reversing the process of § 72. 

^^ Ex. 1. Express 3v^5 as an entire surd. 

3^ = ^33x5 = ^135. Ans. 
Ex.2. ''2<^^-<^ = </^Q. Ana. 

EXERCISE 82 
^Express as entire surds: 

1. 5V3. g A. /25o 9. i^y^i. 



, 4 /25o 



10. 






2. 5^. 

8. 5^. 7. ^^K. 

4. iVi- „ 11- 1^. 
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14. 3^y^. '16. ia-b)yJ3-;^. 

74. Simplification of Indices. If the exponent of the 
quantity under the radical sign and the index of the radical 
sign have a common factor, this factor may be canceled 
and the radical thereby simplified. 

Ex. 1. <^ = a*=al = ^. Arts. 

Ex.2. ^M25 = ^53 = >/5. Ana. 



EXERCISE dS 

Simplify the indices of the following: 

1. v^. 6. ^27a3. 9. V^32 a^x^ V^ 

2. v^a3. 6. ^100 a^x®. 10. v'OxW^. 

3. v^. 7. v^8a3p^. 11. v^xVV". 

4. v^. 8. V'SI a*x«. 12. 6v^. 

13. ^a2-4a6+4 62. 14, -^8(a-2 6)8. 

76. Addition of Radicals. 

Ex. 6V4^-10V3i-5VJ+7V24 

=6V^-10V^-5V|+14V6 

»6V6-8V5-2\/5+14\/6 j 
-wVe-loVs! Ana. 
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76. Multiplication and Involution of Radicals. 
Ex. 1. 6V(6X2V3 = 10Vl8. 

-30\/2. Ana. 
Ex.2. (V3)«=(3i)8=3*=81. Ana. 

EXERCISB 64 

Simplify and collect: 
1. 2V^-3Vl8+V300-Vl62. 

3. a-C^+^128 a8x--^250 a«x. 

a 

4. jVl62?+20xV4j-^V2p--x2^^. 

5. V24^-6a^+^^-aV66i+^V96l5'. 

6. 5V(a-6)2x-3V(2 a-3 6)2x+ Va2x+2 ofex+fc^x. 

7. V(a-6)22/+\/(a+&)22/-Va2^+V(l-a)22/-v^. 

8. 4Vi-5V6-3V|+2v^36. 

9. Compute to three decimal places the numerical value 
of VsO+VqS- V72 without first simplifying and collect- 
ing the radicals. Then simplify first and com^pute. Com- 
pare the amount of work in the two processes. 

10. State some of the advantages in being able to 
\fiimplify radicals. 

Multiply: 

U. fv^byiVf. 12. (SVJ+sVft)^. 
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18. 4-^^ by 3^. 15. aVa-ftVft by 3Vo6. 

14. (vTa+vT6)2. 16. V5-V7byV5+V7. 

17. Jv^+2V32-iV48 by 2V8-iV32+Vi2. 

18. 10Vi-4\/i+iV500 by \/i+8V2-iV5. 

19. Va;+2-Vx-2 by Vx+2+V^^. 

20. iV?:::^+jV^+65^ by jV^'=^-i>/?+p; 

21. In the Bhortest way find the value of 
(3\^-V^)(4V3+V7)(3V2+V5)(4V3-V7). 

22. (a+V56)2-(a-V56)2. 

28. (V2)«; (V2)iO; (\/3)«; (-Vs)^ (iV2)«. 

77. Divisioa of Radicals. Reversing the prooeas for 
multiplication^ we have the following rule for dividing one 
radical by another: 

Find the quotient of the coeffidenta for a new coejfficient, and 
the quotient of the quantities under the radical eigne for a new 
quantity under the radical; 

Simplify the result, 

Ex. Divide eVs by 3 Ve. 

?-i-2\/i-2\/j?-|\/8. QuoUenL 

BZERCISB 65 " 

Divide: 

1. V^ by Vs. 4. VJf by Vf . 

2. 8Vi25 by lOVlO. 5. 5V|fby2VS. 
8. 3V465by9V45. 6. VaAhyVbc. 
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7. cfiVi^hy2aV^. 8. 12V7-60V5by4V3. 

9. 6Vl05+18Vi0-45vl2 by ZVTs. 

78. Rationalizing a Denominator. 

^ 2 — ^ 5__^3Vo+2v^ 

dy/a-2Vb 3V0-2V6 3Va+2V6 

isVo+ioVF 



9 0-4 6 



Ana. 



EXERCISE 66 

Reduce to an equivalent fraction mth rational denomi- 
nator: 

1 -L. E A. fl V^-Vb 

3V7 <^ Va-6 

' V? ■ 5 ,- 5-7-^ 

^ V3' ^5^+6* 4^ • 

. 5 _ 8 4V5-2V^ 

3V^ 3-^2 y 3 V5+4V2 

, 6 g VH+& j2 3-Vh^ 



V^+P+V^^^ ^g 3+V5 3-V5 



14. :^^^. 1,. ^ 
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18. Compute to the nearest thousandth the value of 

— 7= without rationalizing the denominator. Then ration- 
5v5 

alize the denominator and compute the numerical value of 

the result to the nearest thousandth. Compare the amount 

of work in the two processes. 

Use the process of rationalizing the denominator as an 

aid in finding to the nearest thousandth the nutnerical 

value of 

ifl A 01 8 3-V5 

IW. ^. A±m / 23. 

V5 V^OO 2+V5 

-.5 -- 2V7 „. 3V6-2V5 

2V7 3V5 2V6+V5 

26. In the formula d = sV2, in the shortest way find s 
to the nearest hundredth when d=7. 

79. A Quadratic Surd is a surd of the second degree; as 

V3 and Vol. 
A binomial surd is a binomial expression, at least one 

term of which contains a surd; as V2+5V3, or a+Vb. 

80. Finding the Square Root of a Binomial Surd by 
Inspection. 

By actual multiplication we may find 

(V2+ \/5)2 = 2+2 VIO+6 = 74-2 VIO. 

In the square, 7+2VlO, 7 is the sum of 2 and 5, and 
10 is the product of 2 and 5. Hence, in extracting the 
square root of a binomial surd, 

Transform the surd term so that its coefficient shall he 2; 

Find two numbers such that their sum shall equal the 
raiional term, and their product equal the quantity under the 
radical sign; 
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Extract the square rod of each of these numbered and coth 
nect the resuUa by the proper eign. 

Ex. Find the square root of IS+sVs. 

18+8 V5= 18+2 VSO. 

The two numbers whose sum is 18 and product is 80 are 8 and 10. 

/. Vl8+8V5=V8+Vi0. 

=2V^+ViO. Root. 

EXERCISE 67 

Find by inspection the square root of 

1. 3+2\/2. 7. 23-6\/l0. 

2. 9-2Vl4. 8. 18-12\/2. 

3. 21+12\/3. 9. 7 +4 Vs. 

4. 17-12\/2. 10. 26+4 V30. 

5. 36-12\/6. 11. I4+3V3. 

6. 9-6V2. 12. 2m+2Vm2-n2. 
81. Equations Containing Radicals. 

Ex. 1. Solve V^+7-l=a;. 

Transpose terms so that the radical shall be alone on one side of 
the equation. 

\/x«+7«x+l. 
Squaring, x«+7=x«+2a;+l. 

.'. 2x=6. 

x=3. RooL 

Check: Vx«+7= V9+7=« 4. 

a;+l«3+l»4. 

Observe that only the principal value of a radical is used ir 
checking a result, as in the other processes in this chapter. 
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Ex. 2. Solve Vx+3+Vx^&. 

Transpose terms so that one radical shall be alone on one side 
of the equation. 

Vx+3=5-Vx. 
Squaring, x+3 = 25 - loVx+x. 

.-. 10V;r=22. 
6Vx=ll. 
Squaring, 25 x = 121 . 

x=^. RoaL 
Let the pupil check the work. 

In general, 

Transpose the terms of the given equation so Oiat a single 
radical shall form one member of the equation. 

Raise both members of the equaiion to the power indicated by 
the index of this radical; 

Repeat the process if necessary. 

Always check the root. 

82. Fractional Equations Containing Radicals. 

Ex. 1. VX-VX^= y 

Multiply by Vi^, Vx«-8x-aj+8«2. 

/. Vx«-8jc=a;-6. 

x«-8ic=x«-12x+36. 
4x=36. 
x<«9. Boot. 

Vx+Z zVx-5 



Ex. 2. 



^'T-2 sVx-ia' 
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Caearingof fractioos, 3x-4Vz-39=3x-llVx+10. 

7V^-49. 

VJ=7. 
x=49. BooL 

EXERCISE 68 

Solve the following equations: 

1. 3-Vx+I=0. 6. 2V3 x-6-3V'5+T=a 

2. 5-V^ = 3. 6. 3Vx-l = Vi+l. 

3. l = v^-l. 7. Vx+16-8+Vx = 0. 

4. a;-l-Vx2+3=0. 8. f+v^ = \/j^+x. 

9. V4x+3 = 2Vx-l+l. 
10. 2\/x-V4x-22=V2. 

'11. V25x~29~V4x^Ii-3Vx=0. 

12. Vx+VTa+i-2V5+x=0. 

13. V3+x+Vx= ® 



V3+x' 
14. 3V2X+I-3V2 x-3 = 



V2x-3 



Vi-3^Vx±l ^^ V9x+2~3Vx ^^ 

Vx+3 Vx-2 ' V9x+2+3Vi 

^_ 6Vx-7 K_7Vx-26 



Vi-l 7Vi-2l" 
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83. Extraneous Roots in Radical Equations. It may 

readily be shown that squaring each of the two members of an 
equation does not necessarily produce an equivalent equation. 

Ex. 5+Vx=2. 

Hence, Vx= —3. 

Checking, 5+ V9=2, or 8=2. But this is impossible; hence, 
9 is not a root of the given equation. 

Note that if the sign of the radical V x is changed in the original 
equation, by solving the equation thus formed the result x»9 is 
obtained; this answer can be proved. 

EXERCISE 69 

Solve the following equations and check each result. In 
each case where the root is impossible, change the original 
equation so as to make the result obtained a root. 

1, 1-Vx=3. 2. 4-Vx+l = 5. 3. 3+>/2x=5. 

4. vTi+9+Vx=Vx+6. 6. Vx+7 = 2~Vx-5. 

6. Vx-Vx+8 = 8. 7. Vx+8-8+Vx = 0, 

a. Vx+9-Vi+2-V4x-27=0. 

EXERCISE 70 

Obal Rethiw 
Simplify at d^t: 

1. vl2. S. 2V|. ». 4-^. 7. x'Ji. 
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9. <^. 11. 5V|. 



1. ^ « 1 /**• 
18. ^— . 15. -yj—. 




lOt ^. "• \3- ^^^ aVfl'* 16. 6V4i. 

"• \l' W ^' >^' ^' ^' Va' \^' 

1& J+'^, 2^3+ -C^, ■^+-^, 2--^. 

la. VlS-J-Ve, (V3+V2)(V3-V2), V4+V6XV4-V5. 

90. (V2)«, (V2)«, (^2)', (V2)>«, (V3)>». 

2L In what respect is — r— a simpler expression than -7=? 

At sight give the value of x in 

22. Vx+1=4. 24. a+Vx=c. ae. y/Tx^a. 

28. Vx+a=6. * \a;"" ' 27. Vax^e. 



EXERCISE 71 

Review 

1. Sunplify 4 Vi47 - 3 V75- 6^1+18^^-24^1. 

2. Multiply 2+V3-V5 by 2+ V3+V5. 

3. Divide6Vi2+3V8-6V30+4Vl5by2V6. 

2V3-3V2 

4 Rationalize the denominator of :=-. 

3-2V6 

Given V2=1.41421+, V3=1.73205+, compute in the shortest 
way to three decimal places the value of 

6. -^. 6. 3V16-V30. 7. 5^12-2^8. 

V3 
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& Solve2+Va;+3-Va:-2+3. 



4 



9. Solve --=-Vjc-Va;-4-0. 
vx— 4 



la Simplify 2V^+V50-6Vi+^^-2v^27-2-^. 
IL Simplify 3^6 a«-10 <^l''lyJ-^+^^^^ «"• 

12. Simplify (a+6)»J^+(a-6)«>/a -6«+V(a«-6«)«. 

4a 
18. Rationalize the denominator of 



3(2 a)i' 
14. Multiply Va+(a+x)i—Va; by Va-Va+x—Vx, 

16. Simplify 6+ V3+V2. Also 64-(V3+V2). 

4V7 
18. Simplify — = — -= and find its correct value to two decimal 

places. v7-v5 

17. Write into a single term 6 V2f a»-2(24 a6«)*+o^54a. 

^« a. vr 2a/456*x\J 106 /a*x , 14 jc /5a*6* 5x/ 1 \J 

18. Smiphfyg^l^^ ""^V56i+"^\"49^"2^V20ij ' 

84. An Imaginary Quantity is an indicated even root of 

a negative quantity; as V— 4, '^— 3, and V— a. 
^ The term "imaginary" is used because, so long as we 
confine ourselves to plus quantity and to its direct opposite, 
minus quantity, there is no number which multiplied by 
itself will give a negative number, as —4, for instance. All 
the quantity considered hitherto, that is, all positive or 
negative quantity, whether it is rational or irrational, is 
called real quantity. 

If we extend the realm of quantity outside of positive and 
negative quantity, imaginary niunbers are as real as any 
others, as will be shown in the next article. 

A complex number is a number part real and part imagi- 
nary; as 3+2V^ and a+6V^l. 
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86. 



of v^^. 



JL 



Y~~ 

-1 



\ 



+ 1 



If 0A = +1, and OA' is of the same length, but lying in the 
p opposite direction from 0, OA' 

= -1. 

Hence, we regard the opera- 
tion of converting a plus 4^ian- 
tity into negative quantity as 

^ equivalent to a rotation through 

— ' an angle of 180®. If we divide 
this rotation into two equal 
rotations, each of these will be 
a rotation through 90®. 

Hence, V^ must be equiva- 
lent (geometrically) to the result 
of rotating the plus unit of quantity through 90®. Hence, V^ on 
our figure will be represented by OB. 

Hence, it is easy to see, also that V— l x v^^as — l. 

We thus perceive that the introduction of imaginary quantity 
enlarges the field of quantity considered in algebra from mere 
quantity in a line to quantity in a plane. This gives a vast extension 
to the power of algebraic processes and introduces many economies 
in them, as will be found by the student who pursues the study of 
mathematics extensively. 

In taking up the subject for the first time, we consider only a fe^^ 
of the first properties of imaginaries, so called. 

86. The Fundamental Principle in treating imaginaries 
is that V^xV^=-l. 

Using t as a symbol for V — 1, this principle is, f Xi= — 1^ 
ori2=— 1. 

Considering this matter algebraically, if we use the law 
of signs in the most general form. 



(\/-1)2 = a/^XV'^=vT=±1. 
Now, if we extract the square root of +1, we shall not 
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have V— 1. Bu t if we extract the square root of —1, we 
shall have V— 1. 

Hence, we must limit the product V— IXV — 1 to —1. 

Likewise, V^XV^^= VaV^xVftV^ 

= Va V6( V^)2 = - VSh. 

Or, using the symbol i, aiXbi= —oft. 

87. Operations with Imaginaries. It follows from 
§ 86, that, in performing operations with imaginaries, we 
itse all the ordinary laws of algebra, with the exception of a 
limitation in the use of signs, which may be mechanically 
stated as follows: 

The prodiui of two minits signs under the radical sign of the 
second degree gives a minus sign oviside the radical sign. 
But in dividing first indicate the division and afterwards 
rationalize the denominator. 

Ex. 1. Add V^, -3+2V^, 7-2^^^. 



-3+2 V- i«-3+2V-L 
7-2V3i6= 7-8V3i . 

4-3V^. Sum. 

Ex. 2. Multiply 2V^+3V^ by SV^-SV^ 

2V^+3V^ 

3V^-5V^ 
6(-3) -9Vl8 

+10V6+16Vi2 



-I8-27V2+IOV6+30V3. ProdueL 



EXBRaSE 72 

Collect: ^_ 
1. 7V-4+3V^=49-10V^, 

'2. 5V=J-3V^+4V^^^--V^=^200. 
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a. 0+^V^-6-oV^-v'^^+2v'^^-0. 

4. (o-26)V^-(2o+6)-s/^. 

B. Write ZV^, v'^ v^, using » for V^. 

6. Simplify 5t— f t, and use V— 1 for i in the result. 
Multiply: 

7. V^byV^. ». _-\Ari2by _V3i8. 

a V^by-2v'^, 10. -Vi-y by Vy-*. 
IL V^+V^ by V^-av'^. 
12. 3v^-2v^^by2V^+3V^. 
18. 2V2-2v'^by3V2+3V=2. 

14. 3+5iby5-2t. 

15. V^+V^^by Va+v^^. 

18. aV—a+bV^ by aV— o— tV— 6. 
1+V^ 

88. Dual Bar Graphs. It is often an advantage graphi- 
oatly to represent two related m^nitudes by two bars placed 
in contact. 
Ex. Tbree boys, James, Philip, and Henry had summer 
gardens two years 
in succession. Their 
respective profits 
»■» the first year were 

tm» (12, $8.30, and 

iMMn $16; and the sec- 

ond year were $15, 
$11.75, $13.70. Rep- 
resent these facts graphically by bars. 

Note th&t on the diagram the solid bars represent the eamitigB 
id the respective boys during the first Bummer, and the ahaded 
ban the eamingB during the second summer. 



17. Multiply X s by x~ 
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BXBICISB 78 

Make dual bar graphs for the facts given in each of the 
following examples: 

1. The average grades of four boys, Albert, William^ 
Howard, and Dennis for one year were 86, 84, 72, 68«, 
respectively; and the next year were 92, 88, 82, 76. 

2. The sales of thrift stamps made in one month by 
four girls, Anna, Harriet, Mary, and Julia were $62, $38, 
$56, and $84, respectively. The next month the sale? 
made by the girls in order were $48, $64, $53, $72. 

3. The profits in the five departments of a department 
store one year were $3285, $6924, $5872, $4296 and $9872, 
respectively; and the next year were $4293, $8327, $4615. 
$7123 and $6954, respectively. 

4. The average or normal rainfalls at certain repre^ 
sentative places in the United States are as follows: Phcenui 
(Arizona), 7.9 in.; Denver, 14 in.; Chicago, 34 in.; New 
York, 44.8 in.; New Orleans, 57.4 in. During a recent 
year the rainfalls at these places in order were 5.4 in., 
11 in., 38 in., 52 in., 48 in. 

5. In a certain year the percentages of the wheat crop 
of the United States raised in certain states were as follows: 
Kansas 10.8, Nebraska 6.8, Ohio 4.5, Illinois 4.3, Indiana 
4.3. The per cents of the com crop raised by the same 
states in order were 4, 7, 4.8, 13, 6.5. 

89. Vertical Bar Graphs. It is often an advantage to 
construct bar graphs in a vertical instead of a horizontal 
position. For instance, with vertical bars, it is frequently 
easier to make comparisons of a certain kind and to per- 
oeive rates of change. Also when desired (as when the facts 
to be represented become numerous) it is easier to substi- 
tute curves for vertical bars, than for horizontal ones. 
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Ex. The total sales by two salesmen, Adams and Harris, 
for a number of years were as follows: 1915, $31,000, $47,- 



000; 1916, $35,000, $45,000; 1917, $41,000, $47,000; 1918, 
$52,000, $35,000; 1919, $58,000, $42,000; 1920, $67,000, 
$39,000. Graph these facts by the use of vertical bars. 

In the diagram at the left these facts are represented by Ter> 
tical bars. 

The above da,ta might also be represented by two curves. See 
the chart to the ri^t. It is to be noted that curves showii^ the 
sales of other Baleamen could also be inserted on this chart. - 



In each of the following examples, represent the data by 
Tertical bar graphs: 

1. In a certain city the circulations of the five leadii^ 
newspapers one year were as follows: Advertiser, 60,510; 
Times, 81,270; Star, 72,100; BuUetin, 91,200; Record, 
36,220. The next year the circulations of these papers in 
order were 66,200, 91,070, 56,420, 82,760, 29,710. 

3. At two towns, Melville and Dayton, the respective 
rainfalls in successive years were as follows: 1915, 42 in., 
34 in.; 1916, 47 in., 41 in.. 1917, 39 in., 42 in.; 1918, 
43 in., 39 in.; 1919, 36 in., 34 in.; 1920, 48 in., 41 in. 
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3. For the years specified the respective earnings of 
two divisions of a raihoad in millions of dollars were as 
foUows: 1915, 3.5, 6.6; 1916, 3.7, 7.2; 1917, 4.8, 6.8} 
1918, 5.3, 6.6; 1919, 6.7, 5.2; 1920, 7.2, 6.5. 

Also make cmre line graphs of these facts. What is the 
advantage of the latter mode of representation? 

EXERCISE 76 

Verbal Problems ^ 

. 1. If a ball nine has won 11 games out of 20 and is to play ^ 

11 ll+ix 

X more games, what is the meaning of ? Of ? 

2. An alloy of silver and copper weighs 40 lb., of which 7 lb. 

7 

are silver. If x lb. of copper are added, what does -r^ — mean? If 

40H-X 

1/ lb. of silver are then added, what does tk—^ — represent? 

40+a:+y 

3. If a pupil has an average grade of ^ in three subjects and his 
grade in a fourth subject is x, what does (3 ^+a;) -^4 represent? 

4. A quantity of provisions will last m men d days. How long 
will it last X men? 

X 

5. If sound travels 1 100 ft. per second, what does t— rr represent? 

lluU 

6. A rectangular piece of land is a feet long and h feet wide. 
If a strip w feet wide is cut from each side of the lot, what are the 
dimensions of the part left? What is the area? Also what is the : 
area of the part removed? 

7. A box with Hd is made of boards t inches thick. If the^ 
outside dimensions of the box are a, 6, c iaches, what are the inside , 
dimensions of the box? What is the volume of the inside? How 
many cubic feet of lumber are used in making the box and its lid? 
How many board feet? 

8. The area of a given rectangle equals the area of a circle 
whose radius is r inches. If the rectangle is I inches longj what 
is its width? 



A SECOND BOOK IN ALQEBKA 



Fio. 1. Fia. 2. Fia. 3. 

1. Fig. I represents a square plate whose side ia 
a iDcties. From this plate four circles, the diameter of 
each of which is d inches, have been cut. Obtain a formula 
for the area that is left. 

2. Fig. 2 represents a trapezoid from which two 
equal circles have been cut. Write a formula for the sur- 
face left, using letters selected by yourself. 

3. Fig. 3 is a rectangle with semicircles attached to 
its ends. Obtain s formula for the area of the figure. 

4. The formula for the volume of a cylinder whose 
radius is r and altitude A is V = vT^k. Hence find a formula 
for the number of tons of silage in a cylindrical silo if 
40 cu. ft. make one ton. 

By use of this formula, find the radius r of a silo which 
is to contain 80 tons of silage and be 16 ft. high. 

6. The width of a cold-air box to a furnace is w inches. 
Find a formula for its depth (d) in inches if the area of the 
cross-section of the box is to equal J the area of the sum 
of a circles each b inches in diameter and c circles each d 
inches in diameter. 

6. A wheel d inches in diameter is revolving n times a 
second. Obtain a formula for the velocity in feet per- 
aecond (v) of a ooint on the rim of the wheel, using t = ^. 
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Solve the formula for n. What is the use of this last 
result? Illustrate the use of the last formula by a numer- 
ical example. 

7. If a steel bar expands .000007 of its length for each 
degree in the increase of its temperature (Fahrenheit), 
find a formula for the increase in feet (7) in the length of a 
steel rail I feet long, when the temperature increases from 
i to f degrees. (In the formula write .000007 in a short 
way by the use of a negative exponent. See p. 114.) 

Find I when Z = 30, ^ = 32, «' = 132. 

8. Two cars start at the same time and place and travely 
one due north at the rate of a miles per hour, and the other 
due east at the rate of b miles per hour. Find a formula 
for their distance apart in miles (D) at the end of t hours. 

Illustrate the use of your formula by a numerical ez« 
ample. 

9. Successive discounts of 40 % and 5 % were given on 
an article listed at $250. Find the net cost of the article. 

Now obtain a formula for the net cost (N) of an article 
whose list price (L) is subject to two successive discounts, 
di and d2 (expressed decimally). 

By use of your formula, show that it is immaterial which 
of these two discounts is made first. 

10. If a adults were admitted to a ball game at 50 cents 
each, and c children at 25 cents each, obtain a formula 
for T, the total receipts in dollars. 

If, in a given case, the total receipts and the number of 
adults admitted are known, how can the nmnber of 
children be determined by use of the formula? Illustrate 
by a numerical example. 

11. If a long ton contains 2240 lb. and a short ton 
2000 lb., obtain a formula for converting long tons into 
short tons. 

Illustrate the use of your formula by a numerical examp^ 



CHAPTER Vn 
QUADRATIC EQUATIONS; SIMULTANEOUS QUADRATICS 

90. A Quadratic Eqoatioii of one unknown quantity is 
an equation containing the second power oi the unknown, 
but no higher power. 

Ex. 3x2-5x+7=0. 

What is a pure quadratic equation? An affected quad* 
ratic equation? 

Solve x2=9. AIso4x*-25=0. 

91. Cooqileting llie Square. 

Ex. Solve 6 x^— 11 x= 10 by completing the square. 

Dividing by 6, x«— ^x=f- 

Taking half the coefficient oi x, that is, f^, sqoaring this, and 
adding the result to each side oi the equation^ we obtain 



x=f, — f. Afw. 
Check for x= —J. 
6x«-llx=6(4)+ll(f)=10. 



Cbzck for xsf . 
5x«-llx«6(^)-ll(t)=10. 
Hence, we have the general rule: 

By clearing the given equaiian of fractions and pareniheses^ 
transposing terms, and dividing by the coefficient of j?^ reduce 
the given equation to the form j^+px=q; 

Add the square of half the coefficient of x to each member 
of the equation; 

Extract the square root of each member; 

Solve the two resulting simple equations. 

144 
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Before clearing a given equation of fractions, it is impor- 
tant to reduce each fraction in the given equaiion to its eimplest 
form, 

92. Use of Formula. Any quadratic equation can be 
reduced to the form 

Solving this equation by completing the square (§91), 

X = K . 

zia 

By substituting in this result, as a formula, the values of a, 
b, cin any given equation, the value of x may be obtained. 

Ex. Solve 3x2— 4x— 7=0by yg^ ^f i}^q formula. 
Here a =3, 6 = —4, c = —7. 

Substituting for a, 6, c in the above formula. 



4±Vl6-h84 4=fcl0 7 , „ , 
«= *~6~""3' "^^ ^^^^' 

Let the pupil check the work. 

93. Literal Quadratic Equations are solved by the 
methods employed in solving quadratic equations with 
numerical coefficients. 

Ex. Solve ax + 1 =« . 

ax 

Clearing of fractions, a^^+ax = 3 — a^*. 

Hence, 2 a^*+ax =* 3. 

X 3 



xH 



2 a 2 a«* 



,. a: ./1\« 25 



(n)- 



2a V4a/ 16a«' 



*"""! •~:r~' Roots. 

a 2 a 



Let the pupfl check the work. 
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EXERdSS 77 

Solve and check: 

1. a?-7a:=-12. 3. x2+8tx+10|=0. 

2. 6aj2-7x-5=0. 4. a:2_ 5^^+ Qg^Q. 

2x+3 7-x 7--3x 



6. 



7. 



8. 



2(2 z-1) 2(x+l) 4-3 X 
x-1 ^5 2_ 

2 2 x-r 

3x-4 4x-14 2x-l 
x-1 l-x2 x+1 ^* 

9. 1(13-5 x)-i(a^-x)=0. 
Find the value of x to three decimal places in 



10. x2+6x-7=0. 
Solve and check: 
12. t2-3cx = 10c2. 

18. 2x2+px=10p2. 
14. 3c2x2=4cdx+4(P. 



11. 3x2+5x-7=0. 



17. x2+3ax+2fex=-6a6. 



18. 



15. x2 = 



15 w? mx 



8 a2 4 a' 

16. x2-(a-6)x = a6. 

a-26 



2a+x g — 2x 8 
2a-x"^o+2x""3' 

19. ax2+px+g = 0. 

x2— 3ax , ^ 5x 
+2a = 



20. 



22. 



a — h ' *"* 6— a* 
21. x2+6x+c=0. 
1 1 



8x2-2 62-2 x+6 2a' 
23. Solve F = .97V2>ff for5. 

ISl(L-l) 



24. Solve d 



8 



for I. 



26. Solve f; = J TA(i22+r2+i?r) for R. 
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26. In p — 6 r—r^, find r to two decimal places when 
p» 1. Also when p — 2;i. Is anything gained by solving 
for r before substituting numerical values for p? Give 
reasons for your answer. 

94. The Factorial Method of solving equations consists 
in transposing all terms to the left-hand side, factoring the 
resulting expression, and letting each factor ^O. 

Ex. 1. Solve x3+8 = 0. 

Factoring, (x+2)(x«-2x+4)=0, 

a:+2=0, gives X"— 2. BooL 

Also, ««-2x+4=0. 

Whence. x*— 2a5=— 4. 

x«ld:V-3. Roots. 
Let the pupil check the work. 

The factorial method of solution is especially helpful in 
solving certain literal quadratic equations. 

Ex.2. Solve {p+q)T^-{2p+q)x+p^0 by the fac- 
torial method. 

We obtain l(p+q)x—p]ix—l) =0. 

Hence, «»!, — ■— . Roots. 

p+q 

Let the pupil check the work. 

If this example be solved by the method of completing the square 
({ 91), on comparing the two solutions, it will be found that at 
least three fourths of the labor of solution is saved by use of the 
factorial method. 

EXERCISE 78 

Solve and check: 
^ 1. x2«6x+8=0. S. 2x2+5a.-12=0. 

2. a?-6x2+8«=0. 4. 3x2+3»i0a:. 
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5. aj(x-l)(x+2)(x-^3)=0. 

6. = 3x(»^-4). 9. x« = 16x. 

7. x3-27=0. 10. x*-5a2x2+4fl*=0. 

8. x3=27. 11. x5+a^-x-l = 0. 

12. 3(x2-4) = 5(x-2). 

13. Solve x2-(2a+56)x+10a6 = by the method of 
§91. Also solve the same equation by the factorial 
method. Compare the amount of work in the two proc- 
esses. Why do we not solve all quadratic equations by 
the factorial method? 

Solve by the factorial method: 

14. x^+3az'-l0a^ = 0. 15. x^+2 z-Sbx^-Qb. 

16. cdx^+(^x+drx+cd = 0. 

17. 5+l = £+l. 18. ^+tt^-^- 



xf^ jp ' ' b — x X b—x' 

95. Equations in the Quadratic Form. An equation 
containing only two powers of the unknown quantity, the 
index of one power being twice the index of the other power, 
is an equation of the quadratic form. It may be solved 
by the methods already given for affected quadratic 
equations. 

Ex. 1. Solve 0:^-10x2= -9. 

Adding 5' to both members will make the left-hand member>a 
perfect square. Thus, 

a:*- 10x^+25 = 16. 

Hence, a;»— 5= ±4. 

x^—9, or 1. 

x=±Z, ±1. Roots, 

Let the pupil check the work. 
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This equation might also have been solved by the fac- 
torial method. 

Ex.2. Solve x*-3x*+2 = 0. 

Hence, (xt-l)(a;*-2) =0. 

x* = l, 2. 
a;=l, 32. Ans. 



EXERCISE 79 


Solve and check: 






1. 3*-3t^+2=0. 


7. 


a;!_5a;l+6=0. 


2. ar*-26x2=-25. 


8. 


xi+xi-2=0. 


3. 13«2=9x*+4. 


9. 


3x*-5xi=2. 


4. 9a;*+l = 10r». 


10. 


3a;*=4a;l+4. 


6. a;8-9a?+8=0. 


11. 


2<G=<G+1. 


6. 3fi-26i?-27=0. 


12. 


a^-28i*+27=0. 



13. a:«-33a:*+32 = 0. 

14. Find the roots of od^ — 5x^+3 = to the nearest 
hundredth. 

16. Is3-V5arootof ar*-7x2+5 = 0? 

16. Is i(2 - V3) a root of x2 - 2 x+i = 0? 

96. Radical Equations Resulting in Affected Quadratic 
Equations. If an equation is cleared of radicals, the 
result is often a quadratic equation. 

Ex, Solve Vx+5-V2a;-7 = Vx. 



Transposing, Vx+5- Va; = V2 x-7. 

Squaring, ' x+5-2Vx«-f-5x+x=2x-7. 

Hfflice, y/x^+5x=e. 

Whence, a;*+5a;=36. 

x«4, -9. 
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Substituting these values in the original equation, we find that 
the only value that verifies is a;»4, which is the root. The other 
value, x» — 9, is not a root of the original equation, but is intro- 
duced by squaring in the process of clearing the equation of radical 
signs. It satisfies the equation, 

(See the treatment of extraneous roots, p. 133.) 

EXERCISE 80 

Solve and check: 
1. a;+5Vx+2-4 = 0. 2. 4 = V4x+17+Vx+I 

4. V2 X+5+V3 x+4 = V6 x+9. 

5. V2 X+7+V3 X- 18- V7 x+l=0. 

6. Vl-a;+Vl-x-Vx = l. 

7. Va~x+ Va+x- V2 a+2 b = 0. 

8. V3 a:+l-2V2 x+I+^f"^ =0. 

v^2x+i 

9 3 ^-"12^-0 

2+Vl2^ 5 

.^ \/x Vx+2 5 ^ 
Vx+2 Vx « 

EXERCISE 81 

Review 
Solve and check: 

1. 12x*4-x = l. 4. x*-8x-0. 

2. 10a2=x«-3ax. 6. x*-6x«+8-0. 

8. 2>/^4l3-V^ir2-4. 6. x»-9x*+8=0. 



QUADRATIC EQUATIONS 151 

7. 10 «« -.7* -.12-0. 11. x»-x-0. 

8. a;«+3te-6a6+2aic. 12. «+i--+~ 

X h a 



9. af*-3x*+2-0. 



la 2VX-I-6 



2 ' 4 5— a? x * 



Vx-1 14. a?(a; -2) (9 a;« -25) -0. 



15. V3 x-flO - VlO X+16+ Va:4-2. 

16. 2 aj« -5.2 a; -3.7 =0 (to nearest hundredth). 



17. V2a;-o«H-Va;-Va;+3a«=0. 

18. Write but do not solve an equation of each of the principal 
kinds treated thus far in this chapter. 

EXERCISE 82 

Verbal Pboblems 

1. If a man rows at the rate of x miles an hour on a stream 
which flows y miles per hour, what is denoted by x+y? By 
\x+yt By|x-i/? 

2. A certain calf eats 3 bushels of grain while a cow eats 4 
bushels. During a certain length of time, they together ate h 
bushels. How many bushels did each eat? 

3. The minuend is m+2 n, the remainder is 2 n+9. What is 
the subtrahend? 

4. If 40 bu. of oats worth a cents a bushel, and 30 bu. of com 
worth 6 cents a bushel are mixed, what does — represent? 

6. If one pipe can fill a given cistern in / hours, and another 

11 X v 

can fill it in (7 hours, what is the meaning of -H — ? Of -;— -? 

J 9 7 9 

6. The dividend in a certain process is a -x, the quotient is a, 
and the remainder is 4. What is the divisor? 
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7. A mixture of equal parts of two kinds of tea, oostiag a 
and h cents a pound respectively, is sold at a gain of 25 %. Find 
the selling price of the mixture per pound? 

8. A man travels x hours at the rate of m miles per hour and 
then finds he still has f of his journey to go. How far did he 
intend to go? 

9. A rectangular lot is z yards wide and 2 z yards long. If a 
strip 5 yd. wide be added on all sides of the rectangle, what will 
be the length and width of the new rectangle? 

10. A sheet of tin is a inches long, and b inches wide. If a 
square whose side is 5 in. be cut out of each comer, and the sides 
be folded up so as to make a box, what will the depth of the box 
be? The area of its bottom? Its volume? 

EXERCISE 88 

1. Three times the square of a given number, dimin^ 
ished by twice the product of the number and the next 
lower number, gives 143. Find the number. 

2. A certain number increased by four times its recip- 
rocal equals 8^. Find the number. 

8. The denominator of a given fraction exceeds the 
numerator by 3, and the sum of the fraction and its 
reciprocal is 2^. Find the fraction. 

4. The base of a triangle is 4 ft. less than the altitude, 
and the area of the triangle is 48 sq. ft. Find the base. 

6. A rectangular lot is surrounded on all sides by a 
driveway 5 yd. .wide. The lot is twice as long as it is 
wide. If the area of the lot and driveway together is 
6600 sq. yd., find the dimensions of the lot. 

6. A fanner has a field 60 rd. long and 40 rd. wide. 
How wide a strip must he cut around the field in order 
that 5 acres may be left uncut? 
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7. An open box is to be formed by cutting out equal 
squares from the comers of a square sheet of tin and 
folding up the sides. The box is to be 10 in. deep and is 
to contain 2250 cu. in. Find the length of a side of the 
square sheet of tin. 

8. One baseball nine has won 6 games out of 15, and 
another has won 8 out of 13. How many straight games 
must the first nine win from the second, in order that the 
leverage of games won by the nines shall be the same? 

9. A and B together can do a given piece of woi'k in 
2 days. Working alone, A could do the work in 3 days 
less than B. How many days would it take each man 
working alone? 

10. Two pipes together can fill a tank in 3^ hr. When 
running alone, one pipe takes 12 hr. longer than the other 
to fill the tank. How long does it take each pipe alone 
to fin it? 

r 

11. A rectangular piece of tin is 12 in. long and 9 in. 
wide. Four equal squares are cut out, one from each 
comer so that when the sides are folded up a box is made 
the area of whose bottom is 60 sq. in. Find an edge of 
one of the small squares cut out. 

12. The area of a mat about a picture 10 in. long and 
8 in. wide is one half the area of the picture. What are 
the outside dimensions of the mat? 

13. The altitude of a right triangle is 1 in. greater than 
the base, and the hypotenuse is 2 in. greater than the 
base. Find the sides of the triangle. 

14. The perimeters of a given circle, square, and 
rectangle are each 160 in., the rectangle is three times as 
long as it is wide. Find the area of each figure. What 
geometric principle is illustrated by the results obtained? 

Draw the three figures, using the same scale for all. 
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111. The side of a given square is a feet. By how 
many feet must this side be increased in order that the 
area of the square may be increased by 6 square feet? 

16. A given field of grain contains 20 acres and is twice 
as long as it is wide. How wide a strip (in rods) must 
be cut around the field, in order that | of the grain shall 
be left uncut? 

17. A coal bin is to be 8 ft. deep and three times as 
long as it is wide, and is to contain 15 tons of coaL If 
40 cu. ft. is allowed for 1 ton, how long must the bin be? 

18. One leg of a given triangle exceeds the other by 
2 ft. If the hypotenuse is 10 ft., find the legs of the 
triangle. 

19. Find the side of a square whose diagonal is a inches. 

20. The product of two consecutive numbers is b. 
Find the numbers. 

97. Quadratic Equations Containing Two Unknowns. 
The general quadratic equation containing two unknowns is 

ax^+bxy+cy^+dx+ey+f=0. 

By giving a, b, c, etc., different numerical values, in^ 
eluding zero, this general equation may be made to take 
many special forms. 

What values must we give a, 6, c . . ., respectively, in cider to 
obtain the equation 6 a;*+3 xy+2 y*s=6 from the general equation? 

The absolute term of an equation is the term which does 
not contain an unknown factor. Thus / in the above 
general equation is the absolute term. 

Simultaneous quadratic equations is a brief term for 
simultaneous equations whose solution involves quadratic 
equations. 

Thus, equations (1) and (2) in § 99 are simultaneous quadratic 
equations. 
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In general, the combination of two simultaneous quad- 
ratic equations by elimination gives an equation of the 
fourth degree in one unknown, which cannot be solved by 
the methods taught in this book. Two simultaneous 
quadratic equations can be solved by elementary methods 
only in certain special cases. 

98. A Homogeneous Equation is one in which all the 
terms containing an unknown quantity are of the same 
degree. 

Thus, 3x*y— 5xy*+t^*->18 is a homogeneous equation of the 
third degree. What is the degree of the equation xy-^G? 



Case I 

99. When One Equation is of the First Degree and the 
Other of the Second, two simultaneous equations may 
always be solved by the method of substittUion, 



Ex. Solve 



f 2z-3y = 
\ 4x2— 7xy = 



-31/ = 3. 
15. 



Eliminate y, since y occurs only once in equation (2). 

2a;-3 



From (1), 



2/= 



(2rc— 3\ 
— r — j = 16. 

Hence, 12 x«- 14 x»+21 z «45. 

x«3, V. 
Substitute for x in (3), f^^l, 4. 

Check. 

Forx=3 andy»l. 

2x-3y=6-3=3. ^ 
4x»-7xy=36-21 = 15. 



Roots. 



(1) 

(2) 



(3) 



Check. 
Forx=^andy=4. 

2x-3y=15-12=3. 
4 x*-7xy =225-210= 15. 
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EXERCISE 84 

Solve and check: 

1. 3x-l=y. 2. x+2y = l. 

6 x2-2r^ = 1. x2+4 y2=6 aj+11. 

8. 2a?+3x2/-4 2/2+3a;-8y = 14. 
7 X— 5 2/ = 14. 

^ * M=2. 

6. 2x+3y=i. * y 

a; y ' xy=2y+x+2. 

8. 5x-3y+l=0. 

2 y2+3 a:y-5 x2+7 x-6 y=4. 

9. a^=36. 10. a^=180. 

(«-3)(y+l)=30. («+6)(y-l) = 180. 

'^thout solving the equations, determine whether 

1 J Q ♦•* f 3«-2y=9. 
11. »=1 and « =3 satisfy < „ „ 

l2r»+10-3y2=5ajtf. 



12. z=2, y=— fare 



roots Of fi^-iJ'"*; 



18. The sum of two numbers is 3, and twice the square 
of the second number diminished by five times the square 
of the first number gives 3. Find the two numbers. 

Case II 

100. When Both Equations are Homogeneous and of flie 
Second Degreey two simultaneous quadratic equations may 
always be solved by eliminaiing the absolute term between 
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them and factoring to find the value of one unknown in terms 
of the other, and then proceeding as in Case I, 

Ex, Solve2x2-3a:2/+4y2 = 6. .•.,...(!) 

a?2+3 2/2 = 7 (2) 

Multiply (1) by 7 and (2) by 6. 
Hence, 14 a;»-21 xy+2S y«=42, 
and 6a;«+18 2/«=42. 

/. 14x«-21xy+28y«=6a:*+18yS 
or, 8 x»-21 xy+lO 2/«=0. 

/. (8a;-5y)(x-2 2/)=0. 



x-2y=0. 

Hence, solving by Case I, 
x=±2, 

2/==hl. 



8a;-5y=0. 
x«+3 2/«=7. 
Hence, solving by Case I, 
x=dtz-^Vsi, 

y= dz^ V3l. 



Hence, x=±2, =tV31. 

y=±l, =tV31 

Let the pupil check the work. 



31. 1 
51. J 



Roots. 



EXERCISE 86 

Solve and'check: 

1. y^+3Ty = 28. 
4:X^+xy = 8. 

2. 4:X^-3xy+2=0. 
3x2-2 2^+6 = 0. 

8. 2^ = 5+2x2/- 
a?2+2/2 = 29. 

4. 2/^+0:2/ = 21. 
2xy-x^ = S. 



6. x2-a:2/+2/^=21. 
x2 — 2a:2/= ""15. 

6. 2x2-4a:2/+3 2/2 = 17. 
ar2-y2 = 16. 

7. x2-|_/py_|_2^2=l^ 

2x2+3x2/+4 2/2 = 3. 

8. 4x2+2a:2/-2/2=41. 
Sx^-5xy+y^ = F' 
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Solve and check the following miscellaneous examples: 

9. 2a;=y-3. 12. 46+a?2 = 2 2^. 

4x2-f-ya=l7. x2 = 14-X2/. 

10. a?2+3y2=12. 13. i(a;-l) = iy. 

5 XJ/-4 2/^ = 11. y2-7 = (a;-y)2. 

11 ?y^x-H/ 14. 4y2-x2/=x2-16. 

X— y— a = 0. a:^ 3. • 

15. Point out the examples in Exercise 88 (p. 162), 
which come under Case I. Under Case II. 

16. State Ex. 1 as a problem concerning two numbers. 

17. Find a number consisting of two digits such that if 
the number is multiplied by the left-hand digit, the result 
will be 105; but if the number is multiplied by the right- 
hand digit, the result will be 175. 

101. The Methods of Cases I and U are the only 
general methods which can be used in solving all simul- 
taneous quadratic equations of a given class. Besides 
these, however, there are certain special methods which 
enable us to solve important particular examples. 

Examples which come directly under Cases I and II 
are often solved more advantageously by one of these 
special methods. 

The special methods apply with particular advantage 
to symmetrical equations. 

102. A Symmetrical Equation is one in which, if y is 
substituted for x, and x for y, the resulting equation is 
identical with the original equation. 

Thus, each of the following is a symmetrical equation: 

ar»+3a;V+2/**18, »+y=12, xy=6. 
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Case III 

103. Addition and Subtraction Method (often in con*' 
nection with multiplication and division). In this method 
the object is to find firsty the valves of x+y and x—y, and 
then the valiLes of x and y themselves. 



Ex. 1. Solve 



'x+ y= 7 (1) 

\ xy^lO (2) 

Here we have the value of z+y given, and the first object is to 
find the value of x—y. 

Square (1), x*+2a;2/+y«=49 (3) 

Multiply (2) by 4, 4xy=40 (4) 

Subtract (4) from (3), x*-2xy+y*^ d (5) 

Extract square root of (5), x—y— ±3 (6) 

Add (1) and (6), divide by 2, a;=6, 2. ' 

Subtract (6) from (1), divide by 2, y«2, 5. , 

Let the pupil check the work. 

fx3+j/3 = 28 (1) 

. a;+2/= 4 (2) 

x*-xy+y*=7 (3) 

x«+2x2/+y«-16 (4) 

3xy=-9. 

xy-^Z. (6) 



Roots. 



Ex. 2. Solve 



Divide (1) by (2), 
Square (2), 
Subtract (3) from (4), 
Hence, 



Subtract (5) from (3), a;»-2xy+y«»4.] 

/. a?-y«=fc2. 



But 
Hence, 



x+y=4. 

x«3, 1. 

V=l, 3. J 



Roots. 
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Ex. 3. Solve 



f 1 1 

x+r' (1) 

t^+^2=25 . (2) 



Squaring (1), i-+-?.+l=49 /gj 

2 

Subtracting (2) from (3), —=24 (4) 

xy ^ ' 

Subtracting (4) from (2), ~-+L=l 7\ (6) 

X' xy y* 

Hence, =dbl. 

X y 

But, from (1), -+-= 7. 

X y 

2 

Hence, adding, -=8, 6. 

X 



v=i i. J 



Roots. 



Let the pupil check the work. 

EXERCISE 86 
Solve and check: 

!• x+y = 2. 6. x3+j/3=28a?. 
iC2/= — 15. a;+y=4a. 

2. x+y=-5. 7. a:3+y3=,3j^ 
a^+2/^ = 13. x+y^2. 

3. a?2+2r^=34. 8. 3:84.^3 = 37^ 
xy^-15. a^^xy+y^=37. 

L x^+xy+y^^2S. 9. T^+y^--2a^+2IP. 
a;+y-6=0. x+y^2a. 

t. 9{x^+y^)-^37. 10. a:*+y*«17. 
av=-i. a:y=2. 
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IL ar*+y* = 17. 16. «*+a!V+»*-=21, 

12. ir*-|-y*=257. jg^ a^+xy+yZ = 133. 

**'" ' x—Vxy+y=7. 

18. -+-=7. 17. av=80. 



X y 



111 



— =12. X y 5' 

xy 

11 18. x»+jr'=25. 
!*• p+^=9« a;-y=7. 

1,1_- 19. a?-i/8=6o26+26?. 



EXERCISE 87 

1. Eliminate p between p = by, and jP+y^=(?. 

2. Eliminate c between y = ccP, and a; = cp, 

3. Eliminate a between x — 3 a = 7, and x^+j^ = 6 a^. 

4. If K = TrB? and C = 2 7rfl, find K when C = 10 and 

6. If B^\gfi and r=^^, find a when ^ = 32 and »=64, 

6. If C = 2 Trfl and 7=^ irft^, find 7 when C=33 and 
x=^. (Use cancellation wherever possible.) 

7. Given Z = o+(n— l)d and s = 2(^+0> ^^^ ^ ^ terms 
of dy n, and Z. 

Sua. What letter must be eliminated? 

rl—a 



8. Eliminate I between l=ar^'^ and « = 



r-r 



9. Given S=^tRL and r=xfl(/2+i), eliminate B and 
find T in tenns of S and L. 
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10. Given S-AttIP, and V^iirlfi, eliminate R and 
find V in terms of S. 

lit By finding the value of f in the first equation and 
substituting in the second, eliminate t between the equations 
v=^u+gt and s^iU+igfi. Hence find s when g^32f 
V B 10.4^ and u » 2.2. 



BXERCISB 88 
Review 



Solve and check: 



;L 2x-5y-0. 10. 2^-42. 

a;«-3 y«-13. («+3)(y-2) -40. 



xy 



12. a;*+a;V+2/*=91. 



3. 2a;*-a:y=28. 
a:»+2y* = 18. 

4. a;»+2/»=91. ^' x+y-4.7. 

11^ 14. x->+y-i=2. 
i"^y" ic-«H-y-«-2|. 

—=36. 15. x-«+y-««13. 



6xy-l. 



6. x*H-3y*=28. 

a;'+xy+2y«-16. W* ll-a+2(n-l). 



n 



- 2 a; x+y 36--(a+ll). 

x-y+a-0, ^^ x*-y».2. 

x+y=3. 

9. x«+2x-2/-6. ml?, J. .4 ,^ 

2x«-3a;H-2y-8. "^^ aj^v" ' «• y«" 
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EXERCISE 89 

« 

Verbal Problems 

L If a rectangle is x yards long and y yards wide and a strip 
5^ yd. wide is added on each side, what will be the area of the new 
rectangle thus formed? What will be the length of its diagonal? 

2. A given quantity of provisions will last a men h days. 
How long will it last if c men join the a men after 3 days? 

8. If an automobile travels at the rate of x miles per hour, 
how far will it go in y hours and 45 minutes? 

i. If the outside diameter of a pipe is d inches, and the pipe 
is i inches thick, express the radius of the hollow interior of the 
pipe. Also the area of a cross-section of this interior. 

6. If one gallon of paint will cover 200 sq. ft. of surface, how 
many gallons are needed in all for two walls each Z by /i feet and 
two other walls each whyh feet? 

6. How many gallons are needed for a trapezoid whose parallel 
sides are a and h feet and whose altitude is h feet? 

7. A box (without lid) is made of boards i inches thick. If 
the outside dimensions of the box are a, 6, c inchs, c being the 
depth, express the inside dimensions of the box. 

8. How many bushels are in a bin whose dimensions are a, 
6, c feet, if 1 bushel = lj cu. ft.? 

9. If water is running through a rectangular opening a feet 
wide and d feet deep at the rate of / feet per minute, how many 
cubic feet will run through in m minutes? 

EXERCISE 90 

1. Find two numbers whose sum is 11 and the sum of 
whose cubes is 539. 

2. The difference of the cubes of two numbers is 279. 
Also the simi of the squares of the numbers increased by 
their product is 93. Find the numbers. 
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3. The sum of two numbers increased by twice their 
product equals 85. Also five times the smaller exceeds 
twice the larger by 2. Find the numbers. 

4. The hypotenuse of a right triangle is 20, and the 
sum of the other two sides is 28. Find the length of the 
sides. 

6. The diagonal of a rectangle is equal to the width 
increased by two thirds of the length. The area is 60 
sq. ft. Find the dimensions of the rectangle. 

6. The area of a single tennis court is 234 sq. yd. 
If a margin 15 ft. wide is added on all sides, the area is 
684 sq. yd. Find the dimensions of the court. 

7. A rectangular piece of tin is made into an open box 
by cutting a 5-inch square from each corner and turning 
up the sides and ends. If a 3-inch square were cut from 
each corner, the box, made in the same way, would hold 
the same amount. The width of the tin is 4 inches less 
than its length. Find the volume of the box in cubic 
inches. 

8. If a baseball nine should play three more games and 
win them all, its average of games won would be |. But 
if it should play 12 more games and win them all, its 
present average of games won would be increased by 
20 per cent of itself. Find the number of games it has 
already played and the number it has won. 

9. A laborer received $15 for a certain number of 
days' work. If he had received 25 cents less a day, it 
would have taken him two days longer to earn the same 
amount. How long did he work? 

10. Two trains run 36 miles at uiiiform rates. One 
train travels 9 miles per hour faster than the other and 
makes the trip in 12 minutes less than the other. Find 
the rates of the trains. 
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IL A rectangular court can be paved with 288 square 
tOes of a certain size. But if a side of the tile used is 
increased by 3 in., only 162 tiles are needed. Find a side 
of each kind of tile. 

12. A certain number contains two digits. If the num- 
ber is multiplied by the units' digit, the product is 216. 
But if the number is multiplied by the number obtained 
by reversing the order of the digits, the product is 2268. 
Find the number. 

13. Tel^raph poles are set at equal distances apart. 
In order to have two less to the mile, it will be necessary 
to set them 20 ft. farther apart. Find how far apart 
they are now. 

14. A rectangular field of grain contains 30 acres. If 
a strip 10 rd. wide is cut around the field, 15 acres will be 
left imcut. Find the dimension of the field. 

15. The denominator of a certain fraction exceeds the 
numerator by 6. If the numerator of the fraction is 
increased by 3 and the denominator by 15, the value of 
the fraction becomes J of what it was originally. Find 
the fraction. 

16. The product of two numbers is 85. If the larger 
of the two numbers is divided by the smaller, the quotient 
is 3 and the remainder 2. Find the numbers. 

17. A company contracted to make 252 automobiles. 
Two factories working together, can make this number in 
12 days. Working alone, one factory requires 7 days 
longer than the other to do this amount. Find the number 
of days in which each factory alone can fulfill the contract. 

18. Find two numbers whose sum is b and the sum of 
whose cubes is a. 

19. The area of a right triangle is p and the hypotenuse 
is g. Find the other two sides. 
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EXERCISE 91 

1. If a fence is to be 120 ft. long and the posts are 
10 ft. apart, how many posts will be needed? 

2. If a fence is to be a feet long and the posts 6 feet 
apart, and b is an exact divisor of a, how many posts will 
be needed? 

3. If a fence is put around a lot I feet square, and 
the posts are / feet apart, and / is an exact divisor of Z, 
obtain a formula for AT, the number of posts needed. 

4. Make up and solve a similar problem concerning a 
fence about a rectangular field. 

5. Obtain a formula for /, the numbeir of cubic inches 
of iron used in making a pipe I feet long, whose outside 
diameter is d inches and in which the iron is t inches thick.> 

6. If two successive discounts di and ^2 are allowed, 
on the priqe of an article, obtain a formula for converting 
these into an equivalent single discount denoted by D. 

SuG. UseZ) = l-(l-di)(l-d2). 

Express your formula as a rule. 

By use of the formula, convert two successive discounts of 

40 % and 10 % into a single equivalent discount. 

> 

7. Denoting the number of square feet in the wall 

surface of a barn 
by Fy the length 
of the barn by Z, 
the width by tp, 
the height at the 
eaves by c, and the 
height at the peak 
by p (all dimen- 
sions being in feet), find a formula for F in terms of the 
other lettera 
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ff floe gdoa of P*>>* vB iiw ^^^^ ^Mt« to 200 sq. ft 
of sm&ee, obluB m UmmtsiM, for G, the number of gallone 
required to puBttlttliftm. 

& In ike ndtiQining dngnm, the 
ndiiB of ike ki^e drde is R and of 
each of the smsB drdoB k r. ObUin / \ /^ /^ 
a formuln for -i, the mren of the part i V^ ^ 
of the Ini^ee drde left mflcr the small \ O O 
dicks haTe been cot out of it. 

In the riftortest way find A when i2« 
2^ in. and rs .33 in. 

9. Obtain a formula for the weight of the pipe, in 
Ex. 5 if 1 CO. in. of iron weighs } lb. 

10. If d leiKesents the siae of a dose of medicine for 
an adoh and D that for a child, and a the age of the child 

in years, then ^^^qij^- Express this formula as a rule. 

If 20 drops <rf a given medicine is a dose for an adult, 
what is the dose for a child 10 years old? For one 6 years 
old? 

11. If the dimensions of a brick are a, b and c incheSi 
what does 2a&+2ac+2 6c represent? What does oftc 
represent? 



CHAPTER VIII 




1 
2 
3 
4 
5 

2* 
etc. 

-1 

etc. 
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101. Graph of a Quadratic Equation of Two Unknowii 
y Quantities. 

Ex. 1. Construct the graph of y=x^— 



6 
2 


2 
6 



The graph obtained is the curve ABC, A curve of 

this kind is called a parabola. The path of a projectile, 

as for instance, that of a baseball when thrown or 

"1 batted (resistance of the air being neglected), is an 

arc of a parabola. 
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It will be noted that the above method of graphing is 
the same as that given in § 36 (p. 89), but that here it 
is sometimes advantageous to let x have fractional values, 
as J, i, 1^, f , etc. The observant pupil will also find 
methods of abbreviating the work in certain cases. 

In general, the graph of a quadratic equation of two 
unknown quantities is a curved line, and, in particular, 
either a circle, parabola, ellipse, or hyperbola. 

Ex. 2. Construct the graph of x^+9 2/2=35, 

Before substituting numerical values for x, it saves labor to solve 
the given equation for y and to obtaia y= ±^^36— a;*. 
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Since the only power occurring in the equa- 
tion is x\ and the square of a negative number 
is the same as the square of the corresponding 
positive number, the values of y for negative 
values of x are the same as for the corresponding 
positive values of x. 

The species of curve obtained is called the 

eUipae. The practical value of the ellipse is illus* 

trated by the fact that the earth's orbit about 

the sun and the orbits of aU the other planets 

are ellipses. Also, in shape the earth, the sun, and planets are 

ellipsoids, that is, solids generated by the rotation of an ellipse 

about one of its axes, (as about AC in the above diagram). 



X 


y 





±2 


1 


±2- 


2 


±1.9- 


3 


±1.7+ 


4 


d=1.5- 


5 


=bl.l+ 


6 





7 


miag. 
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Ex. 3. Construct the graph of 4 x2_9 ^2^35^ 

Before substituting, solve and obtain 



X 


y 





imag. 


1 


imag. 


2 


unag. 


3 





4 


=bl.7 


5 


±2.6 


6 


:i:3.4 



etc. 



For negative values of x, the values of |^ are the 
same as for the corresponding positive values of x. 
Hence, the graph is a curve of two branches, ABC 
and A'B'C'f of the specie^ known as the hyper* 
bola. 




106. Symmetry of Curves. What is a symmetrical 
plane figure as defined in geometry? How many axes of 
synmietry has a square? An equilateral triangle? A 
circle? 

Note that in Ex. 2 on page 169 the ellipse is symmetrical to both 
the axis of x and the axis of y. The same is true of the hyperbola 
in Ex. 3 above. 

How may labor be saved in constructing a graph that 
is symmetrical to one axis only? To both axes? 
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How can you tell from its equation whether a graph will 
be symmetrical to the axis of y? To the axis of x? 



BZERCISB 9S 


Graph the following: 






1. i/=x2-2. 


13. 


16«2+y2 = 64. 


2. y=x^+2x-3. 


14. 


J/2-x2=4. 


8. y=a!*— 3x— 4. 


». 


»2-y2=.4. 


4. y= 1.8 352-2.3. 


16. 


xy=3. 


6. y=.7a?. 


17. 


xy=—3. 


6. y=20-3p. 


18. 


x+xy=2. 


T. «2+ir'=26. 


19. 


(x-2)2+j/2=9. 


8. a!2+j/8=|. 


20. 


16 y^-3^= -16. 


9. 3^+f=4.7. 


21. 


1^2 = 9 35+1. 


10. y^=9x-3?. 


22. 


«2+av+y2=25. 


11. 16x2+91/2=144. 


23. 


a:2=9. 


12. 3?+16f=U. 


24. 


x2-3a;+2=0. 



SuQ. In Ex. 24 show that whatever the value of y, x always 
equals 1 or 2. Hence the required graph is two straight line? 
parallel to the ^-axis. 

25. y = lSa?. Sua. Let each space on the 2/-axis=20. 

26. 2/2 = 60 X. 28. x2-an/+3y2_4 = o. 

27. 1/ = 100 X- 16x2. 29. ^^ = 2x-l. 

X 

30. Point out two of the above graphs which are 
symmetrical to the axis of x (but not to the axis of y). 

81. Also three which are symmetrical to the axis of y^ 
(but not to the x-axis). 

32. Also three which are symmetrical to both axes. 

33. On one diagram, graph the results obtained by 
letting a = 1, 2, 4, 9 in succession, in 3^+i/^=a. 

84. Treat in like manner xy—a. 
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IMu GnfUc S*J"*s«- of 



T < 



x-5=a 



the 



tibe papk of xH-y'=2S. ve obtam die drde 
ditgnin bdow. Gaostmrdng tiie gn^^h of y-h2 x 
tiK sizaigbt line Fff . 

the cootdJnalBs of the points of int n wlim of 
(« fixKl tlie pomls to be ,4. —3^ aui A o>. 
resohs mmy be Tcrified by luliiug liie tvo 



—5=0, 




107. qprriri Cises: iMgMi y Roots. OaulnMi the 

gnphs of jc'-rr^l snd x+y^5. You will find that 
these tvD gn^>hs do not int^^sed. Thai sohne the fjtvea 
equations in the oidiziaiy slgehraic wi^. You will find 
that the locAs are imaginazy. If you treat the equtions 
x*+f»=l snd 4x*+9y*=36 in the same way, joa will 



In gBuenl, imaginaoTf hmCs €f timiiika^tumx egyeHaiu cor- 
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respond to points of non4rUersection of the graphs of the given 
equaiions. 

Remember that in solving a pair of simultaneous equations, the 
number of values of x (and also of y) is equal to the product of the 
degrees of the two equations. Hence, if two simultaneous equa- 
tions are both of the second degree, their graphs should interesect 
in four points; and if their graphs are found to intersect in only 
two points, for instance, the other two points must correspond to 
imaginary roots. 

The pupil may illustrate this by graphing and also solving alge- 
braically 2/* =4 a; and x*+y*^25. 

EXERCISE 93 

Solve both algebraically and graphically: 
1. 



2. 



7. 



8. 



9. 



10. 



11. 



12. 



y2=9a;, 3. 


y2=2 


X. 


6. «j/=— 3. 


y—x='0. 


x+y- 


=4. 


a;+j/=-2. 


f=Qx. ' 4. 


xy-A 


I. 


6. x2+y2 = 25. 


y=3x. 


x+y 


=5. 


xy=-V2. 


i2+y2=25. 




IS. 


3x2+1/2=3, 


Zx+y-5-0. 






j/ = x-2. 


«2+y2=25. 




14. 


x-j/-6=0. 


4y-3i=0. 






y2=6x-x2. 


x2-4y=0. 




16. 


j/=x2+2x-5. 


3x2+21/2 = 14. 






3x=j/+3. 


aJ8+y2_10y=0. 




16. 


x+iy = 2. 


x-2y. 






x2+j/2 = 9. 


a^+y^=16. 




17. 


x2+j/2=4. 


a^8+9y2=,48. 






3x-2j/=12. 


4^2-3*2=24. 




18. 


x2-2j/. 


x2+y2=6. 






x8+ij/=9. 



Solve the following graphically^ estimating the values 
of X and y to the nearest tenth: 

19. y^=9x. 20. x2+2r^ = 16. 21. x|/ = 2. 

y— x=l. x+y=^2. x+y^S. 
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22. ««+i/3-ll. U. x«-4y = 17. 
xy=4. 3 0^-8+4 y. 

23. x-4y»4. 26. 2x-3y«6. 
x2+y2 = i6. 3y+l=4x-4a?». 

The largest number of points in which a circle can 

intersect an ellipse is illustrated by the 
adjoining diagram. Drawing a like dia- 
gram in each case, state the largest nunaber 
of points in which the following pairs of 
lines can intersect: 

26. An ellipse and an hyperbola. An ellipse and a 
parabola. A straight line and an ellipse. 

27. A parabola and an ellipse. A parabola and an hy- 
perbola. A straight Une and a parabola. 

28. The sum of the areas of two square pieces of tin is 
25 sq. ft. A side of the larger piece is 1 ft. longer than a 
side of the smaller. Stating equations in two imknown 
quantities, find graphically a side of each square. 

108. Graphic Solution of a Quadratic or Higher Equation 
of One Unknown Quantity. By substituting for y in the 
first equation, the pair of equations y^x^— 5a;+6 and 
y = reduces to x^— 6x+6 = 0. Accordingly, the graphic 
solution of an equation like x^—5a;+6 = is obtained by 
solving graphically y = x2— 6 x+6 and y =0. 

In other words, the roots of a quadratic equation of one 
unknown quantity j aoi^+bx+c=0, are represented graphic 
colly by the abscissas of the points where the graph of y^ax^ 
+bx+c meets the x-^xis, 

Ex. Solve graphically x^— 5a?+6"«0. 

The graph of y =x*— 5 x+6 is the curved line ABC of the figure 
in § 104 (p. 168). This curve crosses the x-axis at the points 
(2, 0) and (3, 0). . ' . x=2, 3. Roota. The same results ar*i 
obtained by solving the equation x*— 6x+6=0 algebraically. 
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This method of solution applies also to a cubic equation 
or to an equation of one unknown quantity pf any degree. 

Thus to solve the equation x»— 3 z*+5 x— 2=0, graph the equa- 
tion y=x*— 3a;*+5a;— 2. The abscissas of the points where this 
graph crosses the x-axis have the same value as the roots of the given 
equation x»— 3 x*+5 x— 2=0. 

EXERCISE 94 

Solve both graphically and algebraically: 

1. aj2-4 = 0. 4. 4x2+8x-5=0. 

2. x2-3x-4 = 0. 6. x2-6x+9 = 0, 

3. x2-4a;+l = 0. 6. a?-2x = 0. 

7. x3-2a;-l = 0. 

Sua. Solve algebraically by the factor theorem. 

8. x3_a;2_6x = 0. 9 x3_2x2_2a;+4=0. 

Solve the following graphically, estimating the roots to 
the nearest tenth: 

10. x2-6x+4=0. 12. x2-1.7x-.5 = 0. 

11. 2x2-4.5x+1.3=0. 13. x3+3x-6=0. 



EXERCISE 96 

1. The population of a certain city for a series of 
years is given in the 
tabulation at the right. 
Make a graph of these 
figures and by extending 
the graph, make an esti- 
mate of the year when 
the population of the 
citv will be one million. 



Ybab 


Population 


Ybab 


Population 


1885 
1890 
1895 
1900 


327,715 
358,706 
397,445 
448,612 


1905 
1910 
1915 
1920 


546,203 
616,287 
693,203 
782,916 
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2. In two districts the death rates per thousand for a 
period of years were as follows: Graph the facts and 
determine as accurately as you can in what year the 
death rates were the same in the city and country. 



Year 



City 
Country 



1890 



24.3 
16. 



1893 



23.2 
.1 



817 



1896 



23.4 
16.5 



1899 



21.6 
17.9 



1902 



20.3 

18.7 



1905 



18.6 
19.5 



1908 



17.2 
19.8 



1911 



17.4 
20.3 



1914 



15.5 
21.2 



1917 



14.3 
20.8 



1920 



13.1 
19.2 



3. The following table gives the wealth of the United 
States in billions of dollars and the population in millions: 



Year 


1850 


1860 


1870 


1880 


1890 


1900 


1910 


1920 


Wealth 


7 
23 


16 
31 


30 
39 


44 
50 


65 
63 


89 
76 


165 
92 




Population 

Wealth per capita 



Let the pupil fill in the per capita spaces in the tabula- 
tion; and then graph the three sets of numbers on one 
chart. What important fact can you learn from the chart? 

4. The following tabulation gives the number of 
telephone calls in a residence section and also in a business 
section of a city for certain hours of the day: 



Fob Houb Ending 

AT 


7 a.m. 


8 a.m. 


9 a.m. 


10 a.m. 


11 A.M. 


Noon 


1 P.M. 


Residence section 
Business section 


43 
62 


352 
187 


1763 
423 


3620 
2762 


3819 
5267 


3219 

4876 


2720 
3818 




Fob Houb Endxnq 

AT 


2 p.m. 


3 p.m. 


4 p.m. 


5 p.m. 


6 p.m. 


7 p.m. 


8 P.M. 


Residence section 
Business section 


2416 
3746 


2304 
4723 


2016 
4210 


1920 
3210 


1924 
1690 


1870 
420 


1751 
127 
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Graph these two sets of numbers on the same chart. 
Mention three facts of value which may be learned by 
comparing the two curves. 

5. At noon on the third day from port, a steamer 
had 720 tons of coal in her bunkers and was using coal 
at the rate of 4 to^s per hour. Show that the formula 
for the number of tons (T) in. her hold with respect to the 
time named is 7=720—4 h. 

Graph this formula, letting each space on the vertical 
or T-axis represent 60 tons. By means of this graph, 
determine the number of tons in her hold 30 hours after 
the time named. Also 20 hours before. 

6. The formula for the area of a circle in terms of the 
diameter is A = i ircP. Make a graph of this formula, 
letting each space on the vertical or il-axis represent 
2 units of area. 

By means of the graph, determine as accurately as you 
can the area of a circle whose diameter is 2^ in. Also 
determine the diameter of the circle whose area is 5^ 
sq. in. Is 8f sq. in. 

7. The following are the data from which the tem- 
perature chart of a patient is to be made: 



Dat of Diskabe 


1 


2 


3 


4 


mobnino ob 
Evening 


M 


E 


M 


E 


M 


E 


M 


E 


Temperature 




103** 


102.2** 


103.2^ 


102.5** 


105** 


102.5° 


104.6** 



Dat of Disease 


5 


6 


7 


MOBNINO OB 
EVENINQ 


M 


E 


M 


E 


M 


E 


Temperature 


102.6** 


105.2** 


102** 


104.8** 


103** 


105** 
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Dat or DXSBABB 


8 


9 


10 


MOBNINO OR 
EVSNINO 


M 


E 


M 


E 


M 


E 
102.6° 


Temperature 


101.4° 


103.2° 


102.3° 


108.7° 


102° 



Dat of Disbasb 


11 


12 


13 


» 1 


Morning or 

EVBNINO 


M 


E 


M 


E 


M 


E 


M 


E 


Temperature 


98.3° 


98.8° 


97.6° 


98.3° 


97.4° 


98.2° 


98.3° 


98.5° 



107' 
106" 
105' 
104' 
103' 
102° 
lOf 



100 

99° 
NORMAL 

98° 

97° 
96' 







I i 



Make a chart of these facts 
using the scale shown on the 
diagram at the left. 

8. A plumber has sizes of 
pipe whose diameters are 1 
in., 2 in., 3 in., 4 in., etc. He 
wishes to find the smallest 
of these pipes which can be 
. If used to replace a 2-in. and 
s._..j ^ j ^ ^.^ ^.^^ together. Do 



— — 



•mC «Ma*Mld(.i<«M«M*>MCM.« 



] this for him by using the 



"m e graph made in Ex. 6. 



M E M E M E 
NO. OF DAY 1 2 3 4 Q r\ J.^. 1 »> , 

bUG. On the edge of a piece 
of paper, mark off in succession the ordinates which represent the 
areas of a 2-in. and 3-in. pipe, etc. 

In like manner find the smallest size of pipe which he 
can use to replace the following: 

9. Two 2-in. pipes. 

10. A 1-in., a 2-in., and a 3-in. pipe. 

IL Two 2-in. and one 3-in. pipe. 



CHAPTER IX 

THEORY OF QUADRATIC EQUATIONS 

109. Character of the Roots Inferred from the Coeffi- 
cients. It is important to be able to infer at once from 
the nature of the coefficients of an equation whether the 
roots of the equation are equal or unequal, real or imag* 
inary, positive or negative. 

Any quadratic equation may be reduced to the form 
aa^+6x+c=0, in which a is positive. 

Solving ox^+ftx+c^O, and denoting the roots by fi, 
r% (read, r sub-one, r sub-two), we obtain 



-64-V6*-4ac -6-.V6«-4 



oc 



^'^ ra ' **•" 2a 

Prom these expressions we infer that 

1. If b^— 4 ac is positive, the roots are real and unequal. 

2. If 6^—4 oc equals zero, the roots are real and equal. 

3. If {^— 4 ac is negative , the roots are imaginary. 

The roots are rational if 6^—4 ac is a perfect square or 
zero. 

Since the values of 6^— 4ac enable us to discriminate 
between different kinds of roots, this expression is 'termed 
the discriminant of ax^+bx+c^^O. 

Ex. 1. Determine the character of the roots of the 
equation, a:^ — 2x— 1 = 0. 

We have a=l, 6=— 2, c=— 1. 

6«-4ac=4+4=8. 

Hence, the roots are real and unequal, 
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Ex. 2. Of a?2-2a:+l = 0. 

Here a=l, 6= -2, c»L 

6*— 4acs=4— 4=0. 
Hence, the roots are real and equal, 

Ex. 3. Of a?2-2a;+2=0. 
Here a=l, 6== -2, c=2. 

6«-4ac=4-8=-4. 

Henoe, the roots are imaginary. 

The results obtained in Exs. 1, 2, and 3 may be con- 
veniently illustrated by means of graphs. 

It is found that the graph of y=a;*-2 x-l is the curve (1) and 

crosses the a^-axis at the two 
points A and B (correspond- 
ing to the two roots of 
x«-2a;-l=0). 

The graph of y-x*—2x 
+1 is the curve (2) and 
meets the x-axis at only 
one point (corresponding to 
the two equal roots of 
a?«-2x+l=0). 

The graph of y=x«— 2x 
+2 is the curve (3) which 
does not meet the x-axis at 
all (which illustrates the fact 
that the roots of the equa- 
tion x*—2z+2=0 are im- 
aginary). 

110. Determining Coefficients so that the Roots shall 
Satisfy a Given Condition. It is often possible so to de- 
termine the coefficients of an equation that the roots shall 
satisfy a given condition. 
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Ex. Find the value of m which will give equal roots 
for the equation (m—l)Qiy^+mx+2 m—S^O, 

By i 109, 2, in order that the roots may be equal, 6*— 4ac=«0, 
In the given equation, a=m— 1, 6=m, c=2 m— 3. 

.• . m»-4(m-l)(2m-3)=0. ^ 

m»-8 m»+20 m-12=0. 

7m«-20m=-12. 

m=2, f. Ana. 

Check. Substituting these values for m in the original equation^ 

a;«+2x+l=0, a;«-6x+9=0, 

in each of which equations the roots are equal. 

EXERCISE 96 

Without solving, determine the character of the roots in 

1. x2_6aj+6=0. ^ 9x2+4 

6. a:= — 



2. 3ar^-7x-2=0. 



12 



8. 4a?=4x-.l. 7- ^=1(^+1)- 

4. 3a^+2x+l=0. 8- 35 x+ 18+12 0^=0. 

^_i 9. ia:2 = 2a;-3. 

^- 3 ~^ ^' 10. 7x2+l=5x. 

11. Determine by inspection the nature of the roots in 
the following: 

(1) ar^-4x+2 = 0. (2) »2-4x+4=0. (3) a^-ix 
+6 = 0. Verify your results by use of graphs. 

12. In 3x2— 2 x+ 1=0, determine the character of the 
roots by solving the equation. Now determine their 
character by the method of § 109.* Compare the amount 
of work in the two processes. 

13. What is the discriminant in Ex. 4? In Ex. 2? 
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14. What is the character of the roots in an equation in 
which the discriminant is —7.2? Is |? Is zero? 

Determine the value of m for which the roots of each 
equation will be equal: 

16. 2a?2-2a;+m=0. 17. (in+i)a^+mx=^l. 

16. 2a^-mx+12^=0. 18. (m+l)x2+3m=12x. 

19. (m+l)ar^+(m-l)a;+m+l=0. 

2xH:3^+2_J. 
^"* 7+3 x-a? "m 

21. In Ex. 15, for what values of m are the roots 
imaginary? Real and imequal? 

22. Answer the same questions for Ex. 18. 

23. Show that if one root of a quadratic equation is 
imaginary, the other root must be imaginary also. 

24. State and prove a similar fact about irrational roots. 

26. In x^— 6x+c=0, substitute (1) a value of c which 
will make the roots of the resulting equation equal; (2) 
a value which will make the roots imaginary; (3) a value 
which will make the roots real, unequal, and rational. 

26. Make up a quadratic equation in which the roots 
are imaginary and the coefficient of o:^ is 2. 

27. Also a quadratic equation in which the roots are 
equal and the coefficient of x is 12. 

28. Also a quadratic equation in which the roots are 
real and unequal and the absolute term is 5. 

111. Relation between Roots and Coefficients. In 

§ 109, a method was obtained of inferring, from the 
coefficients of a quadratic equation, the qualitative nature 
of the roots. A more exact, or qiLantitative, relation between 
the roots and coefficients will now be obtained. This rela- 
tion will enable us in any given equation to determine the 
sum or product (and often other functions) of the roots, 
without the labor of solving the equation. 
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By § 109 the roots of ax*+bx+c=0 are 



-6+V6«-4ac , -6-V6»-4ac 

n= r , and ri= . 

2a .2a 



„ -h+Vb*-^ac-b-Vb*-4:ac -26 -6 
Hence, n+r.= -J^^T' 

that is, ri+ri= — . 

a 



/-6+V6«-4ac\/-6-V6«-4ac\ 

^' '^^^•^ V — 2^^ — ; \ — ra — /• 

6*-(6«-4«:) 6«-6«+4ac 4ac c 



4 a* 4 a* 4 a* a* 

Hence, if ar*+6a:+c=0 be reduced to the form, x*'\ — xH — «0, 

a a 

In the latter form. 

The sum of the roots equals the coefficient of x with the sign 
changed; and the jyroduct of the roots equals the absolute term. 

Ex. 1. Without solving the equation, find the sum 
and also the product of the roots of 5(1 — 2 x) =3 x^. 

The given equation reduces to a;*+V"aJ— f =0. 

Hence, sum of roots = — SP-» product of roots = — f . Ans. 

The example may be checked by solving the given equation. 

Ex. 2. Form the equation whose roots are ^ -. 



The roots are r , . 



XT f * -1+V-3-1-V-3 -2 ^ 
Hence, sum of roots = — = -^t-™ —1. 

Product of roots = : =— :— =1. 



Hence, a:*4-a;+l=0 is the required equation. 
Check by solving the equation obtained. 
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BZERCISB S7 

Find, by inspection, the sum and product of the roots in 
each of the following equations: 

1. a^^+3x+5=0. 6. a^x^-ax+2^0. 

2. x^-x+l^O. 7. 5x-4a^^ = l. 

3. aj2-5x=10. & 3-7x = llx2. 

4. 2x2-6x-3 = 0. ^ X x-a 

9. - = 



*^' ^"^^ x~l • 10. l-2cx-2aa?^ = 3c. 

Form the equations whose roots are 

11. 2,3. 17. .08, -.2. 2±V2 

22. - 



2 • 

1±V^ 



12. 3, -2. ^3 ^j^ _^ 

^^' "■!> ""5. a 6 23. 

19. x» --• 2 

14. 5, .04. ft « 

16. -1, -f. 20. 1+V2,1-V2. ^*- 



-2±V- 



2 
16. i -i 21. -3=i=V3. 26. iia±cV^. 

26. If one root of the equation x^— j^^;— |. — q ig 3^ 
find the other root in two different ways. 

27. If one root of x2_2x-l = is I-V2, find the 
other root in three different ways. 

By use of the principle proved in § 111, show whether 

28. 1 and —J are roots of 3 x^+4 x— 7=0. 

1 7 X 

29. i and — f are the roots of o~"a"+^' 

30. .34 and —.5. are the roots of x^+.16 x— .17=0. 

31. In the equation a^ = 5x— c, find the value of c, if 
the difference between the roots is 11. 
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112. Net Profit Graph. , 

Ex. The cost of preparing the machinery to manufacture 
a certain article is $400, after which the cost of manufactur- 
ing each article is 50 cents. If 
each article sells for $1.50, 
how many articles must be 
manufactured and sold before 
the process becomes profit- 
able? Solve graphically. 
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Leteadi space on the vertical 
axis represent $200 and each space 
on the horizontal axis represent 
100 articles. The diagram shows 
that 400 articles must be made and sold before a net pijofit begins. 

Jjet the pupil check the solution by use of formulas. 



EXERCISE 98 

1. The cost of preparing the machinery to manufacture 
a certain article is $300, after which the cost of manufactur- 
ing each article is 25 cents. If each article sells for one 
dollar, show graphically how many articles must be made 
and sold before the process becomes profitable. 

2. The cost of preparing the machinery to manufacture 
a certain article is m dollars, after which the cost of manu- 
facturing each article is b dollars. The article sells for 
8 dollars. Obtain a formula for n, the number of amcles 
that must be made and sold before there is a net profit. 

3. The tabulation on page 186 gives facts concerning the 
circulation of a certain newspaper, the number of adver- 
tisements printed and the population of the city where the 
paper is published. All these figures are in thousands. 

After charting these facts, from an examination of the 
graphs, answer the following questions: Which grew more 
rapidly, the population of the city or the circulation of the 
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Year 


1890 


1895 


1900 


1905 


1910 


1915 


1920 


Circulation 
Number of ads. 
Population 


32 

51 

112 


36 

63 

121 


42 

87 

136 


47 
108 
148 


58 
141 
153 


69 
192 
162 


83 
263 
173 



newspaper? The circulation of the newspaper or the 
number of advertisements printed in it? 

4. The following tabulation shows the population of the 
United States in millions for the years named; also the 
foreign commerce of the United States in millions of dollars. 
Let the pupil calculate and fill in the per capita facts. 



Ybar 



Population 
Commerce 
Per capita. 



o 

00 



00 



10 



13 17 



134 



222 



23 
318 



00 



31 

687 



00 



39 

829 



50 
1504 



00 



63 
1680 



76 
2307 



o 



92 
3429 



I 



Graph the facts on one diagram and state three facts 
which you can learn from an examination of your chart. 

6. Construct a graph of the formula C = f(F— 32), 
letting each space on the vertical (or Centigrade) scaU 
represent 5 degrees and each space on the horizontal (or 
Fahrenheit) scale represent 10 degrees. 

By use of this graph, determine the temperatiu-e on the 
other scale which corresponds to O"* F. To 32'' F. To 
100° F. To -5° F. To 10° C. To 60° C. To - 12° C. 

6. By use of the chart made in Ex. 5, also find that 
temperature which is represented by the same number of 
degrees on both the Fahrenheit and Centigrade scales. 

Sua. On the diagram construct the graph of C=F and observe 
wbere it intersects the graph of C=i(F—Z2). 
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Check your answer algebraically by solving C=f(F— 32) 
and C = F as simultaneous equations. 

7. A wholesale fruit dealer found during a certain season 
that when the price of strawberries was 20 cents per quart 
he sold 100 qt. per day; when the price 
was 15 cents he sold 500 qt. daily; when 
the price was 10 cents he sold 1000 qt. ; 
when price was 5 cents he sold 3000 qt. 
Construct a graph for these facts. (Let 
each space on the horizontal axis repre- 
sent 5 cents and each space on the 
vertical axis represent 500 qt.) 

A graph of facts like these is called a 
demand curve. 

For the next year he expected that 
the demand would be 20 per cent 
greater. On the same diagram with the first curve con- 
struct the expected demand curve for the next year. 

Construct graphs for the data in Exs. 8, 9, 10, in each 
case using that one of the three forms; viz., curves, bars, 
or the circle, which you think is most suitable. 

8. The lengths in miles of certain representative rivers 
in the United States are as follows: Hudson, 280; Ohio, 
950; Colorado, 1360; Mississippi, 3160. 

9. The corn crop of the United States in millions of 
bushels, and the population in millions, for the years 
specified were as follows: 



•«^ ti^ Hiw ^«w 
p in o lA 

(N ^ ^ 



Year 


1840 


1850 


1860 


1870 


1880 


1890 


1900 


1910 


1920 


Population 
Corn crop 
Per capita 


17 
377 


23 

592 


31 
839 


39 
1094 


1 

50 
1717 


63 
1689 


76 
2151 


92 

2886 


• 
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10. A man's total income for a certain year was $5200. 
The sources from which it was derived were as follows: 
Salary, $3000; house rents, $700; dividends from stocks, 
$1100; hterary work, $400. 

EXERCISE 99 

Review 
L Factor: 

(1) aa;+4a-3x-12. (3) o»+3o«-4. 

(2) 4-x(4+3x). (4) (a«-6«-c«)»-46\:«. 

^P"^y^ ^ (x4-2Kx-3) ' (3-xKx-2) ' 

\ a—m/ \ a+m/ 

4L Solve for z and check: -r +r — r —O. 

ab^ax bc—bx ac^-ax 

Solve for x and y and check: 

( 5. A(3a:+4y-3)-TV(2x+7-y)-4*+i(y-8). 
\ A(9 y+6 x-8) -i(x+y) -tV(7 x+6) = 0. 

[ 6. (a+6)aj— (a— 6)y«=3a6. (a— 6)aj— ay— 6y=a6. 

7. B worked 3 days on a job after which A, working alone, 
tx>mpleted it in 6 days. Working together they could have done 
it in 4 days. How long would it take each one separately? 

8. If one tank contains water at 210^ and another at 110^, 
how many gallons must be taken from each tank to make 120 
gallons at 150""? 

9. Extract the square root of 9 x-*SO x"^ y+l3x''^*+ 

20x"*y*+4«-»y<. 

Simplify: 

12. 3-«-6X4«+8">+l"<-3(a+6)o. " 

la Multiply 3V2x -6 Vx-1 by ZV2x+5Vz-l. 
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5V7— 1 
14. Evaluate — := to three decimal places in the shortest way. 

V7+2 _ 

16. Solve V9+2X-5 + V9+2x = V2 x, and check. 
Solve for x: 

le. Vi+5+ V2 x+S- V7 x+21=0. 

17. 3x*=8xi-4. 18. a6x«+(a«+6»)a?+fl*=0. 

19^ Find three consecutive numbers such that their sum equals 
the product of the last two of the numbers. 

20. One baseball nine has won 6 games out of 15 and another 
8 out of 13. How many straight games must the first win from 
the second in order that their averages shall be equal? 

Solve and check: 

2L x«+3x2/=7. 22. x«+y«=218a«. 

yi+ xy^Q. x»-xy+y«=109a«. 

23. Find two numbers whose difference is 6 and such that the 
sum multiplied by the less equals 176. 

24. The sum of the terms of a given fraction is 14. If the 
numerator is diminished by 2 and the denominator by 3, the 
product of the resulting fraction by the original fraction is ^. 
Find the fraction. 

25. Given that -3.2 is one root of x«+7.7x+ 14,4=0, cal- 
culate the other root (1) from the coefficient of x; (2) from the 
absolute term. 

26. Without solving or substituting, determine whether 2 and 
5 are the roots of 2x»— 7x— 15=0. 

27. Find the value of k which makes the roots equal in 
««+25=9x+ifcx. 

28. Solve L^l+-rT for I ^ 29. Solve L^ ,,^, , for w. 

3 1 diw+p) 

90. To the nearest hundredth evaluate 2.42 ( 1+m) '^^t when 

e=10, r=15, andA=7. 

8L A box (without lid) is made of boards ( inches thick. If 
the outside dimensions of the box are 1, 10, h inches, obtain a formula 
for the number of board feet, B, used in making the box. 
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82. Plot xy—4t and 2 z—3 y^5 on the same axes and from the 
figure estimate the values of x and y. 



S3. Elimiriate c between R 



-»(H 



and 2a»3c. 



84. A box car is I feet long and / feet wide. It is filled d feet 
deep with grain. If 1^ cu. ft. of the grain weighs 60 lb., obtain a 
formula for w, the weight of the grain in pounds. 

Graph the numerical facts given in Exs. 35, 36, 37, in each case 
selecting the most appropriate form of graph. 

86. In a recent year the per cents of persons in the United 
States engaged in various gainful occupations were as follows: 

Agriculture, 35 % Domestic service, 10 % 

Manufacturing, 26 % Professional and clerical work, 9 % 

Trade and transportation, 16 % Other occupations, 4 % 

86. In the year 1860 the average production of cereals per farm 
worker in the United States was 266 bushels; in the year 1919 
it was 418 bushels. Can you give any reason for this difference? 

87. The following tabulation gives the population of the United 
States in millions, and the number of thousands of miles of railroad 
in the years specified: 



Year 


1840 


1850 


1860 


1870 


1880 


1890 


1900 


1910 


1920 


Population 


17 


23 


31 


39 


50 


63 


76 


92 




R. R.mTge 


3 


9 


31 


53 


93 


167 


199 


250 




No. mi. per 




















1000 pop. 





















88. If water is running through a pipe d inches in diameter 
at the rate of / feet per minute, obtain a formula for the number 
of minutes (M) that will be required to cover an acre of ground 

' 1 in. deep. 

89. A man has an income of i dollars. All of this above d 
dollars is subject to a tax of d per cent, and all above e dollars is 
subject to an additional tax of b per cent. Obtain a formula for 
T, his total income tax. 
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CHAPTER X 
THE PROGRESSIONS 

m 

113. A Series is a succession of terms formed according 

to some law, as 

1, 4, 9, 16, 25, . . . 

2, 4, 8, 16, 32, . . . 

114. Utility in an Algebraic Treatment of Series. 

Ex. If a car going down an inclined plane travels in 
successive seconds, 2 ft., 6 ft., 10 ft., 14 ft., etc., how far 
will it go in 30 seconds? 

The direct method of solution would be to set down the 30 
numbers involved and add them. But by investigating the laws 
of the series involved and expressing these as formulas, it will be 
found (see § 117) that this long addition can be converted into 
two short multipUcations and much labor can thus be saved. 

The algebraic study of the laws of series will enable us to save 
labor in various ways, and to obtain other important results. 

Arithmetical Progression 

116. An Arithmetical Progression is a series each 
term of which is formed by adding a constant quantity, 
called the difference, to the preceding term. 

Thus, 1, 4, 7, 10, 13, . . . is an arithmetical progression (denoted 
by A. P.) in which the difference is 3. 

Given an arithmetical progression, to determine the 
difference: from any term {except the first) avbtrcLct the prC' 
ceding term. 

191 
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Thus, in the A.P., |, -f, -3, 

the difference "" — i — l ■= ~t 

116. Quantities and Symbols. In an A. P. we aie 

concerned with five quantities: 

1. The first term, denoted by a. 

2. The common difference, denoted by d 

3. The Uist term, denoted by I. 

4. The number of terms, denoted by n. 

5. The sum of the terms, denoted by «. 

117. Two Fundamental Formulas. Since in an A. P. 
each term is formed by adding the common difference, d, 
to the preceding term, the general form of an A. P. is 

a, a+d, a+2 d, a+3 d, . . . 

Hence, the coefficient of d in each term is one less than 
the number of the term. 

Thus, the 7th term is a+6 d, 

12th term is a+11 d, 

nth term is a+(w— l)d. 

Hence, Z = a+(n-l)d (1) 

Also, 

« = a+(a+d)+(a+2d)+ . . . +(Ji-d)+l. . (2) 

Writing the terms of this series in reverse order, 

s = Z+(Z_d) + (Z-2d>+ . . . +(a+d)+a. . . (3) 

Adding (2) and (3), 

2s=(a+Z) + (a+Z) + (a+0+ . . . +(a+0+(a+l) 

^nia-^l). 

.-. «=^(a+0 (4) 

If we substitute for I in (4) from (1), 
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« = j2a+(n-l)d] (6) 

Hence, combining results, we have the two fundamental 
formulas for I and s, 

I. Z = a+(n-l)d. 
II. « = |(a+0. 

«=j2a+(n-l)d]. 

ThuS; Formula I substitutes a multiplication for succes- 
sive additions of the common difference; and Formula II 
substitutes a multiplication for the addition of the suc« 
cessive terms. 

Ex. 1. Find the 12th term and the sum of 12 terms of 
the A. P., 5, 3, 1, —1, —3, . . . 

In this series a=5, d= —2, n = 12. 

From I, Z-5+(12-l)(-2)=5-22=-17. 

From II, «=J^(5-17)--72. Sum. 

Ex. 2. Find the sum of n terms of the A. P., 

a+b a—b a— 3 6 



2 ' 2 ' 



t 



• • 



Here a=-— -, d=-6, n^^n. 

Substituting in the fundamental formula, s »-[2 a4-(n— 1)4, 

«"|a+6+(n-l)(-6)l 

«^[a+(2-.n)6]. /Sum. 
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E:[t£RCISE 100 

1. Give the value of d in Exs. 2-16. 

2. Find the 8th term in the series 3, 7, 11, . . . 

3. Find the 9th term and the sum of 9 terms in 7, 3, 

X • • • ■ 

4. Find the 20th and 28th terms in 5, ^, ^, . . . 

6. Find the 16th and 25th terms in - 13^, -9, -4^, . . . 

6. Find the 10th term and sum of 10 terms of $1.12, 
$1.06, $1, $.94, . . . 

Find the sum of the series: 

7. 3, 8, 13, ... to 8 terms. 

8. 3, —3, —9, ... to 9 terms. 

S- ~ i> i> 4> • • • to 38 terms. 

10. — f, — f, —{i, ... to 55 terms. 

11. 5V2-2V3, 4V2-3V3, ... to 11 terms. 

12. 3 a — , 2 a, a-\ — , ... to 12 terms. 

13. 6, 3, 0, —3, —6, ... to p terms. 

14. 5, 3, 1, — 1, ... to n terms. 

16. 2 x—y, x+yy 3 j/, ... to r terms. 

16. Find the sum of the first 30 odd numbers by writing 
them down and adding them. Now find their sum by use 
of the formula. Compare the amount of work in the two 
processes. 

17. How many strokes does a clock make in striking 
each hour of the day? 

18. If a man saves $100 in his 20th year, $150 the next 
year, and $200 the next, and so on through his 50th year, 
how much will he save in all? 

19. A body rolling down an inclined plane goes 6 ft. in 
the first second, three times as far in the next second, 5 
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times as far in the third second, and so on. How far will 
it go in 10 seconds? 

118. Given any Three of the Five Quantities, a, d. If 
n, 8, to Find the Other Two. 

The method in general is as follows: 

If the three known quantities are found in one of the formulas 
of § 117, substitute the three given values in the formula and 
solve the resulting equation. 

The remaining unknown quantity may then be found by 
use of one of the other formulas of § 117. 

If the three given quantities do not occur in one of the 
formulas of § 117, substitute in two of these formulas and 
solve by elimination. 

Ex. 1. Given Z=13, 5=49, n = 7, find a and d. 

n 
Since the letters Z, «, n, and a all occur in the formula « »^(a+0, 

substitute the values of Z, a, and n in this formula. 

Hence, 49=^(a-hl3), 

98=7a+91. .'. a = l. Ans. 

From Z=a+(n — l)d, 

13-l+(7-l)d. /. d=2. Ans, 

Ex. 2. Given d = 2, Z = 21, « = 121, find a and n. 

Since d^ I, and s do not occur in one formula, we substitute for 
d,l, sin Formulas I and II. 

Hence, 21=a+(n-l)2, (1) 

12i=5(!i±21) (2) 

.'. a+2n=23, (3) 

an+21n»242 (4) 

Substitute for a in (4) from (3), 

n(23-2n)H-21n-242. 

Whence, n = ll. 1 . 

V Ans, 

Hence, from (3), a *- 1. 
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EXERCISE 101 
Find the first term and the sum of the series when 

1. d=3, Z=40,n=13. 2. d=i, Z=18i n=33. 

Find the first term and the common difference, when 
8- «=275, i=45, n = ll. 4. «=4, Z= -10, n=8. 

5. «=-Yi ^=-4, n=47. 

6. For an article bought on the installment plan, the 
interest on unpaid balances is the following series: $.08, 
$.16, $.24, . . . , up to $1.92. Find their sum. 

Find n and d when 

7. o=-5, Z=15, « = 105. 8, a=T|^,Z=-f,«=-2i. 
Find a and n when 

9. « = 10, d = 3, Z = 8. 10. a = 10, d=-3, l=-4. 

11. Z=-8, d=-3, «=~3. 

12. Z=-^, d=-3V, «=-A^. 

How many consecutive terms must be taken in the 
series 

13. 1, 1^, 2, ... to make the sum 45? 

14. I, i, i, . . . to make the sum —1? 
16* h i; 1> • • • to make the sum 4.5? 

16. A body rolling down an inclined plane goes 6 ft. 
the first second, 18 ft. the next second, 30 ft. the third 
second, and so on. In how many seconds wiU it have 
traveled 486 ft.? 

119. Arithmetical Means. 

Ex. Insert 9 arithmetical means between 1 and 5. 

We have given a«l, Z-5, n«ll. Hence, we find (i«f. 
The required means are therefore If, H, 2f , . . . Ans. 

In case only a single arithmetical mean is to be inserted 
between two quantities, a and 6, this one mean is found 
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most readily by use of the formula — s— • For if x denotes 

the required mean, the A. P. is a, x, b. 
Hencei x—a^b—x. 

2x = a+b. 

_ a+b 
X- 2 • 

EXERCISE 102 

Insert 

1. Four arithmetical means between 7 and —3. 

2. Seven arithmetical means between 4 and 6. 

3. Fifteen arithmetical means between — 4J and 9. 

4. The arithmetical mean between 2i and — 5f . 

5. The arithmetical mean between p+1 and p— 1. 

6. Find the A. M. between - and -. —7— and . 

q p r+8 r— « 

7. If the height of Bunker Hill Monument is 221 ft., 
of the Washington Monument 555 ft., and the length of 
the Olympic 882 ft., by how much does the middle one of 
these numbers differ from the arithmetical mean between 
the other two? 

8. Rome was founded 753 B. C. and fell A. D. 476. 
How far is the latter number from being an arithmetical 
mean between the former and the number of the year in 
which Columbus discovered America? 

9. Arithmetical means are to be inserted between 1 
and 21 in such a way that their sum shall be 132. Find 
the first two of these means. 

10. Show that if twice one number equals the simi of 
two other nimibers, the three numbers may be arranged 
as an A. P. 
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120. Miscellaneous Examples. 

Ex. 1. The 7th term of an A. P. is 5, and the 14th 
term is —9. Find the first term. 

By the use of Formula I (§ 117), 

the 7th term is a+6 d, and the 14th term is 0+13 d. 

.-. a+ 6d= 5 (1) 

0+13 d= -9 (2) 

Subtracting (1) from (2), 7d=-14. 

d=-2. 
\ Substitute for d in (1), a -12= 5. 

a = 17. Ans, 

Ex. 2. The simi of five numbers in A. P. is 15, and the 
sum of the 1st and 4th numbers is 9. Find the numbers. 

Denote the numbers by 

x-2y, x-y, x, x+y, x+2y. 

Add, 5x = 15 (1) 

Also (x-.2y)+(x+y)= 9. 

2x-y= 9 (2) 

From (1) x=3; hence, from (2) y- — 3. 

Hence, the numbers are 9, 6, 3, 0, —3. Ans, 

Similarly, in dealing with four unknown quantities in A. P., we 
may denote them by 

x-3y, x-y, x+y) x-\-Zy. 

EXERCISE 103 

Find the first two terms of the series wherein 

1. The 4th term is 11 and the 10th is 23. 

2. The 6th term is -3 and the 12th is - 12. 

8. The 5th term is c— 3 fe and the 11th is 3 6—5 c. 

i. Find the sum of the first n odd numbers. State 
the result obtained as a rule in general language. 
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5. Set down the first 20 odd numbers and find their 
sum by addition. Now find their sum by the formula 
result obtained in the preceding example. Compare the 
amount of work in the two processes. 

6. Find the sum of the first n numbers divisible by 7. 

7. Which term in the series IJ, IJ, IJ, . . . is 18? 

8. The first term of an arithmetical progression is 8; 
the 3d term is to the 7th as the 8th is to the 10th. Find 
the series. 

9. Find four numbers in A. P., such that the sum of 
the first two is 1, and the sum of the last two is — 19. 

10. Find four numbers in A. P. whose sum is 16 and 
whose product is 105. 

11. A man travels 2| mi. the first day, 2| the second, 
3 the third, and so on; at the end of his journey he finds 
that if he had traveled 6J mi. every day he would have 
required the same time. How many days was he walk- 
ing? 

12. The sum of 10 numbers in an A. P. is 145, and the 
sum of the fourth and ninth terms is 5 times the third 
term. Find the series. 

13. If the 11th term is 7 and the 21st term is 8f, find 
the 41st term of the same A. P. 

14. In an A. P. of 21 terms the sum of the last three 
terms is 23, and the sum of the middle three is 5. Find 
the series. 

16. Required five numbers in A. P., such that the sum 
of the first, third, and fourth terms shall be 8, and the 
product of the second and fifth shall be —54. 

16. The sum of the first 8 terms of an A. P. is 64, and 
the siun of the first 18 terms of the same A. P. is 324. 
Find the series. 
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17. The 5th term of an A. P. is 13, and the 13th term 
is 37. Find the sum of 21 terms of the A. P. 

18. The 14th term of an A. P. is 38; the 90th term is 
152; and the last term is 218. Find the number of terms. 

19. How many numbers of two figures are there divisi- 
ble by 3? By 7? How many numbers of three figures 
are divisible by 6? By 9? 

20. How many numbers of four figures are there divisi- 
ble by 11? Find the siun of all the numbers of three 
figures divisible by 7. 

21. If a car starts at the top of a hill and runs down sjx 
inclined track 2 ft. the first second, 6 ft. the next second, 
10 ft. the next, etc., and reaches the bottom in 12 seconds, 
how long is the track? 

22. If a body falls 16^ ft. in the first second; three 
times this distance in the next second; five times in the 
third, and so on, how far will it fall in the 30th second? 
How far will it have fallen during the 30 seconds? In 
how many seconds will it have fallen 6433 ^ ft.? 

23. If a, b, c, d, are in A. P., prove: (1) that a+d = 6+c; 
(2) that ak, bk, ck, dk, are also in A. P.; and (3) that a+fc, 
b+k, c+fc, d+k are in A. P. State this problem without 
the use of the symbols, a, b, c, d, k; that is, in general 
language. 

Geometrical Progression 

121. A Geometrical Progression is a series each term 
of which is formed by multiplying the preceding term by 
a constant quantity called the ratio. 

Thus, 1, 3, 9, 27, 81, ... is a geometrical progression (or G. P.) 
in which the ratio is 3. 

Given a geometrical progression, to determine the ratio: 
divide any term by the preceding term. 
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Thus, in the G. P., -3, |, -1, . . . 
the ratio -^ or -1. 

122. Quantities and Symbols. The symbols a^ Z, n, a 
have the same meaning as in A. P. Besides these^ r is 
used to denote the ratio. 

123. Two Fundamental Formulas. Since in a G. P. 
each term is formed by multiplying the preceding term by 
the common ratio, r, the general form of a G. P. is 

a, ar^ ar^, ai^, ar^, . . . 

Hence, the exponent of r in each term is one less than 
the number of the term. 

Thus, the 10th term is ar^, 

15th term is ar^^f 

nth term, or l=^ar^~^. . . . (1) 

In deriving a formula for the sum, we know, also, 

8 = a+ar+a7^+ . . . +ar*~* (2) 

Multiply (2) by r, 

r8 = ar+a7^+ar^+ . . . +ar^'^+ar^. . . (3) 

Subtract (2) from (3), 

ar^—a " ... 
^^-Z-T (4) 



. • 



r-1 
Multiply (1) by r, rl^^ar^. 

Substitute rl for ar* in (4), 

^^JUl (5) 

Hencei collecting the results obtained in (I), (4), (5) 
we have the two fundamental formulas for I and $: 
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I. l^-ar^'K 



11. « = 



rl—a 



r— 1 
Ex. 1. Find the 8th term and sum of 8 terms of the 

V7» ITmj Lf O) t7y ^'t • • • 

In this case a = l, r=3, n»8. 

From I, Z = 1X3^ =2187. 

^y 2187 — 1 
From II, 8' ^.\ °3280. An«. 

Ex. 2. Find the 10th term and the sum of 10 terms of 
the G. P., 4, -2, 1, -§,... 

Here a =4, r = -|, n = 10. 

Hence, ^=4(-^)»= -:^= -yii^- 

-i«l 128 

EXERCISE 104 

Give the value of r in Exs. 2-15. 

1. Find the 6th term in the series 2, 6, 18, ... . 

2. Find the 7th term in 3, 6, 12, . . . 

3. Find the 6th and the sum of 6 terms in 45, —15^ 

1/, • • a • 

4. Find the 5th and the sum of 5 terms in 81, — 54, . . . 

5. Find the 4th and the sum of 4 terms of 1.05, 
1.052, _ 

6. Find the 9th term in the series 2, 2V2, 4, . . . 



7. 15th term of t, to) r^, . • . 

to 

S. nth term of p, ^, ^, ^, . • 4 
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Find the sum of the series 
9. 3, —6, 12, . . . to 6 terms. 
10. 27, - 18, 12, . . . to 7 terms. 
!!• h -l> Tftt . . .toS terms. 

12. -7=, 1, V3, ... to 8 terms. 

13. V2-I, 1, V2+I, ... to 6 terms. 

14. 1, 2, 4, 8, ... to n terms. 

16. The following is a series of specific gravities: cork, 
.25; oak wood, .75; aluminum, 2.5; iron, 7.5; platinum, 
21.5. By how much does each term of this series differ 
from the corresponding term in a G. P. whose first term 
is .25 and whose ratio is 3? 

(What is meant by specific gravity?) 

16. If the average age of parents is taken as 30 years, 
find the total number of a person's ancestors in a period 
of 600 years. 

17. The population of the United States in the year 
1900 was 76,300,000. If this should increase 50 % every 
25 years, what would the population be in the year 2000? 

18. If a man saves $300 each year for 10 years, what 
is the amount of his savings in 5 years at compound in- 
terest at 5 per cent? In 10 years? 

19. A ship was built at a cost of $70,000. Her owners 
at the end of each year deducted 10 % from her value as 
estimated at the beginning of the year. What is her 
estimated value at the end of 10 years? 

20. A grain of wheat, when planted, produced a stalk 
on which were 30 other grains. The next year each of 
these 30 grains was planted and produced similar stalks. If 
ihis process were continued, at the end of 10 years how 
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many bushels would be produced in the last crop if 1 quart 
contains 2000 grains? 

124. Given Three of the Five Quantities a, I, n^ <, r, 
to Determine the Other Two. 

Use the same general method as ikat given in § 118 
(p. 195), for A. P. 

Ex. 1. Given a= —2, n = 7, 1= —128; find r, s. 

From I, -128= -2 r«. 

Hence, r««64, r=±2. 

From II, if r- +2, ^_2(-l^)-^-2) ^ -256+2- -264. 

,. 9 . (-2)(-128)-(-2) 256+2 
Hr--2, s 3^^3j^ — 86. 



Ana. 



Hence, there are two sets of answers; viz.: 

r= 2, «--254. ' 
r=-2, «-- 86. 

Ex. 2. Give a = f, r= — f, « = ^; find I, n. 

The most convenient method of solution is to find^ first l^ then n. 

Substituting ill the formula, « « -, 

91 "JZ-f 



162" -i-1' ^^'^'"'^^ '"""324- '^'"• 
Using l^ai^-\ -^-f(-i)-i. 

Whence, -^Xi-(-i)*"S and n-6. Ant. 
let the pupil check these results. 

BXERCISB 106 

Tlnd the first term and the sum when 
t «=6.r=3, Z=486. 2, n = 8, r= -2, 1«-640, 
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Find the ratio when 

3. o= -2, Z=2048, n = 6. 4. o = 9, l^^, a-23f 
Find the number of terms when 

6. a = 2, r=2, « = 62. 6. a = |, Z = tV> ^"i- 

How many consecutive terms must be taken from the 
series 

7. 2, 4, 8, . . . to make the sum 62? 
8* If h h ' ' ' ^o make the sum f^? 

126. Geometrical Means. 

Ex. Insert 5 geometrical means between 3 and y^. 

We have given a ="3, I^t^isj n-7, to find r. 

Solving by § 124, r-^. 

Hence, the required geometrical means are 

li h i> ihf A- ^^• 

In case only one geometrical mean is to be inserted 
between two quantities, a and b, this one mean is found 

most readily by using the formula Vab. For if z repre- 
sents the geometrical mean between a and b, the series 

will be 

df Zf b* 

Hence, -=-. /. 2^=ab, z^Vab. 

BZERCI8B 106 

Inaert 

1. Three geometrical means between 8 and i» 

S. Three geometrical means between f and f • 

8. Six geometrical means between ^ and — ^. 

4. Four geometrical means between — f and 3584. 

f. Six geometrical means between 56 and ^-fw* 
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Fbid the geometrical meaii between 
e. 4iaDdf «. 7 and 3.43. 

1. 28 fl»^ and 63 «**. ^^ .005 and .125. 

. aVx . ipy^ r- ^ 

^^ ^^ ^^ 5V^+1 and 5V2-I. 

8 m' 

18* Insert 7 giemnetrieal means between -= and ^r-. 

w^ 2 

18* Is a mean proportional between two numbers the 
same as the geometric mean between the numbers? 

126. Miscellaneoiss Problems. 

Ex« Find four numbers in G. P. such that the sum of 
the first and fourth is 56, and of the second and third 
IS 24. 

Denote the required numberB by a, or, as^^ or*. 

Then a+ar» =56. 

or +ar« =24. 

Or a(l+r»)=56 (1) 

ar(l+r)=24. (2) 

Divide (1) by (2), —f^ --. 

Hence, 3-3r+3r«=7r. 

3r«-10r=-3, 
r=3, i. 
And a =2, 54. 

Hence, the numbers are 2, 6, 18, 54. 1 . 
Or 64, 18, 6, 2. J ^ 

BZERCISB 107 

Find the first two terms of the sisries in which 

1. The 3d term is 2, and the 5th is 18. 

2. The 4th term is f and the 9th is 48. 
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8. The 5th term is 6 and the 11th is ^. 

Determine the nature, whether arithmetic or geometrici 
of each of the following series: 

6- i, *, A> • • • 7. 7i, 6|, 4A, . . . 

8. Divide 65 into 3 parts in geometrical progression, 
such that the sum of the first and third is 3| times the 
second part. 

9. There are 3 numbers in G. P. whose sum is 49. 
The sum of the first and second of these numbers is to 
the sum of the first and third as 3 to 5. Find the numbers. 

10. Find four numbers in G. P., such that the sum of 
the first and third is 10, and of the second and fourth 30. 

11. Three numbers whose sum is 24 are in A. P., but 
if 3, 4 and 7 are added to them respectively, the sums 
obtained will be in G. P. Find the numbers. 

12. The sum of $225 was divided among four persons 
in such a manner that the shares were in G. P., and the 
difference between the greatest and least was to the 
difference between the means as 7 is to 2. Find each share. 

13. The arithmetical mean of two numbers is 34, and 
their geometrical mean is 16. Find the numbers. 

14. There are four numbers, the first three of which 
are in G. P., and the last three are in A. P.; the sum of 
the first and last is 14, and of the means is 12. Find the 
numbers. 

15. If the series f , i, . . . is arithmetical, find the 102d 
term. 

16. Insert between 2 and 9 two numbers, such that the 
first three of the four may be in A. P., and the last three 
inG. P. 
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17. Prove that the series V2-1, 3^2-4, 2(5V2-7), 
... is geometrical; that its ratio is 2 — V2. Also find the 
6th term of the series. 

18. On p. 23 a table gives the amount of SI in differ- 
ent periods of time at simple interest and also at compound 
interest. Which of these three series of numbers forms an 
A. P. and which a G. P.? 

19. If an air pump at each stroke removes f of the air 
in a receiver, what fraction of the air is left at the end 
of 10 strokes? 

20. If the amount of air in a receiver is indicated by 
the height of a mercury column in a tube attached to the 
receiver, and this height is 30 in. at the start, what will 
the height of the mercury be at the end of the 10 strokes 
mentioned in Ex. 19 ? 

21. There were 2,500,000,000,000 tons of coal in the 
United States in the year 1910, and 3,000,000,000 tons 
were consumed between the year 1900 and 1910. If the 
consumption of coal should double every decade, tell to 
the nearest decade how long the coal in the United States 
would last. 

EXERCISE 108 

1. A cylindrical cistern is d feet in diameter and h feet 
deep. Obtain a formula for G the number 
of gallons the cistern will hold if 7i gallons 
are taken as equivalent to 1 cu. ft. 

2. Find the same if 1 gal. is taken as 231 
cu. in. 

3. An oil can has the shape of a cylinder 
topped by a cone. If the diameter is d 
inches, the height of the cylinder h inches, 
and the height of the cone c inches, and 
1 gal. = 231 cu. in., obtain a formula for the 

number of gallons of oil the can will hold. 
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4. A rectangular tank is I feet long and w feet wide. 
Water is running into the tank at the rate of c cubic feet 
per minute. Obtain a formula for the number of inches 
(7) the water will rise in the tank per hour. 

5. Find the same if, instead of c cubic feet, the water 
is flowing into the tank through a circular opening d inches 
in diameter at the rate of / feet per minute. 

6. In selling a certain article, a merchant wishes to 
fix an asking price such that he can give two successive 
discounts of 20 % and 10 % and still make a profit of 40 % 
on the article. If c is the cost price, a the asking price, 
and 8 the selling price, find a formula for a in terms of c. 

7. Work Ex. 6, after changing 20 % into di, 10 % into 
d2, and 40 % into g. In solving this problem what letter 
Was eliminated between what two formulas? 

8. If the dimensions of a school room are I, w, h feet, 
and 200 cu. ft. of space are allowed for each pupil, the 
number of pupils (P) allowable in the room is given by the 

formula P^nr^^ Express this formula as a rule. 

9. By use of the formula given in Ex. 8, determine the 
amount of floor space a room should have, to accommodate 
36 pupils, if the room is 12 ft. high. 



CHAPTER XI 
LOGARITHMS 

127. The Logarithm of a number is the exponent of that 
power of another number, taken as the base, which equals 
the given number. 

Thus, 1000== 10'. Hence, log 1000=3, 10 being taken as the 
base. 
Again, if 8 is taken as the base, 4=8}. Hence, log 4=f . 
If 5 is taken as the base, log 125=3, log iftr =log 5~*= — 2, etc. 

The base is sometimes stated as above; but when desir- 
able, it is indicated by writing it as a small subscript to 
the word log. 

Thus, the above expressions might be written, 
logio 1000=3; logs 4=1; logs 125=3; log. ^V=-2; etc. 
In general, by the definition of a logarithm, 

number = (base)*°*"***^, 
or N=BK Hence, logfi iV'=Z. 

Hence, logarithms are simply special forms of exponents- 
Ex. 1. Express 2® = 8 in the logarithmic form. 
We have, log* 8=3. Ana. 

Ex. 2. Express log2 16=4 in the exponential form. 
We have 2*«16. Ana. 

Ex. 3. If the base is 3, what is the log of ^? 

81 3« 
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/. logs — = -4. Ans. 
Ex. 4. If the base is 10, what is the log of .001? 

.*. log .001= -3. Ans. 

When 10 is the base, it is the custom not to write it as a sub- 
script, and to leave the place for the subscript blank. See the 
preceding example. 

EXERCISE 109 

1. Express the following in logarithmic form: 3^ = 9; 
2* = 16; 43 = 64; 9^ = 81; 22=4; 3^ = 27; a^ = c; 4o = l; 
aO = i; 8}=4; 9» = 27. 

2. Express the following in exponential form: logs 
81=4; log2 32 = 5; logs 64 = 2; logo 81 = 2; loge 216 = 3 
logaQ = c; log4l=0; logj 1 = 0, log25 125=f ; logi6 8 = f. 

3. If the base is 2, state the logarithm of 2; 4; 32 
128; i; ^; A; 1. 

4. If the base is 4, give the log of 1024; 64; 16; 1 

6. If the base is 10, state the log of 10; 1000; 100 
10,000; 1; .1;..01; .0001; .001. 

6. SimpUfy logs 9+log3 27+log4 64+log4 A+loga 4+ 

7. Simplify log2 32— log2 A+log4 8— logs 16. 

8. Simplify 3 log2 4+2 logs 9+logio .1 —logs J- 

9. If the base is 10, what is the log of 10? Of 100? 
Hence, the log of any number between 10 and 100 Ues 
between what two consecutive whole numbers? 

10. If the base is 10, what is the log of 1000? Hence, the 
log of any number between 100 and 1000 Ues between what 
two consecutive whole numbers? 
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11. The log of any number between 1000 and 10,000 
lies between what two consecutive whole numbers? 

12. Show that logVIO = .5. That log Vlo60 = 1.5. 
That log VT= - .5. That log -^J^IOO = .6667. 

128. Uses of Logarithms. One of the principal uses of 
logarithms is to simplify numerical work. For instance, 
by logarithms the numerical work of multiplying two num- 
bers is converted into the simpler work of adding the 
logarithms of these numbers. 

To illustrate this principle, we may take the simple case 

of multiplying two numbers which are exact powers of 10, as 

1000 and 100. Thus, 

1000 =10» 

100=10« 

Hence, lOOOX 100 =10»= 100,000, 

the multiplication being performed by the addition of exponents. 
Similarly, if 384 = 102m*38+ 

and 25=10^-*»^*+. 

To multiply 384 by 25, 
Add the exponents of 102.M438+ ^^ iQi,mu+ ^j^^g obtaining 

^q8.98227+ 

Then get from a table of logarithms the value of io*®8227+ . ^^^ 
9600. 

In like manner, by the use of logarithn)«, the process of 
dividing one number by another is converted into the 
simpler process of subtracting one exponent, or log, from 
another. The process of involution, also, is converted 
into the simpler process of multipUcation; and the extrac- 
tion of a root into the simpler process of division. 

We can save labor still further, through the use of 
logarithms, by committing to memory the logs of numbers 
that are frequently used, as of 

2, 3, ... 9, IT, V^, -, V2, Vs, etc. 
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By the use of the slide rule, the practical use of loga- 
rithms is reduced to sUding one rod along another and 
reading off the number at one end of a rod. 

It will be a useful exercise to teach the class the use of the slide 
rule in connection with the study of this chapter. 

EXERCISE 110 

1. Write out the value of each power of 2 up to 2^ in 
the form of a table. 

Thus, 2^=2, 2«=4, 2^=8, etc. 

2. By means of this table, multiply 32 by 8, perform- 
ing the multiplication by the addition of exponents. 

3. In like manner, convert each of the following mul- 
tiplications into an addition: 32X16, 64X32, 1024X16, 
512X64. 

4. Convert each of the following divisions into a 
subtraction: 1024-5-16, 512-^64, 32,768-M024. 

5. Convert each of the following involutions into a 
multiplication: (32)3, (54)2^ (32)4. 

6. Convert each of the following root extractions into 
a division: ^64, -^1024, ^^"4096. 

7. If the base is 10, what is the log of 1? Of .1? 
Hence, the log of any number between 1 and .1 (as of .7) 
lies between what two consecutive whole numbers? 

8. If the base is 10, what is the log of .01? Hence, 
the log of any number between .1 and .01 (as of .07) lies 
between what two consecutive whole numbers? 

9. The log of any number between .01 and .001 (as of 
.007) lies between what two consecutive whole numbers? 

129. Characteristic and Mantissa. If a given number, 
as 384, is not an exact power of the base, its logarithm, as 
2.58433+, consists of two parts: the whole number, called 
the characteristic^ and the decimal part, called the mantissa. 
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To obtain a rule for determining the characteristic of a given 
number (the base being 10), we have: 

10,000 = 10*, hence log 10,000 = 4; 

1000 = 10», hence log 1000 = 3 ; 

100=10«, hence log 100=2; 

10=10S hence log 10=1. 

Hence, any number between 1000 and 10,000 has a logarithm 
between 3 and 4; that is, its log is 3 plus a fraction. 

But every integral number between 1000 and 10,000 contains 
four digits. Hence, every integral number containing four figures 
has 3 for a characteristic. 

Similarly, every number between 100 and 1000 (i.e., a number 
containing three figures to the left of the decimal point) has 2 for a 
characteristic. 

A number between 10 and 100 (i.e., a number containing two 
integral figures) has 1 for a characteristic. 

Every number between 1 and 10 (i.e., every number containing 
one integral figure) has for a characteristic. 

Hence, the characteristic of an integral or mixed number 
is one less than the number of figures to the left of the ded" 
mal point, 

130. Characteristic of a Decimal Fraction. 
1 = 100. .-. logl = 0; 

.1=^ = 10-1. .-. log.l=-l; 

.01=jJq = jp = 10-2. .-. log .01 = -2; 

.001 = ^=^ = 10-3. /. log .001= -3, etc. 

Hence, the logarithm of any number between .1 and 1 
(as of .4, for instance) will lie between —1 and 0, and 
hence will consist of — 1 plus a positive fraction. 

The logarithm of every number between .01 and .1 (as of 
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.0372, for instance) will be between —2 and — 1, and hence 
will consist of —2 plus a positive fraction; and so on. 

Hence, the characteristic of a decimal fraction is negative, 
and is numerically one more than the number of zeros be- 
tween the decimal point and the first significant figure. 

There are two ways in common use for writing the 
characteristic of a decimal fraction. 

Thus, (1) log .0384=2.58433, the minus sign being placed over 
the characteristic 2, to show that it alone is negative, the man- 
tissa being positive. 

Or (2) 10 is added to and subtracted from the log, giving 

log .0384=8.58433-10. 

In practice, the following rule is used for determining 
the characteristic of the logarithm of a decimal fraction: 

Take the number of zeros between the decimal point and 
the first significant figure^ subtract it from 9, and annex 
^10 after the mantissa. 

EXERCISE 111 

Give the characteristic of 

.08267. 

1.0042. 

7.92631. 

.007. 

.0000625. 

How many figures to the left of the decimal point 
(or how many zeros immediately to the right) are there 
in a number, the characteristic of whose logarithm is 3? 
2? 5? 1? 0? 4? 8-10? 7-10? 9-10? 

17. Can you make up a rule for fixing the decimal point 
in that number which corresponds to a given logarithm? 

18. If log 632 = 2.8007, express 632 as a power of 10 



1. 


452. 


6. 


2. 


16,730. 


7. 


3. 


767.5. 


8. 


4. 


,64.56. 


9. 


6. 


9.22678. 


10. 


16. 


How man'' 


V fieu 



11. 


7. 


12. 


6267.3. 


13. 


.000227. 


14. 


100.58. 


16. 


23.7621. 
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19. If 257 = 102-4099^ ^hat is the log of 257? 

20. If a number lies between 10,000 and 20,000, what 
will its characteristic be? 

21. If a number lies between 10,000 and 100,000, 
between what two integral numbers must its logarithm 
Ue? 

131. Mantissas of numbers are computed by methods, 
usually algebraic, which lie outside the scope of this book. 
After being computed, the mantissas are arranged in 
tables, from which they are taken when needed. In this 
connection, it is important to note that 

The position of the decimal point in a number affects only 
the characteristic, not the mantissa, of the logarithm of the 
number. 

Thus, if log 6754=3.82956 

log 67.54=log ^=log ^^^ =log 10^»^" = 1.82956. 

In general, log 6754 =» 3.82956. 
log 675.4=2.82956. 
log 67.54=1.82956 
log 6.754=0.82956 
log .6754=9.82956-10. 
log .06754=8.82956-10, etc. 

132. Direct Use of a Table of Logarithms; that is, 
given a number, to find its logarithm from a table. 

On pages 218-219 is given a table of mantissas for 
numbers from 1 to 1000. These mantissas are carried out 
to four decimal places; hence this table is called a four- 
place table. (As a matter of convenience the decimal 
points are omitted in printing this table.) 

In the table, the left-hand column is a column of numbers, and 
is headed N. 



LOGARITHMS 217 

The mantissa of each of these numbers is the number opposite it 
in the next column to the right. In the top row of each page are 
the figures 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. 

To obtain the mantissa for a number of three figures, as 364^ we 
take 36 in the first column, and look along the row beginning with 
36 till we come to the colunm headed 4. The mantissa thus ob- 
tained is .5611. 

If the number whose mantissa is sought contains four or five 
figures, 

Obtain from the table the mantissa for the first three figures, and 
also that for the next higher number, and subtract; 

Multiply the difference between the two mantissas by the fourth {or 
fourth and fifth) figure expressed as a decimal; 

And ADD the result to the mantissa for the first three figures. 

Thus, to find the mantissa for 167.49, 

Mantissa for 168 ». 2253 

Mantissa for 167 = .2227 

Difference = .0026 

Since an increase of 1 in the number (from 167 to 168) makes an 
increase of .0026 in the mantissa, an increase of .49 of 1 in the 
number will make an increase of .49 of .0026 in the mantissa. 

But .0026X. 49 =.001274 or .0013-. 
Hence, .2227 

13 

Mantissa for 167.49 = .2240 

Hence, to obtain the logarithm of a given number^ 

Determine the characteristic by § 129 or § 130/ 

Neglect the decimal point in the given number, and obtain 

from the table (pp. 218, 219) the mantissa for the given 

figures. 

Exs. Log 52.6 =1.7210. Log .00094 =6.9731-10. 

Log 167.49 = 2.2240. Log .042308 = 8.6264- 10. 
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18 
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14 


461 


492 
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86 
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335 
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6651 


6561 


6571 


6680 


6590 


6699 


6609 
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46 
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637 
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656 


665 


676 


684 


693 


702 


712 


47 


721 


780 


739 


749 


758 


767 


776 


785 


794 


803 


48 


812 


821 


830 


839 


848 


867 


866 


875 


884 


893 


49 


902 


911 


920 


928 


937 


946 


955 


964 


972 


981 


60 


6990 


6998 


7007 


7016 


7024 


7033 


7042 


7050 


7059 


7067 


61 


7076 


7084 


093 


101 


110 


118 


126 


185 


143 


152 


6S 


160 
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177 


185 


193 


202 


210 


218 


226 


235 


63 


243 


261 


259 


267 


275 


284 


292 


300 
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316 


64 


324 
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340 
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364 
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380 
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396 


N. 





1 


S 


8 


4 


6 


6 


7 


8 


9 
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N. 





1 


1 


3 


4 


5 


6 


7 


8 
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56 
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57 
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612 


610 


627 


58 


634 


642 


649 


667 


664 


672 


670 


686 


604 


701 


59 


709 


716 


723 


731 


738 


746 


762 


760 


767 


774 


60 


7782 


7789 


7796 


7803 


7810 


7818 


7826 


7832 


7889 


7846 


61 


863 


860 


868 


876 


882 


889 


896 


903 


910 


017 


61 


924 


931 


938 


945 


952 


969 


966 


973 


980 


087 


68 


993 


8000 


8007 


8014 


8021 


8028 


8036 


8041 


8048 


8066 


64 


8062 


069 


076 


082 


089 


096 


102 


109 


116 


122 


65 


8129 


8136 


8142 


8149 


8166 


8162 


8169 


8176 


8182 


8180 


66 


196 


202 


209 


216 


222 


228 


236 


241 


248 


254 


67 


261 


267 


274 


280 


287 


293 


299 


306 


312 


310 


68 


325 


331 


338 


344 


351 


367 


363 


370 


376 


882 


69 


388 


396 


401 


407 


414 


420 


426 


432 


439 


445 


70 


8461 


8457 


8463 


8470 


8476 


8482 


8488 


8494 


8500 


8606 


71 


613 


619 


625 


631 


637 


643 


649 


655 


661 


667 


7t 


673 


679 


686 


691 


697 


603 


609 


615 


621 


627 


78 


633 


630 


645 


651 


657 


663 


669 


675 


681 


686 


74 


692 


698 


704 


710 


716 


722 


727 


733 


739 


746 


75 


8761 


8756 


8762 


8768 


8774 


8779 


8786 


8791 


8797 


8802 


76 


808 


814 


820 


8^5 


831 


837 


842 


848 


864 


850 


77 


866 


871 


876 


882 


887 


893 


899 


904 


910 


016 


78 


921 


927 


932 


938 


943 


949 


964 


960 


966 


071 


79 


976 


982 


987 


993 


998 


9004 


9009 


9015 


9020 


9026 


80 


9031 


9036 


9042 


9047 


9053 


9058 


9063 


9069 


9074 


9079 


81 


085 


090 


096 


101 


106 


112 


117 


122 


128 


133 


81 


138 


143 


149 


154 


159 


166 


170 


175 


180 


186 


88 


191 


196 


201 


206 


212 


217 


222 


227 


232 


238 


84 


243 


248 


253 


258 


263 


269 


274 


279 


284 


289 


85 
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86 
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91 
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93 
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94 
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763 
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95 


9777 
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9800 
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9809 


9814 
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96 
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832 
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841 
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850 


864 


869 


868 


97 


868 


872 


877 


881 
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903 


908 


98 
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917 


921 


926 


930 
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948 


952 


99 
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969 
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991 
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1 


1 
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4 
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EXERCISE 112 

Find the logarithms of the following numbers: 



1. 


37. 


6. 


175. 


11. 


.0768. 


16. 


.7788. 


2. 


85. 


7. 


32.9. 


12. 


5780. 


17. 


.04275. 


8. 


6- 


8. 


4.75. 


18. 


.00217. 


18. 


234.76. 


4. 


90. 


9. 


.08. 


14. 


63.21. 


19. 


5.6107. 


6. 


300. 


10. 


1.02. 


16. 


3.002. 


20. 


7781.4. 



133. Inverse Use of a Table of Logarithms; that is, 
given a logarithm, to find the number, termed antilogarithm, 
corresponding to this logarithm. 

The method is as follows: 

From the table, find the fi^gures corresponding to the manr 
tissa of the given logarithm. 

Use ihe characteristic of the given logarithm to fix the 
decimal point of the figures obtained. 

Ex. Find the antilogarithm of 1.5658, that is, find the 
nmnber whose logarithm is 1.5658. 

The figures corresponding to the mantissa, .5658, are 368. 
Since (he characteristic is 1, there are 2 figures at the left of the 
decimal point. 
Hence^ Antilog 1.5658 » 36.8. 

In case the given mantissa does not occm* in the table, 
obtain from the table the next lower mantissa with the corre^ 
sponding three figures of the antilogarithm; 

Subtract the tabular mantissa from the given mantissa; 

Divide this difference by the difference between the tabular 
mantissa and the next higher mantissa in the table; 

Annex the quotient to the three figures of the arUilogarithm 
obtained from the table. 

Ex. Find antilog 2.4237. 
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.4237 does not occur in the table, and the next lower fnantiasa is 
.4232. The difference between .4232 and .4249 is .0017. 
Hence, we have antilog 2.4237=265.29 

4232 
17)5.00(.29 

For if a difference of 17 in the last two figures of the mantissa 
Eiakes a difference of 1 in the third figure of the antilog, a difference 
of 5 in the mantissa will make a difference of ifV of 1 or .29 with 
respect to the third figure of the antilog. 

EXERCISE 113 

Find the numbers corresponding to the following loga- 
rithms: 

1. 1.6335. 7. 0.6117. 13. 0.4133. 

2. 2.8865. 8. 9.7973-10. 14. 1.4900. 

3. 2.3729. 9. 7.9047-10. 16. 3.8500. 

4. 0.5775. 10. 8.6314-10. 16. 1.8904. 
6. 3.9243. 11. 7.7007-10. 17. 2.4527. 

6. 1.8476. 12. 6.1004-10. 18. 9.6402-10. 

19. Write log 17 = 1.2304 as a number equal to a power 
of 10. 

134. Properties of Logarithms. As a result of the 
properties of exponents stated in § 57 (p. Ill), it follows that 

(1) loga&=loga+log6 (3) log a' =p log a 

(2) log(^\=ioga-log6 (4) log^=?^. 

Proof: 
Let 0=10"*. .". log a -m. 

6=10*. .'. log 6 =n. 

a6=10""^». .'. loga6 =m+n=loga+log6. ... (1) 

1=10"*"*. .'. log (|j=m-n=loga-log6. . . . (2) 
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a'«10^. :.loga^ =pm=p log a (3) 

va = 10». /. log Va=-=-^- (4) 

P P 

The same properties may be proved in like mamier for a system 
of logarithms with any other base than 10. 

135. Properties Utilized for Purposes of Computation. 

I. To Multiply Numbers, 

Add their logarithms, and find the arUilogarithm of the 
sum. This wiU be the prodiict of the numbers. 

II. To Divide One Number by Another, 

Subtract the logarithm of the divisor from the logarithm of 
the dividendy and obtain the antilogarithm of the difference. 

III. To Raise a Number to a Required Power, 

Multiply the logarithm of the number by the index of the 
power. Find the antilogarithm of the product. 

IV. To Extract a Required Root of a Number, 

Divide the logarithm of the number by the index of the re- 
quired root. Find the arUilogarithm of the quotient. 

Ex. 1. Multiply 527 by .083 by the use of logs. 

log 527=2.7218 
log .083=8.9191-10 
antilog 1 .6409 = 43.7+ . Product. 

Ex. 2. Compute the amoimt of $1 at 6 % for 20 years 
at compound interest. 

The amount of $1 at 6% for 20 years = (1.06)«>. 

log 1.06 =.0253 

20 

antilog 0.5060=3.21- 

.'. $3.21. Ans. 
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Qomputing (1.06)*° by direct multiplication, will luake clear the 
amount of labor sometimes saved by the use of logarithms. 

Ex. 3. Extract the 7th root of 15. 

log 15= 1.1761 
+ log 15=0.1680 

antilog 0.1680=1.47+. Ans. 

Ex. 4. By use of logarithms compute 



2\/576X3.78 

log 8.4=0.9243 log 2=0.3010 

log 32.4 = 1.5105 log V576 = 1 . 3802 

2.4348 log 3.78= 0.5775 

2.2587 2.2687 

Antilog . 1761 = 1.5. Ans. 

EXERCISE 114 
Find, by use of logarithms, the approximate value of 

1. 75X1.4. 336.8 10. .48 4- (-1.79), 

®" 7984' 

2. 9.8X3.5. 1.78X19 

_ .317 ^^» 23 7 

8. 15.1 X. 235. m^' 

-78 Q io 3.51X67 

4. 831 X. 25. 8. -g^. ^2. 977 • 

.'54.7 ^ 42.316 ,, 12.9 



13.4" .06214* 4.7X9.1* 

14. 47.1 X3.56X. 0079. 
16. .0631 X7.208X. 51272. 
16. 4.77 X(-. 71) ^(.83). 
623X249 



17. 



767X.^^«' 



.5 6X26.5 
X 16.78' 
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la (2.3)3. 23. Vl9. 28. V.00429. 

19. (1.032)i«. 24. ^^3:29. 29. (2.91)f. 

20. (3.57)^. 26. <^JM. 30. v^. 

21. (.96)7. 26. Vm. 31. VSOX-^^^. 

22. (.795)®. 27. "^61. 32. v^-^V46. 

.. * / 52,900 ^. fSTli 

^^ \67X5.18- '*• \22y 

By the use of logarithms: 

35. Find the amount of $1250 at 6 per cent compound 
interest for 12 years. Also make the computation with- 
out the use o^ logarithms. What fraction of the work is 
saved by the use of logarithms? 

36. Find the amount of $25 at 5 per cent compound in- 
terest for 500 years. 

37. Find the amount of $300 at 6 per cent for 50 years 
interest being compounded semi-annuaUy. 

38. Find the amount of $300 at 6 per cent for 50 years, 
interest being compoimded quarterly. 

39. Find to the nearest thousandth of a foot the radius 
of a circle whose area is 100 sq. yd. (Use ir=-^.) 

40. Find the radius of a sphere whose volimie is 20 cu. ft. 
(Use 7=i tR^ and t = V.) 

41. A given parallelogram is 12.7 ft. long and 8.9 ft. 
high. Find the side of a square whose area is equal to 
that of the parallelogram. 

42. Compute Vl5 to three decimal places without the 
use of logarithms. Now obtain the same result by the use 
of logarithms. Compare the amoimt of work in the two 
processes. 

43. Find log ^^X^C^lOO without the use of tables. 
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44. By use of logarithms, find the value of y/t^—c?, 
when 5=276.5, c = 172.4. 

46. How many years will it take a sum of money to 
double itself at 5 % compound interest? At 7 per cent? 

46. A certain sum of money at compound interest 
doubles itself in 10 years. Find the rate of interest. 

47. Find the product of 1.7*, .38, and 24.6 by use of 
logs. 

48. Given that log x = 3.7154, find log VZ 

49. Given log 2 = 0.3010 and log 3 = 0.4771, find log 12 
without using the tables. 

By use of logs, compute the value of 



^- ^>/?' 



60. ayj—, when a = 15, C = 127, r = 1.86, w = 32. 17. 

61. J32.2d(l+^y when d = 27, A = 16, a = 5.23. 

62. ^^pi^y"^^ X.0045C, when P=120, «=40.5, r« 
61.5, C=3560. 

136. Exponential Equations. An exponential equation 
is an equation of the form a' = b, where a and b are known 
quantities and x is unknown. 

An equation of this kind can be solved by taking the 
logarithm of each member. 

Ex. 1. Solve (1.06)' =3 (that is, find the number of 
years in which $1 will amount to $3 at 6 % compound 
interest). 

xlogl.06=log3. 

-^-■^'^^-^'"- 

Ex. 2. Given .3* =2; find the value of x. 
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Taking the logarithm of each member of the equation, 
a; log (.3)= log 2. 

log 2 .3010 



Henee, 



log .3 9.4771-10* 
.3010 



-.5229 



= —.576-. Ana. 



EXERCISE 116 
Find the approximate value of x in each of the following 
exponential equations: 



1. 40* = 75. 

2. 7' = 25. 

3. 5^+^ = 17. 



4. 1.3' = 7.2. 
6. 3'-2 = 5. 
6. (.4)-* = 7. 



7. 20* = 6. 

8. 272^-^ = 8. 

9. .703' =1.09. 



10. In how many years will $4000 amount to $8500 at 6 
per cent, if interest is compounded annually? Semi-annually? 

11. In how many years will $675.50 amount to $2000 at 

5 per cent compound interest? 

12. In how many years will $200 amount to $1800 at 

6 per cent, if interest is compounded quarterly? 

13. If $1280 amounts to $37,770 in 50 years at com- 
pound interest, what is the rate per cent? 

EXERCISE 116 

1, The costs in dollars per month of running two auto 
trucks of the same size for the first six months of a year, 
and the number of miles run per month were as follows: 







Jan. 


Feb. 


Mab. 


April 


Mat 


JUNB 


First 
Track 

Second 
Track 


Cost 


$32 


$33 


$43 


$31 


$37 


$29 


Miles ran 


627 


473 


456 


608 


712 


802 


Cost 


$28 


$36 


$49 


$33 


$31 


$39 


Miles ran 


732 


884 


672 


616 


416 


523 
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On the same diagram construct an efficiency curve (but no 
other curve) for each truck. From the chart determine 
which of the two trucks was more efficient in the winter 
months. Also which was more efficient in the spring 
months. 

2. Graph y = 2 x+b when 6 = 1. On the same dia- 
gram, graph 2/ = 2 x+b when 6 = 2. When 6 = — 1. When 
6 = 0. 

3. On the same diagram, graph y^x^+b when 6=0, 
1, 3, -2. 

Graph the following in each case selecting the most 
appropriate form of graph: 

4. In a given year the total profits of a department 
store were $32,316. The respective profits of the five 
departments in the store were as follows: $6820, $3127. 
$7180, $10,173, $5016. 

6. In the year 1830 a bushel ci wheat, on the average 
in the United States, was raised by 3J hours of labor by 
one man; in the year 1910, a bushel was raised by 10 
minutes of labor. 

6. The following tabulation gives the population of the 
United States in millions, and the production of pig iron 
in millions of tons in the years specified: 



Ybab 

Population 

Pig iron , 

Pounds per capita 



1870 


1880 


1890 


1900 


1910 


1920 


39 


50 


63 


76 


92 




1.8 


4.3 


9 


13.8 


27.3 





7. The following tabulation gives the quota assigned 
to the salesman of a certain article for eight months and 
ako the number of articles actually sold by him: 
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Month 


Jan. 


Fkb. 


Mab. 


Apbzl 


Mat 


JUNB 


July 


AVOUBT 


Quota 
Sales 


200 

176 


210 
183 


220 
201 


230 
240 


240 
262 


240 
272 


240 
289 


240 
293 



What can you learn from your chart? 

EXEROSE 117 

General Review 
L Factor: 

(1) (3x«-2a;)«-f5(3x«-2x)-6. 

(2) ax+y — by+ay+x^bx, 

(3) x*+6x»+9x«-4«-12. 



(4) 8a«+y. 

(5) x'-lGa^ 

(6) l-27a»»« 



^ -.. ... 2a;+l 5x^6 llg«-22a;+10 , , , , 
2, Simplify -— r — r^"-^ — h"-i — rj — and check by 



letting a; «1. 
3. Solve A« 



3x-6 2x+7 35-6a:»-llx 



4(2 r-h) 



for h. 



4. Solve V3x+10-Vl0a;+16-Vx+2=0 and check. 

5. Solve x-y=l, ~^=x. 

y X o 

G. Find two numbers such that their sum multiplied by the 
greater is 126, and their difference multiplied by the less is 20. 

7. Without solving or substituting, determine whether 2 

and —.75 are the roots of x*— 15=2x. Also whether i(3±V3) 
are the roots of 2a;*+3— 6 x^O, 

8. Insert four geometric means between 160 and 5. 

9. How many terms of the A. P. 42, 39, 36, . . . must be taken 
to make 315? 



la Simplify 



0-2 and &"1. 



+ 



+ 



a — a+- a ab+- 

a a a* a 



and check by letting 



IL Solve for re and y: mx-\ — =1, nx-] — =1. 

y y 
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12. If A gives B $6, B will have i as much as A has left. But 
if B gives A $5, B will have f as much as A then has. How much 
does each man have? 

13. Denoting the first of three consecutive numbers by n, 
prove that the sum of any three consecutive numbers is equal to 
three times the middle of the three numbers. 

14. Two men, A and B, together do a piece of work in 12 days. 
B alone would need 10 days more than A. How many days 
would it take each working alone? 

16. The area of a given rectangle is 12 sq. ft. If the length 
is increased by 1.5 ft. and the width by .8 ft., the area is increased 
by 8.9 sq. ft. Find the dimensions of the rectangle. 

10. Divide 2a—aih'-i—3h-^ by 2aJ— 3 6-iand verify your 
result by letting a=9 and 6=4 in divisor, dividend, and quotient. 

17. Solve 2z+y-2=0, 4a:»4-6a^4-2a?-f5;/4-l=0 and check 
your results. 

1& Convert log l-rj =log a— log b into a rule. 

19. Find without solving whether the roots of 2.1 a;* — 3 «+l =0 
are rational or irrational, real or imaginary, equal or.imequal, 
positive or negative. 

20. The larger of two numbers when divided by the smaller 
gives a quotient 3 and a remainder 8. The square of the smaller 
exceeds twice the larger by 11. Find the numbers. 

21. Prove that the product of the first and last of any three 
consecutive numbers is 1 less than the square of the middle number. 

2SL Factor : 

(1) 0^-2 -y-i. (4) z^^-y-K 

(2) xi-5xi+6. (5) 4a;-y«. 

(3) a-*+bK (6) ^+2-^'. 

y* X* 

23. Eliminate q between x^ap+cq and y=bp—dq. 

24. Simplify and multiply JV8+V32- V48 by 3V8-iV32 
+2V12. 
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25. Solve r= T r(r+I) for r. 

26. A fanner has a field 60 rd. long and 40 rd. wide. How wide 
a strip must he cut aroulid the outside of the field in order to 
leave 5 acres uncut. 

27. By use of logarithms, determine the number of years in 
which $100 must be at compound interest at 5 % in order to 
amount to $500. 

28. Find the sum of the first 10 terms and also of the next 10 
terms in the A. P. 30, 261, 23}, 

29. Solve (a— 6)a;»— o*x+o'6=0 for z and check your answers. 

30. Compute — -= — in the shortest way and to the nearest 

4V3-6 

hundredth. 

31. Solve graphically 2x«-ll z+5-0. 

32. Draw graphs of x*+j/»=9, and 6 a;— 4 y =24. Tell the 
algebraic meaning of the fact that the graphs do not intersect. 

33. One jar contains an acid 92 % pure and another jar contains 
the same kind of acid 65 % pure. How much must be taken from 
each jar to make two gallons 80 % pure? 

34. Obtain a formula for the area of the 
y / adjoining figure. 

^ ^^ (f 35. If each stroke of an air pump re- 
moves f of the air in a receiver, what 
• fraction of the air will be left in the re- 
ceiver after 10 strokes? 



f 
[f^^ 



jB- 



36. By use of the formula K^ '^8{s'-a){s—b)(8—c), find the 
area of the triangle whose sides are 67.2 yd., 87.8 yd., 51.4 yd. 
Compute by the use of logarithms. 

37. Solve x*+zy+2 2/«= 74 and 2 x«+2 zy+y*^7Z. 

38. A reservoir has a supply pipe A and an exhaust pipe B. 
The pipe A takes 4 min. less time to fill the reservoir than B takes 
to empty it. When both are open the reservoir is filled in 24 min. 
Find the time needed for A to fill the reservoir when B is closed 
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39. Solve — I — =6 and x— 1/=.3 and check. 

X y 

40. A steamer makes a trip of 3240 miles. The time of the trip 
would have been a day and a half less if her speed had been 3 miles 
per hour more. Find the time of the trip. 

41. Using suitable letters, obtain a formula for the volume of a 
solid composed of a cylinder with a hemisphere attached at each 
end. 

42. In the year 1913, before the great war began, the per 
cents of the world's coal output produced by the leading coal- 
producing countries were as follows: United States, 38; British 
Empire, 26; Germany, 25; all other countries together, 11. Graph 
these facts in an appropriate way. 

43. Simplify (1) (.09) -|+ (.064)1. 

(2) (a;~)"-^ (a;»)'»+^ (x")^-»». 

44. Rationalize the denominator of .. — 

V2a 

46. Simplify (l^+i£i)-^(i:b-I?i) ^^^ ^^^^- 

46. A 20-lb. mass of gold and silver alloy when immersed in 
water weighed only 18.276 lb. If gold loses .051 of its weight and 
silver .095 when thus weighed, how many pounds of each were in 
the alloy? 

47. What is the shortest way of determining whether correct 
results have been obtained in solving a quadratic equation? By 
use of your method determine whether .25 and 1.5 are the roots 
of 4x«-7x+1.5=0. 

48. Find the value of k which will make the roots equal in 
4x«-2(A;+3)x+ik«=0. 

49. Simplify _l^+^_i__. 

60. What must be the value of n in order that (2a+n)+ 
(3 n+69 o) may be equal to -itt when a=i? 
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IL The bypoCeoofle of a n^ triaa^ k 20. The eum of the 
other two odes k 28. Find the length of the ades. 

il Fmd to 3 dedmal places the vafaie of — =H — 7= — . 

V2 V2-I 



Sa Simplify V(iii-n)%j+V(m+n)id-VfliiiH-Va(l-»i)t, 

5L The United States 5-eent piece (or nickd) is 75 % copper 
and 25 % nickd. If a mass of mduk and copper ma^uag 80 
pounds is 90% copper, how many pounds of mskel most be added 
to it to make it ready for coinage into 5-eent pieces? 

6& Sohre Vx+ V3- V3 x+x«= V3. 

58. Find the square root of the product of x*—!, s^^Zx+2, 
and x*^x^2 in the shortest way. 

^ _ , ^ 4Vi2!5-2Vl _^, ^ _^ 

fi7. Evaluate ■== , without exkacUng any root. 

6V18 

3 1 
68» From -p subtract p and express Ihe result as a 

5-2 V3 3+V3 

fraction having a rational denominator. 

09. Multiply 'C^m^-Vm^'^+V^m^Vn-'C^ by m-i 

00. Find the algebraic expression which, wiien divided by 
x*'-2X'\-\, gives a quotient of x<+2x+l and a remainder of 
x-l. 

6L Find the numerical value of (5.1)1 to 4 decimal places. 

62. Separate 200 into three such parts that the first divided by 
the second gives 2 for quotient and 2 for remainder; and the second 
divided by the third gives 4 for quotient and 1 for remainder. 

68. Simplify {Z<^y. 

wl* 8 8^ 

64. Eliminate I between the equations: s^— and 1''^1+wT' 

«« Q' Vt g""-^"' Al (l-g)-^+(l+Q' -' 

60. Sunpbfy — r-r— i- ^^ n x , /. . x . > 

a-*— 6-1 (1— a)-*— (l+a)-» 

66. Rationalize the denominator of 7= — and find the value 

Vc 

of the result when a^^^, &s20, and cs5. 



PART TWO 

CHAPTER XII 
FUNDAMENTAL PROCESSES 

137. Complex Use of Parenthesis. Using the parens 
thesis as a general name for all the signs of aggregation, 
it is evident that several parentheses may occur one within 
another in the same algebraic expression. The best general 
method of removing several parentheses occurring thus is 
as follows : 

Remove the parentheses one at a time, beginning vnth the 
innermost; 

Collect the terms of the resvU. 

It is also possible to remove the parentheses in reverse order, 
that is, by removing the outside parenthesis first, etc. Working 
an example in this way often forms a convenient check on the 
first process. 

Ex. Simplify 5 a;-i/-[4»-6y+{ -3 a;+y+2«-2«- 

6aj- y-[4x-6y-f {-3x+j/+22-(2«-«)}l 
-6a:- y-[4x-6y+{-3x+y+2«- 2x+«}l 
=6x- y-[4x-6j/-3x+y+22- 2x+z] 
-6x— y— 4x+6y+3x— y— 2«+ 2x— « 
-6x-f4y— 3«. Ans. 

The work may be checked by removing the parentheses in 
reverse order, or by the method of substitution as follows: 

Letting x »1, y -2, z »3, we have 
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5x-f-l4x-6f +{ -3x+y+2«-(2»-z)}] 
-5-2-[4-12+{ -3+2+6--(2-3)}] 
-3-I-S+{5-(-l)|]-3-[-8+{5+l}] 
-3-(-8+6)-3-(-2)-3+2-6. 

Al8Dei+ly-3i*6+8-9-5. 

138. K homogeneoiis polynomial is a polynomial of 
which all the tenns are of the same degree. 

Thus^ 5a^— 6*+<i&' is a homogeneous polynomial, since each 
of its tvms is of the 3d degree. 

EXBRCISB 118 

Simplify and check: 
1. l-(l-[l+(l-g)-l]-l}-g. 

8. l-{2+[-3-(-4-5^)-7]}. 

3. x-[2 3^+{Sa?-3x-'[z+x^])+[2x''{T^+a?)]]. 

4. -[-2a;-{-(-2x-l)-2x}-l]-2x. 

6. x-[x+{x-y)-{x+(y-x)-'2y}+y]-y+x. 

6. 26 06- (9 a-8 6)(5 a+2 b) - (4 6-3 a)(15 a+4 6). 

7. InL=a:*-[4x3-[3x2_(2a;+2)]+3a;]-[ar*+(3a:8+ 

2 X*— 3 X— 1)], find the value of L when x = 3; 4; 6. 

(1) By substituting before simplifying; 

(2) By substituting after simplifying. 

Compare the amount of work in the two processes. 
& Subtract 6.2(a-6+2) from 2.3(2 o-3 6+1). 

9. Put 3{5[3 p-2 g]-[p-2 (z]-4[5 p-4 (?-(2 p-g)]} 
into a form more suitable for evaluation for given numerical 
values of p and q. 

10, If x= — § and 3/= — f, find the value of 

(3 x-2 y)H9 x2+4 y^)-6(y-'x)V6xy{x+2y^+^). 
Multiply: 

11, a^+lP+aP+2 ab-ax-bx by o+6+x. 
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12. ab+cd+ac+bd by ab+cd—ac—bd. 
Divide: 

13. 3?~'i^+s?—xyZ'-2x^z+2ys? by x—y—z. 

14. (?+d?+Tfi-3 cdn hy c+d+n. 

16. Divide afi+]^ by x—y to 5 terms and note the 
remainder. 

16. Divide 1 by 1 —x to 4 terms and note the remainder. 

17. Divide 1 by 1 —ax to 3 terms. 

18. Divide 1 by 1 +x to 5 terms. 

19. Write a homogeneous expression of the third degree 
containing a and b; write a like expression of the second 
degree, and multiply the two expressions. Show that the 
product also is homogeneous. 

20. Write a homogeneous expression of the third degree 
divisible by one of the first degree and show that the 
quotient is also homogeneous. 

139. Square of any PoljrnomiaL 

By actual multiplication, 

a+b + c 
. a+b + c 

a^+ab + ac 
+ab +62+ be 

+ ac + bc+c?. 



a2+2 ab+2 ac+V^+2 bc+c^. Product. 

Or, in brief, ia+b+c)^^a^+ljf^+(P+2db+2ac+2bc. 

In like manner we obtain 

(a+6+c+d)2 = a2+62+c2+^+2 ab+2 ac+2 ad+2 be 

+2 bd+ 2cd. 
Or, in general, 
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The square oj any polynomial equals the sum of the squares 
of the terms plus twice the product of each term by each term 
which follows it. 

It is often useful to indicate the order in which the products of 
the terms are taken as shown in the following diagram. (If the 
curved lines joining the terms are drawn as each product is taken, 
the numbers on these lines may be omitted.) 

I fPl^ \ — 6 — si 

Ex. (a-26-hc-3a;)«=a«+46«H-c«+9x«-4a6+2ac-6aa? 

-4bc+12hx-6cx. 
Let the pupil check the work. 

EXERCISE 119 

Find in the shortest way the value of the following and 
check each result: 

1. (2x+y+l)^. 6. (2a2+5a~3)2. 

2. ix-2y+2z)^. 7. (2x+3 2/-4 2-5)2. 

3. (2a-6+3c)2. 8. (3 7?-4x^+x-2)^. 

4. (a:-2y-3 2)2. 9. (^ x^-i x+5)^. 

5. (4»+3y-l)2. 10. (.2a+.3 6-.5c)2. 

11. In the above examples which of the expressions are 
homogeneous? Is the square of each of these homo- 
geneous expressions also homogeneous? 

140. Special Case in Factoring. The addition and 
subtraction of a square will sometimes transform a given 
expression into a difference of two perfect squares and thus 
change the expression into a form which can readily be 
factored. 

Ex. 1. Factor o^+a^ft^+ft*. 
Add and subtract a*6*. 
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= (a«+6«)«-o*6* 

= (a« +6« +a6) (a* +6« -a6). Factors. 

Ex. 2. Factor a:* - 7 x^j/^ + y\ 

Add and subtract 9 x*yK 

= (x» +2/ » +3 »j^) (a;« +2/* - 3 xy) . Fadora. 
Let the pupil check the above examples. 

EXERCISE laO 
Factor and check: 

1. c^+c^r^+ar*. 6. 49 c*-ll c2(P+25d*. 

2. a^+T^+l. 7. 16a:*-9r2+L 

3. 4 a:*- 13x2+1. 8. lOOa^-61 a^^+9. 

4. 4a*-21a262+9 64. 9. 225 a*6*-4 a262+4. 
6. 9 a?*+3 x22^+4 y*. 10. 32 a*+2 6^-56 a^ft^. 

11. a*+4b*. 12. 1+64 a^. 13. x*y*+324. 

EXERCISE 121 

Review of Factobing 
Factor and check: 

L 125+(26-a)». 7. 4ac»+8aa?-8a-4a»«. 

2. x»-(a-6)». 8. (x»+2/«)*-16a;V. 

3. 8(x-2y)»+L 9. x*+x*y*-yH*-zK 

4. 512x»-(a+6)«. 10. aa;*-ax-a;«|/+y. 

5. o«a;«-6«a;»-aV+&V- H- (o-ft)*+(a?-y)V 
e. 2(x«-y«)-(x-y). 12. a»6«-o»-6«+l. 

13. (a-6)*(a;+y)+(a-6)(a;+y)«. 

14. (a-6)«+4(a-6)(a:+y)+4(a;+y)«. 
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15. 4a«-96«+4a-66. 18. x'^-y*'. 

IC 4o»-96»-l-66. 19. x*H-x»-7x«-x+6. 

17. z*4'2z*-5x-6. 20. a*+h^+a^-^ab*+a+lK 

21. a»+6*+c«+2a6-2ac-26c. 

22. o(a+2)(2a-l)-(a+2). 26. x«-6a;-4y«-12y. 

23. x«+4x«+16. 27. x«+2xy-6*-26y, 
21 30p+4m»-25-9p«. 28. x*-14xV+y*. 
26. 3x»-27+ax«-9a. 29. 2(a»-l)+7(a»-l.) 

30. 4x+4an+x*-4a*-n«+4. 
31. x*-79x»+l. 32. x«-49y*+9-6x«. 

33. xV-4x»4-4-y*-4xV+4xy. 
Find the L.C.M. of 

34. ia^h-ah*y,a^b*{a+h)K 37. (a+6)(x-y), (a-6)(y-x). 
36. 9(a-6)«, 12(6-a)«. 38. (a+6)(x-2/)«, (a-6)(y-x)«. 

36. 4-x«, x«-x-2, (2-x)*. 39. x«(x-a)«, x(a*-xO. 

40. (abc -hcd)*, (3 a^ -3 acd)*, 6 oV -6 a«d«. 

41. 9(x«-X2/)», 12(x«-y«)S 18(x»+x«y)«. 

EXERCISE 122 

Make a suitable graphical representation of each of the 
following and by use of the graph answer the accom- 
panying questions: 

1. The following tabulation gives the production of 
wheat and corn in millions of bushels at ten-year intervals 
in the United States : 



Year 


1840 


1850 


1860 


1870 


1880 


1890 


1900 


1910 


1920 


Wheat.... 
Com 


85 
377 


100 
592 


173 
839 


236 
1094 


499 
1717 


399 
1689 


522 
2151 


635 
2886 





Which of the two crops has had the largest increase? 
The most uniform increase? 
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2. Under normal conditions a horse can pull a load 
of 1 ton on a gravel road; 2 tons on a macadam road; 
15 tons in a car on an iron track; 70 tons in a canal boat. 

8. According to a certain rating, the per cents of 
distinguished men in the United States who have had 
educations of different kinds are as follows: trained in 
colleges, 70.6%; in high schools, 16.2%; in grammar 
grades, 9 %; self-educated or trained by tutors, 4.2 %. 

4. The following tabulation gives the deposits in 
savings banks of the United States in millions of dollars 
in the years specified, and the population in millions. 



Year 


1820 


1830 

7 
13 


1840 

14 
17 


1850 

43 
23 


1860 

149 
31 


1870 

550 
39 


1880 

819 
50 


1890 

1550 
63 


1900 

2390 
76 


1910 

4070 
92 


1920 


Deposits 

Population. . 
Per capita.. . 


1 
10 



6. In the United States in the years specified, the 
production of coal in millions of tons, and of petroleum 
in millions of barrels was as follows: 



Year 


1840 


1850 


1860 


1870 


1880 


1890 


19C0 


1910 


1920 


Coal 

Petroleum . . 


2 



6 



13 



29 
5 


63 
20 


141 
45 


241 
63 


448 
356 





In which of these materials has the production increased 
most rapidly iu the last 40 years? How many times more 
rapidly? 

6. During a certain year the sales by departments in 
a certain store were as follows: $16,923.27, $32,674.35, 
$27,623.54, $18,279.87, $41,674.36. 

7. The following tabulation gives in round numbers 
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the height in feet above sea level at which perpetual snow 
is found in different latitudes on the earth's surface: 



Latitude 


0* 


W 


20'* 


30* 


40* 


50* 


60* 


Height 


15,200 


14,700 


13,500 


11,600 


9,000 


6,300 


3,800 



8. During a certain year four boys made the following 
sums from their summer gardens: Harold, $17.82; Albert, 
$22.16; Frank, $8.27; James, $13.27. Another boy, 
Frederick, lost $3.76. 



CHAPTER XIII 
FRACTIONS; FRACTIONAL EQUATIONS 

141. A Continued Fraction is a frsLction whose denomi- 
nator is a mixed expression, having another mixed expres- 
sion in its denominator, and so on, until the fractions ends. 

1 



Ex. Simplify 



x+ 



1- 



x-2 



x+ 



[ 



1 



z-2 

1 x-5 




x^2 

x-\ 

X— 6 



x»-4x-2 ir»-4x-2* 



Ans, 



x—5 

Hence, in general, to simplify a continued fraction, 

Reduce the last mixed expression in the fraction to an 
improper fraction (see the brackets in the example) ; 

Then invert the last fraction and multiply it into the numer- 
ator under which it is placed (see the brace) ; 

Thus aUemately reduce a mixed number and invert a 
divisor fraction until the simplification is completed. 

EXERCISE 123 

a-1 



x-l S. 2a-l- 



5x 2— 



2*-T a ^ 



1+a 

241 



242 



A SECOND BOOK IN ALGEBRA 



3. 3- 



2x 



3a;- 



3a; 

x+l 



6. 



1-^ 

8 



1+^+^ 



4- (a -2). 



2 ' 4 



4. 1 



2 ' 
a— 6 



7. 5_ 



5. 1- 



9. 



10. 



X 



0+6" 

-2 L^ 



8. 



a; a;+6.3' 



4 



2.3 x^ 7.7a;-5* 



1 3a;2«4a.«. 



X 



0^2-3 a;+2 

y 



^(i^«)]- 



+ 



+ 



{x-y){x-z) {y-z){y-x) {z-x){z-yy 

i 1 , 1 , 1 

"• a{a-b){.a-cyhQ)-a){h-cyc{,c-a){c-h)' 

l-o 



a 



12. 



1+a 



a 



a 



+ 



l-o" 



14. 



1+a a 

a2_52_c2 



11 1_1 

X y X y 

y,x y_x 

X y X y 



13. 



2 6c 



02.|.fc2_c2 

2ab 

x~2- 



16. 



g+l ■ o+l ■ 1— o 



16. 



-1 
1 ' 



1- 



a 



l+o 1-a l+o 



x-2 



a;-2- 



X— 5. 



X 



X 



X— 4 



7-4 



X— 



X— 4 



f a3+58 r g*+«''fe'+^* (ffl±^l 1 

,- \2 i_ , 1 1 . fg+y «^1 
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19. Find the value of Vy^ — 4 when y^a-] — . 

y d 

142. Special Methods of Solving Fractional Equations. 

Ex.1. Solve ^3^-<^-^ = -g jg-. 

Multiplying by 16, the L.C.D. of the monomial denominators. 



Hence, 



80 

80 

1-x 



-9a;H-12=2x+22-lla:-5. 



=5. a; =—9. Root. 



EXERCISE 124 
Solve for x and check: 

3-2a;.x 2-3x l-6iC' 



1. 



+ 



15-7 x' 



« a; 2a;-3 ,7a;-15 3x-l,4x-7 



60 



8. 



4 12X-11 

_1 1_^^^ 1_ 

aj— 4 X— 5 x—2 a;— 3' 



30 



15 



SuG. Simplify the left- and right-hand numbers separately, etc. 
^ 2x+8^ 13x-2 yXjJx a:+16 



5. 



6. 



9 17x-32'3 12 

X— 1 X— 3 _ a;--2 x— 4 
x—2 X— 4 X— 3 X— 5' 

cx — dx tx+dx c+d X 



36 



cd 



-\ 



14 



cd 
\-x 



<?—cd c 



1- 



= 1. 



a |(x-i)-(^)'-!(x-i)=o. 





X—l X 


la 


a o— 1 

c+1 o 
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a+x -_x 

x—a 1 

— X 

a X a+x 

ft 

11. By solving « = ^[2 a+ (n — l)d] find a in terms of the 

other letters. 

12. s.,vetax:A_^.(i+i±).(,_iiL). 

bc+d 

13. Solve the following equation for 6: d 2d 
Also solve for c. For d. 6c "" a ' 

d 

EXERCISE 125 

Vbbbal Problems 

L If a cubic foot of lumber weighs w pounds, what is the 
weight of a piece of lumber whose dimensions are a feet, & feet, 
and c inches? 

2. If a grown person needs 50 cu. ft. of fresh air per minute, 
how many cubic feet are needed by n persons in one hour? 

3« If the regular wages of a workman are h cents per hour, 
and overtime wages are 50 per cent greater, what are his wages 
in dollars for p hours of overtime work? 

i. If / cubic feet of fresh air are required in a room each 
hour, how many times must the air ld the room be changed per 
hour, if the dimensions of the room are a, b, and c feet? 

6. Express in square feet the area of a wall I feet long and 
w feet high, containing one door a'Xb', and n windows each 
c''xd". 

6. If the minute hand of a clock starts 15 spaces behind the 
hour hand and moves till it points in the opposite direction from 
the hour hand, over how many more spaces will it move than the 
hour hand? If the minute hand moves x spaces in all, how many 
spaces does the hour hand move? 
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7. How many spaces does the minute hand move while the 
hour hand moves 3 spaces? Moves x spaces? Moves x— 45 
spaces? 

8. If A does a piece of work in x days, what part does he do 
in one day? If B does half as much work as A, what part does 
he do in one day? If C does half as much work as B, what part 
does he do in one day? 

EXERCISE 126 

L A boy's grades in two subjects are 79 and 85. What 
must be his average grade in four other subjects to bring 
his general average up to 86? 

2. If 3 men have made an average subscription of 
^ to a certain cause, 6 others an average of $2.50, what 
must 20 others average in order to make the total sub- 
scription equal to $75? 

3. During bis lifetime a man has given to one of his 
two children $3500 and to the other $2750. When he 
dies how shall he divide $12,400 between them so that 
they shall have received equal amounts? 

4. At what time between 3 and 4 o'clock are the hands 
of a watch pointing in opposite directions? 

Solution. At 3 o'clock the minute hand is 15 minute spaces 
behind the hour hand, and finally is 30 spaces in advance: there- 
fore the minute hand moves over 45 spaces more than the hour 
hand. 

Let the number of spaces the minute hand moves -x. 

Then " " " " " hour hand moves =x -45. 

But the minute hand moves 12 times as fast as the hour hand; 

hence, a5-»12(x— 45). Solving, x=49A". 

Thus the required time is 49i^ min. past 3. 

6. When are the hands of a clock pointing in opposite 
directions between 4 and 57 Between 1 and 2? 



t. 






"Wo,, 



^-^^S'^lf^s:'""''"'''^ 






'<;^^.r*« 



■'ony 












•'^^^"^t'-S--'^. 



*»!«i, 
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2. On Fig. 2 all the angles are right angles and all the 
lines except those marked with letters are unequal. Supply 
such additional letters as are needed and obtain a formula 
for the area of the figure. 

3. Using Fig. 3 on p. 142, obtain a formula for the 
length of the running track. If a = 500 ft., and the length 
of the running track is 1 mile find b to the nearest tenth 
of a foot. (Useir=V-) 

4. If a cubic foot of limiber weighs w pounds, obtain 
a formula for the weight of n pieces each a' Xb'Xc". 

Using the fact that 1 cu. ft. of white oak weighs 48 lb., 
make up and solve a numerical example by use of your 
formula. 

6. A grown person needs 50 cu. ft. of fresh air per 
minute. Find a formula for C, the number of times the 
air in a room a'XVXcf should be changed per hour, when 
the room is occupied by n adults. 

6. If c is the cost of an article, gi, g2, and gs the per 
cents of profit of the manufacturer, wholesaler, and retailer 
respectively, obtain a formula for s, the selling price. 

7. Solve the formula obtained in Ex. 6 so as to obtain 
a formula for c in terms of the other letters. Illustrate 
the use of the formula by a numerical example. 

8. A dealer bought n oranges pa3dng for them~at the 
rate of d dollars per hundred, and sold them at the rate 
of c cents each. Obtain a formula for P, his profit in 
dollars. 

By use of this f ormula, determine how many oranges he 
woidd have to buy and sell in order to make a profit of 
$30, if the oranges cost $3.50 per hundred and are sold 
at the rate of 5 cents each. 

9. If the length of a barn is I feet, the width w feet, 
the height of the eaves e feet, the height at the peak p feet, 
obtain a formula for the volume (F) of the barn. Also if 
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fioe cow Teqmres 500 eo. ft. of spaee, obflain a formula for 
the nmnber of corns (iV) which the bani will accommo- 
<late. Subotitute a set of probaUe numbeis f€^ the other 
letters in your f oiiinila, and then find the mnDeiical value 
olN. 



CHAPTER XIV 
SIMULTANEOUS EQUATIONS 

143. Elimination by Comparison. 

Ex. Solve 2x-3y = 23. ....... (1) 

5x+2y = 29 (2) 

From(l) 2a5-23+3y (3) 

From (2) 6x-29-2y (4) 

From (3) x^^^ (6) 

Prom (4) ^ ^_ 29-2y ^^^ 

o 

Equate the two values of a; in (5) and (6), 

234-3y 29-2y 
2 " 6 ' 

Hence, 115+15 1^ -58 ~4y, 

19y--57. 

y - -3. jBoo^. 

23—9 
Substitute for y in (5), x = — ^ — =»7. BocL 

Let the pupil check the solution. 

Hence, in general, 

Sdtd one unknown qtumtity, and find its value in terms of 
the other unknovm quantity in each of the given equations; 
Equde these two valVfes, and solve the resulting equation. 

249 
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EXERCISE lis 

1. What is elimination by addition and subtraction? 
Show an example in this book worked by this method of 
elimination. 

What is elimination by substitution? Give an example 
of its use. 

Ascertain by which of the three methods of elimination 
each of the following examples can be worked most readily^ 
and solve accordingly: 

2. 



8. 



6. 



6. 



x = 3y+9. 
« = 5y+13. 


7. 


9a;+12y=-6. 
6a;- 5y=-17 


a:=3y+ 9. 
3'a;-5y = 10. 


8. 


x = 5. 
3a;-2y-13. 


Qx+Sy- 8=0. 
4a;-3y-18 = 0. 


9. 


5x+3y = 8. 
5«— 4y = 7. 


y=2x. 
Sx+2y = 21. 


10. 


2/=f(x-3). 
y = lx+l. 


2/ = 6x-3. 


11. 


y = 2x+l. 


8—5 x = y. 




3a:+^/ = 8. 



12. Make up and solve an example in simultaneous 
equations which is solved more readily by the method of 
comparison than by either of the other two methods of 
elimination. 

13. Make up and solve an example in simultaneous 
equations which is solved more readily by the method of 
substitution than by either of the other two methods. 

14. Make up and solve an example solved more readily 
by the method of addition and subtraction than by the 
other two methods. 



s. 
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EXBRCISB M9 
dolve ^nd check: 

6x^_x+y+^ Zx-2 
10 6x+y " 5 * 

2y-5 3+7g 3y-2 
8 +10y-3a!'" 12 * 

4. JH^+p.! 1. 5. -^+-^-20. 

6—a 6—1 a— 6 a+6 

x-l i/+l _l a?+y . x-y ^^ 

1-a"*" 6 6* a2+62"^2a6 

6. a(x+a+l)-(a+6)(|/-l)=0. 

6(y-6-l)-(a-6)(a?+l)=0. 
T. x+y+z—v = 2. 8. 3a:+5y=— 9. 

2/+0+t;-a; = 8. 4 y-2 2= -22. 

z+v+a?— 2/ = 6. 3«+» = 19. 

v+x+y—z=^. 3 a?— 2v=— 2. 

9. aa:+6|/ = c may be regarded as a formula for any 
equation of the first degree in z and y. What values 
must be substituted in it for a, 6, and c in order to produce 
the equation j/ = 3 x — 5? 

EXERCISE 130 

Verbal Problems 

L If the window space in a room is to be one fifth of the floor 
9pace, how many square feet of window space are required in a 
room I feet long and w feet wide? 

2*. In a series of successive odd numbers, the first odd number 
is 1 and the last is n. How many odd numbers are in the series? 
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3. In a series of successive even numbers, the first number is 
2 and the last is n. How many even numbers are in the series? 

4. If the cost of manufacturing n articles is m dollars for the 
whole group, together with c cents for each article, what is the entire 
cost in dollars? 

6. How many men will be required to do as much work in 
d days as m men can do in 4 days? 

6. A cyclist travels uphill at the rate of x miles an hour, 
and downhill at the rate of y miles an hour. How many hours will 
it take him to make a trip which is 7 miles uphill and 3^ miles 
downhill? 

7. If a steamer goes / miles an hour in still water, and a stream 
flows e miles an hour, how many hours will it take the steamer 
to go a miles upstream? Also c miles downstream? 

8. If 6 per cent of a certain kind of beef is fat, and 3 per cent 
of a certain kind of beans is fat, how many pounds of fat are together 
in X pounds of the beef and y pounds of the beans? 

EXERCISE 131 

1. 1 cu. ft. of iron and 1 cu. ft. of lead together weigh 
1180 lb.; also the weight of 3 cu. ft. of iron exceeds the 
weight of 2 cu. ft. of lead by 40 lb. What is the weight of 
6 cu. ft. of' lead? 

2. A man has $3000 at interest. For $500 he gets 
5 %, for part of the remainder 3| %, and for the rest 4 %. 
The total interest for 3 years is $348. How much money 
has he at interest at 3| %? 

3. Find two numbers such that if the first be divided 
by I and the quotient increased by 6, the result will be 
n times the second number, whil^ if the second be mul- 
tiplied by m and the product decreased by a, the result 
will be the quotient of the first number divided by c 

4. A steamer goes a miles upstream in h hours, and 
then c miles downstream in d hours. The stream flows 
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e miles an hour, and the boat could go / miles an hour in 
still water. Express a and c in terms of 6, d, e, and /. 

6. A road goes uphill for 7 miles and then downhill 
for 3} miles at the same grade. A cyclist rides the entire 
distance in 1 hr. 14 min. He then returns over the same 
route in 58 min. What are his rates in miles per hour 
both uphill and downhill? 

6. An automobile traveled 40 miles at a certain rate 
and then returned over the same route at a different 
rate. The time of the entire trip was ^ hr. One-third 
of the outward trip and one-half of the return trip together 
occupied 1 hr. 50 min. Find the two rates. 

7. A ton of fertilizer which contains 60 lb. of nitrogen, 
100 lb. of potash, and 150 lb. of phosphate is worth $21.50; 
a ton containing 70, 80, and 90 lb. of these constituents in 
order is worth $19; and one containing 80, 120, 150 lb. of 
each in order is worth $25.50. At like prices, what would 
be the cost of a ton of fertilizer containing 70 lb. of nitrogen, 
90 lb. of potash, and 120 lb. of phosphate? 

8. A man has $3.60 in nickels, dimes, and quarters, 
making 24 coins in all. If the number of dimes and 
quarters should be interchanged, he would have $3.30. 
How many coins of each kind has he? 

9. A chemist has two bottles of diluted acid. In one 
bottle 10 per cent is acid and the rest water. In the 
other the acid forms half of the mixture. How many- 
ounces of fluid must he draw from each bottle to make 8 
oimces of a mixture which is 25 per cent acid? 

10. A passenger train going at the rate of b miles an 
hour, starts h hours later than a freight train whose rate 
is c miles an hour. In how many hours will the passenger 
train overtake the freight? 

11. An army cook wishes to prepare a meal that will 
contain 4 per cent of fat. He is to combine beef and beans 
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containing 6 per cent and 3 per cent of fat respectively. 
How many pounds of each must he use in preparing 50 lb. 
of food? 

12. To a mixture of alcohol and water containing 20 gal., 
a certain amount of water ia added. The alcohol is then 
30% of the resulting mixture. Had double the amount of 
water been added, the alcohol would have been 20% of 
the whole. How much alcohol was in the original mixture? 
How much water was added to it? 

144. Graphic Solution of Written Problems. 
Ex. 1. The distance between New York and Philadel- 
phia ia 90 mi. At a given time, a 
train leaves each city, bound for the 
other city, the train from New York 
going 40 mi. an hour and the one 
from Philadelphia 30 mi. In how 
many hours will they meet, and at 
what distance from New York? 
^ The train dispatcher representa the die- 

tance between the station by the line NP, 
each space denoting 10 miles. Each space 
i i i i I on PI represents 1 hour. He locates E 
- - ' ' three units below N and one unit to the 
right of NP, and F four units above P and one unit to the right of 
NP. He produces PF and NE to meet at C, and draws CD per- 
pendicular to NP. 

He obtains the distance from P at which the trains meet, by 
measuring PD to scale (and hence determines the siding at 
which one train must wait for the other). He obtains the 
time that elapses before the trains meet, by measuring CD to 
scale. 

The advantage of the graphical method is that in this solution 
it is easy to make allowance for any waits which trains may make 
at stations. Hence, railroad time tables are often constructed 
entirely by graphical methods. 
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44 Ml. 



40 Ml. 



Se MU 



82 Ml. 



Ex. 2. The distance PQ is 48 mi. At 8 a. m. one boy 
starts from P and walks toward 
Q at the uniform rate of 4 mi. an 
hour. At the same time another 
boy starts from Q on a bicycle and 
rides toward P at the rate of 8 
mi. an hour but at the end of each 
hour of riding rests ^ an hour. 
By means of a graph determine 
where and when the two boys 
will meet. 



88 Ml. j- 



84 Ml. 



SO Ml. 



U MU 



la Ml. 



• Ml. 



4 Ml. 




EXERCISE 132 

1. The distance between New 
York and Philadelphia is 90 mi. 
K a train leaves New York at 
noon and goes 40 mi. an hour, 
and another train leaves Phila- 
delphia at the same time and travels 20 mi. an hour, at 
what time and how far from New York will they meet? 
Solve graphically. 

2. The distance between New York and Buffalo is 
440 mi. If a train leaves New York at 11 a. m, and travels 
at the rate of 40 mi. an hour, and a train traveling 30 mi. 
an hour leaves Buffalo at the same time, at what time ietnd 
how far from New York will the trains meet? Solve 
graphically. 

3. The distance PQ is 52 mi. At 8 a. m. one boy 
starts from P and walks toward Q at the rate of 4 mi. an 
hour. At the same time another boy starts from Q on a 
bicycle and rides toward P at the rate of 8 mi. an hour, 
but at the end of every two hours of riding stops and rests 
an hour. By graphical methods determine where and 
when the two boys will meet. 
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4. The distance ^4 5 is 52 mi. At noon one boy starts' 
from A and walks toward B at the rate of 4 mi. an hour, 
and rests for an hour after each two hours of walking. 
At noon another boy starts from £ on a bicycle and rides 
toward A at the rate of 8 mi. an hour and rests for an 
hour after each hour of riding. By graphical methods, 
determine when and where the two boys will meet. 

5. An automobile is driven at the rate of 20 miles an 
hour for 4 hours. After a stop of 2 hours the run is 
resumed for 3 hours at the same rate, when an hour's 
stop is made. After another run of an hour and a half 
at the same rate the automobile reaches its destination. 
Construct a graph to represent the journey and from it 
determine how far the automobile is from its starting 
point at the end of the eighth hour. 

6. The distance -4 B is 48 mi. At 10 a. m. a boy, 
who walks at the rate of 4 mi. an hotu: starts from A and 
walks toward B for 2 hours, then rests an hour, then walks 
an hour, then rests one-half hour, then walks 2 hours, 
then rests 1§ hours, then walks 1^ hours and then rests 
1 hour. At 10:30 a. m. another boy riding 8 mi. per hour 
on a bicycle starts from B and rides toward A for an hour, 
then rests ^ hour, then rides 1 hour, rests 1 hour, rides 
1 hour, rests 2^ hours, and rides 1 hour. By graphical 
methods find the time and place at which the two boys 
meet. 

7. Construct an equilateral triangle. 
Inside the triangle construct a circle 
whose center is the point where the 
altitudes of the triangle intersect. If 
the side of the triangle is a and the 
radius of the circle is r, obtain a 
formula for A, the area which lies 
between the circle and the triangle. 
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8. On the same diagram construct the graphs of 
y=ix+^ and 2/ = Jx— 1. From the diagram prove that 
these graphs are parallel lines. 

Suo. Obtain the numerical values of AB and CD and thus 
prove AB and CD equal and parallel. 




9. By the solution of pairs of the equations 3y=4xy 
y = 5x— 11, and 5y=x+17 (and without constructing any 
graphs), show that the graphs of these equations, if drawn, 
must pass through one point. Now prove your work by 
constructing the graphs. 

10. Without drawing the graph show which of the 
following points he in the graph of 4 x — 5 2/ = 2: (3, 2), 
(4,3), (-2, -2), (5,4), (8,6). 

11. Find the equation of the line whose graph passes 
through the points (2, 3), and (—4, 1). 



CHAPTER XV 
EXPONENTS; RADICAUS 

146. niustratiye Example. Solve x~t=27. 
Raise both sides to the power (—f). 

Then, (x-*)-* = (27)"*. 

Hence, ^^^"i^^J^. ,. a^-i An.. 

EXERCISE 133 

Find the value of x in each of the following: 

1. a;* = 2. 4. a;-*=:-|. 7. «-*=-^. 

2. «*=-27. 6. a;-* = l. 8. 3x* = 2. 

3. a;"*=4. 6. a:-« = 2. 9. 4 a:""* =9. 
Simplify: 

*"• (o»+»)(o"-')" .,— 

.— — 18 / 8 «-^x-^ \ -i 

IL 2a;-i("^x-M)~*' " \27 xJVo-V 

15. {V^x-V'^^\~*- 17. xVxVi. 

19. 8-*+5o«>-7(x+2y)»-l-*. 

'• I Z-' ' xi '<^0 ' 



20. 

258 
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x"^ 



21. By a numerical substitution, show that -^r- doe& not 



x» 



equal a?. Also that —5- does not equal 7?^. 

Rearrange and multiply: 

22. 2 x*-4-3 x^+x-^ by 3a;*-2 a;*+a;. 

23. 2+a*a:-*+a-M by 2 a-M-4 a-*a;t+2 a-M. 
Divide: 

24. Va+'^a6+ Vb by <^-\-Vd>+</h. 

26. 27 a2-30 ay-i+3 y-2 by 3 a-2 a*y-*-j/-i. 

26. x-*+x-*2/"2_|_y-4 by a.-i-fa.-iy-i-|-aj-iy-2^ 

Extract the square root of: 

27. a;-*+8a;-i-2x-*+16a;-*-8a;-i+l. 

28. 9 a;-3-30 x-*2/+13 x-V+20 x-V+4 aj-iy*. 

29. 25 a*6-3_io a*6-*-49+10 a-i6*+25 a-*&8. 
Simplify: 

\64 o-8pV * * \4c0+4*/ 

33. Simplify (a4+&*)(a2-fe2)-l_(^2_j2)i. 

34. In l^{7? — yz^)-i introduce 6^ into the parentheses 
without changing the value of the expression. 

Simplify: 

pFT hxQ)-^x-hx-^) 

37. When rt = 2, j/ = 8, and « = 4 find the value of 
S «o \x2-i" 



Ana. 
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88. Does "^^ ^ equal ^^? Why? Illustrate by 

giving a, b, x, and y convenient numerical values. 

146. Reducing Radicals to the Same Index. Radicals 
of different degrees may be reduced to equivalent radicals 
of the same degree. 

Ex. 1. Reduce V2 and 'C^ to equivalent radicals 
having the same index. 

Ex. 2. Arrange in ascending order of magnitude '^, 
V2, and <^. 

We obtain, vl25, v^64, v^. 

hence, the ascending order of magnitude is, V2, V3, V5. Ana. 

Ex. 3. Multiply 5^2 by 2v^3. 

5V2X2^=5V^X2'C^. 
= 10V^. Ana. 

EXERCISE 184 

Reduce to equivalent radicals of the same Gowest) 
degree: 

1. <^,<^. 8. ^, ^. 6. <^,'^,<^. 

2. VS, ^^2. 4. V2, <^, <^. 6. <^, 4^, vi 
Show which is greater: 

7. V5, ■^. 9. 2\/2, ■^. 11. ^8, 2<^. 

8. <^, <^. 10. J-^, iVs. 12. i-^^i, fV|. 
Arrange in the ascending order of magnitude: 

18. <^, VZ, ^5. 14. <^, <^, <^J. 
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16. <^, V2, V^. 16. 3, 2V3, iV5. 
Multiply : Divide : 

17. \/2 by <^. 21. 2^3 by 3>/2. 

18. <^2a^ by V&i. 22. Vsi by ^36. 

19. 3^ by iVe. 23. |^I2 by f V6. 

20. 4v^ by <^4. 24. Va2^=^ by ^o^. 

147. Rationalizing a Trinomial Denominator. 

Ex ^ - ^ ^^ 1 + V3-V2 

I+V3+V2 I + V3+V2 I + V3-V2 

l + \/3 1-a/3 

EXERCISE 135 

Rationalize the denominator of 

2V2a-l+3Va Va+V^-Va+6 

3V2a-l+2Va' ' Vo-Vfe+Vo+ft' 



V5-V6+I /V12+V20 

V6+V5+1' ®- \ V5-V3' 

2V6~3V2-V42 VI-V3 

2V6+3V2+V42* ' VI-V2' 

^ V^^-V^+I ^Q^ ^5+V24+^^5-2V6 

12. If i/ = i(-l + V5), find the value of j/3-2 2/+L 
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18. Simplify -?=+^+l2*+3J-18Vl-J\/i08. 

v3 ^ 

14. Solve V5-a;=l-V6-x-Vi. 

148. Factoring by the Aid of Radicals, 
Ex.1. Factor x2-6x+3. 
ScdvingthequfldraticequatioDx'— 6x+3=0 (1) 

Hence, when 3+ V6 is substituted for x in (1), the equation is 



Hence, x - (3 + V6), that is, x -3 - V6 is ^ factorof x« -6x +3. 
Similarly, x-3+'>^6 is a factor of x«-6x+3. 
Hence, x»-6x+3 = (x-3-V6)(x-3+V6). Ant. 

Ex. 2. Factor 3 x2-4 x+6. 

3x«-4x+5=3(x«-tx+f). 

2±V— 11 
Fromx*— f x+f-0, we obtain x= r . 



and 3x«-4x-h5«3(x- ^"'"'^^^^V x^ ^~^^^M . Am. 

EXERCISE 136 

Factor and check: 

1. x2-4x+2. 6. 25x2+2-30x. 

2. x2+2x-l. 6. 3x-3x2-l. 
8. x2-x-l. 7. x2+2x+a. 
4. x2+14-6x. 8. x2+px-3. 

9. x^+px+q. 
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EXERCISE 137 

Review 

Rationalize the denominator of 
8 



2. J 

Va+Vh 

Determine which is greater: 

6. 4V3 or 5V2. 
Find the square root of 

7. 7-2V10. 

9. Factor 3a;«-2x-7. 



3. 



^3 + ^^2+1 
V3-V2-I' 



^x+y — ^x—y 



6. iV2 or \<^. 



a 33+20V2. 



10. Solve 



\/x-\-2'{-y/x-2 



=4. 



Va«-a;«-f- 



«' 



11. Show that 
Solve: 



Va*-x« 



a*— X* 



reduces to 



a« 



{a^-x^)r 



^^ Vax-\-b-^Vax , 1 
vaa;+6-vaa; t' 



13. 



V9x+2-BVx , 



14. 



X— a Vx — Va 



+2V0. 



IB. "^2^+^11+^1+ Vi = \/2i 



16. Vx« Va— V a — Vox+x*. 

a* +06 Va 

17. Simplify -^^3^-^^-^. 

18. Having given V3 = 1.732*+, find the value of V.03 to three 
decimal places in the shortest way. Also of V27. Of V.27. 
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19. Factor and cancel factors in -— , ^Jso 



20. Divide 1 — Vx —yVx +xy by yVx —y. 

in. CoUect 3(a+6).^+2(a-6)./^-?^?i^Vir:6J. 

22. SimpUfy (1) (v^)i, (2) ^VW^^ (3) ^V^^\ 
Rationalize the denominator of 

28. V . 24. ^^+^^ 



V\/7+3-V\/7-3 x+y+Vxy 

[ 3VjHh44-2V^^ = 13, 

26. Solve for a; and y: ^ 

I 4Va;4-4-3Vy-l=: 6. 

EXERCISE 138 

Vebbal Problems 

1. If the diagonal of a square is a inches, what is a side of the 
square? 

2. If one tank at first contained a gallons and another b 
gallons, and afterward c gallons flowed from the first tank into 
the second, how many gallons were there finally in each tank? 

3. If the diagonal of a rectangle is a inches and one side is 
b inches, express each of the other sides. 

4. If the dimensions of a rectangle are a feet and b feet and a 
strip around the rectangle is x feet wide, what is the meaning of 
(o+2a;)(6+2a;) sq.ft.? 

6. A city block is a square each side of which is a feet. If the 
pavement about the block is b feet wide, express the area of the 
pavement. 

6. A man worked x days at y dollars per day. Another man 
worked 5 days less and received 50 cents more per day. How 
many dollars did each man receive? 

7. If the circumference of the front wheel of a carria^ is 
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X feet, and that of the hind wheel ia 2 feet greater, express the 
difference of the number of revolutions of the two wheels in gomg 
3496 ft. 

8. Find the amount of x dollars at compound interest for 
2 years, if the rate the first year is 4 % and the next year is 6 %. 



EXERCISE 139 
1. Fig. 1 represents what is left of a square from which 
eightemall equal squares have been removed as indicated. 



On 



1 



Vm. 1. 



Vm. 2. 



Fjq. 3. 



Supply the required letters and obtain a formula for 
the area of the figure. 

Illustrate the use of the formula by a numerical example. 

2. Id Fig. 2 all the angles are right angles. Supply 
a letter and obtain a formula for the area of the figure. 
Illustrate the use of the formula by a numerical example. 

3. In Fig. 3, a small rectangular solid whose dimen- 
sions are a, b, and c inches has been removed from a larger 
rectangular solid whose dimensions are I, w, and h feet. 
Obtain a formula for the number of cubic feet left. Also 
for the number of cubic inches left. 

1. A grown person requires 50 cu. ft. of fresh air per 
minute, and a child one-half as much. Find a formula 
for C, the number oi times the air in a room whose dimeii> 
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sions are a, by c, feet should be changed per hour, if the 
room is occupied by n adults and I children. 

5. In a schoolroom the window space should at the 
least be equal to one fifth of the floor space. If a given 
room is I feet long, and w feet wide, how many windows 
each a inches by b inches should it contain? Illustrate 
niunerically using probable numbers. 

6. If ice weighs .92 as much as water, and 1 cu. ft. 
of water weighs 62.5 lb., obtain a formula for w, the weight 
in pounds of a block of ice a ft. X6 ft. Xc in. 

By use of this formula, find the side of a square piece of 
ice 8 in. thick which is to weigh 200 lb. 

Also convert the formula of this example into a rule. 

7. In cities houses on one side of the street usually 
have successive odd numbers and those on the opposite 
side have even numbers. Obtain a formula for finding 
Nj the number of houses on the "odd" side of the street, 
when the first house is numbered 1 and the last house is 
numbered n. 

Do the same for the "even" side of the street if the first 
and last houses there are numbered 2 and n, respectively. 
Convert each of these formulas into a rule. 

8. In fixing the price for which he is to sell an article, 
a manufacturer must combine the direct cost in cents (c), 
the overhead charges in cents (o), and the profit in 
cents (p). Obtain a formula for the selling price in 
cents (s). 

Also obtain a formula for r, the rate per cent of profit if 
the profit is estimated as a per cent of the selling price. 

9. In manufacturing a certain article, the cost of the 
preparatory work was m dollars, after which the cost of 
n articles was b cents each. Obtain a formula for c, the 
entire cost in cents of manufacturing each article. 
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Also obtain a formula showing how many articles may 
be manufactured for D dollars (Z> being greater than m). 

10. Two cars start a certain distance apart, and move 
in the same direction, the faster car being ahead. Supply- 
ing the necessary letters, find a formula for the number of 
miles they will be apart at the end of a given number of 
hours. 



\ ; 



CHAPTER XVI 



QUADRATIC EQUATIONS 



149. Equations in the Quadratic Form; Negative 
Exponents. 

Ex. Solve 2^^^-3v'x^ = 2. 

Using fractional exponents, 

Whence, a;"'-f a;"'*=l. 

Whence, x^ =i, -2. 

^=i> —8. jBoote. 
Let the pupil check the work. 

160. Compound Unknown Quantity. A polynomial 
may be set in place of a single quantity as an unknown 
quantity. 

' Ex. 1. Solve 3Vx+9-2v^a:+9 = 8. 
'This equation may be written 3(a;+9)* -2(x+9)* =8. 

Let (a? +9)* =2/; then (x+9)*=2/«. 

Hence, substituting, 3y*— 2y=8. 
Whence, 2/ =2, — f. 



v^a;+9= 2 


V^x+9--t 


x+9 = 16 


a; +9=^ 


x= 7. Root. 


X = — W- *<><>*• 
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Let the pupil check the work. 

Ex. 2. Solve ic2+5 oj+sVx^+S a;+2 = 26. 

Add 2 to both sides, 

X* +5x +2 +3 Vx«4-5a;+2 = 28. 



Let 
Whence, 



Vx« +5x4-2=2/; then j/* H-Sy = 28. 
|/=4, -7. 



Hence, Vx«+5x+2= 4 
x«+5x+2 = 16 

x=2, -7. 



Vx«+5x+2=-7 

x*+5x+2=49 

x=-f±iV213. 



4. 6a;-i — t = 12. 

6. 9a;-*+4 = 13a;~>. 
6. 7<^^x^-^<^^ = '^ 



EXERCISE 140 
Solve and check: 

1. x-*+x"i-2 = 0. 

2. a;-*-3a;-i+2 = 0. 

3. 3x-*+5x"* = 2. 

7. (x+2)i-(x+2)i = 2. 

8. (2x2-a;)2-4(2x2-x)+3 = 0. 

9. x2+x-3Vx2+x-2 = 0. 

10. (3x-2)4-4(3x-2)*+3=0. 

11. ^3x-2x2_(3a._2x2)* = 2. 

12. x2-3 x+2 = 6Vx2-3 x-3. 

13. (x+2)i-(x+2)4+2 = 0. 

14. 2V2x-3+5v^2x-3 = 7. 

16. 6(x2+x)-7V3x(x+l)-2 = 8. 

16. < 3 x-J-7 xi=4. 17. 16 x*-22 = 3 «"*. 
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18. 6(2r»-l)*-4=--<y(2«2_i)-i. 
"• ^ = 5-2 «-a-. 20. ;;$i+^=f 

EXERCISE 141 

Review 
Solve: 

L 3x-}-7a?-i=6. ^ 1 111 

8. aa;2«+6x«+c=0. x+a+b x a b 

8. 3V^-6^^^Tr-2. «• 3Vx-12x-J=5. 



8 7 7. 4a;«-7V2a;«H-3a;-2 = 19-6x. 

Vi'i v^ ' 8. (o-6)x*+a«6=a«x. 

9. V5x+4- VaTx+T- Vx = 0. 



10. 6aVx«-4ax4-9a»-18a«-4ax+x«-0. 

11. OCX*— M— 6cx+(kZx=0. 



12. 6Vx«-2x-f-6=2x-x»+21. 

^ A 2^__?^ 16. _1 5 2^0. 

2-x x+3 X— 2' ' 6x— 5a a— 6x a 

17. -i--- 1--2=0. 
14. (x+2)(2x-3)-6=0. j^l i_l 

X X 

^, 2x-a.^ 4a ^ 1ft v^g 2-Vx 

161. Compound Unknown Quantities. Also in solving 
simultaneous quadratic equations^ it is often expedient to 
consider some expression (as the sum, difference, or product 
of the unknown quantities) as a single unknown quantity ^ 
and find its valvs, and hence the value of the unknovm guann 
tities themselves. 

Ex.1. Solve \x+y+V^y = 12, (1) 

xy = 20 (2) 
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Let Vaj+y=p, hence x+y^pK 
Hence from (1), p* +p = 12. 

Whence, ^==3, —4. 



Vx+y^3 




•v^aj+y-- 4 


a;+y=9 


• 


x+y = 16 


xy=20 




xy-^20 


a?=5, 4 
y«4, 5^ 


> . Roots. 


x=8=b2Vll 
y=8=F2Vll . 


. RooU. 



Ex. 2. Solve 



«2/= 6. . . 
Multiply (2) by 2, 2xy^l2. . . . 

Add (3) and (1), x«+2xy+y»=30-»-y. . 
Let x+y-p. 

Then from (4), p» «30 -p. 

p«+p =30. 
p = -6, 5. 



(1) 
(2) 
(3) 
(4J 



Hence, x+y= — 6 

.-. x=-3±V3l ^ ^ 

_ • . Hoots. 

y=-3=FV3 . 
Let the pupil check the work. 



alsox+2/^5 
xy-6 
.-. x-3, 2 
1/-2, 3^ 



Rooti. 



EXERCISB 142 

Solve and check: 

1. x+y+Vx+y==^6. - 

xy = 3. 



8. x2^+«|/ = 6. 
rt+2j/=— 5. 

z+y = 5. 



4. j5+5 = 6. 

a;-2y = 2. 

8. x—y+Vx—y^G. 
xy = 5. 

8. sfi+y^+x+y = 2i. 
xj/=-12 
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9. 



7. a?+2^=ir— J/+50. 

(a?-2/)2-3(a:-i/)=40. 
a^^j/^ — 3 xy = 54. 

EXERCISE 148 

Review 
Solve and check: 

1. a:«H-4y*=4p«H-5«. 
2x+y=2g— p. 



10. a?^+ir^+a:+5y=6. 

11. x^y^{zi+y^) =70. 

12. .0:3+2^3 = 19, 
x+y+'s/x+y=2. 



9. x+y=28. 

10. x«+y»+x+3y=18. 
xt/-2/ = 12. 



8. x-yH-Vx-y = 12. 
x+y = ll. 

2x2/ +9=0. 

6. xy+2x=5. 
2x2/— y=3. 

6. (x+2/)*-(aJ+y)-20. 
2x»-3a?+42/ = 14. 

7. x*'-xy-2z+5. 
x*-X2/=32/+9. 

9. x»+2/'+2x=4i/-l. 
3x+52/ = l. 



x 2/ 

X* 2^« 

12. |(a;-22/)+l=2»-|/. 
a;«+22/*=3x-y-l. 

13. x»+X2/+y*=91. 
x+VxyH-y = 13. 

14. xi-2yi^i. 
x-Sy=i^. 

16. x-»+2/~*=5. 

16. xV -5x2/ +6=0. 
5x+32/ = 14. 



EXERCISE 144 

1. A number is 12 greater than 4^ times its square 
root. Find the value of the number to the nearest hui*^ 
dredth? 
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2. A man wishes to travel 105 miles in his automobile 
in a certain number of minutes. After traveling 63 mUes 
at the required rate, he is delayed 24 minutes. He then 
goes 3J miles faster per hour than before and arrives 
exactly on time. Find his two rates of speed. 

3. Find two consecutive numbers the sum of whose 
squares is a. 

4. Three men, A, B, and C together can do a piece of 

work in If hours. Working alone A would take twice as 

long as C, and 2 hours longer than B. How long would it 

take each man working alone? 

• 

6. There are two fractions. The numerator of the first 

is the square of the denominator of the second, and the 

numerator of the second is the square of the denominator 

of the first. The sum of the fractions is 5f and the sum 

t)f the denominators is 5. Find the fractions. 

6. A man by working a certain number of days earned 
$75. If he had received 50 cents more per day, he could 
have earned the same amount in 5 days less time. How 
many days did he work? 

7. In going 3496 ft., the front wheel of a carriage makes 
64 more revolutions than the hind wheel. If the cir- 
cumference of the hind wheel is 2 ft. longer than that of 
the front wheel, how long is each? 

8. A man can row 18 miles down a stream in 3 hours. 
But he can row 12 miles down and back in 5 hours. Find 
the man's rate and also the rate of the stream. 

9. A crew can row 16 miles down a stream and back 
in 6 hours. But if they row at half their usual rate, they 
can go only 5 miles down the stream and back in 6 hours. 
Find the rate of the crew and also that of the stream. 

10. The price of photographs is raised $3 per dozen, and 
customers consequently receive 10 photographs less than 
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before for $5. Find the old and also the new prioe for al 
single photograph. 

11. The quotient obtained by dividing the sum of the 
squares of two numbers by the larger of the nmnbers 
equals f| of the smaller. If the difference of the numbers 
is 2, find the numbers. 

12. A certain siun of money is at compound interest for 
two years, the rate the first year being 2J %, and the second 
year 3§%. The amount at the end of the two years 
was $254.91. Find the siun of money put at interest. 

13. Two square plots contain together 610 sq. ft., but 
a third plot, which is 1 ft. shorter than a side of the larger 
square, and 1 ft. wider than the less, contains 280 sq. ft. 
What are the sides of the two squares? 

14. A farmer has a field of grain 120 yd. long and 
SO yd. wide. How wide a strip must he cut around it in 
order to leave one half the grain uncut? 

EXERCISE 145 

Construct the graphs of 

2. y = — -r. 6. y = ll 



x-4: "• ^ " x-2' 

8. 2a:2_3.y_5y2 = 24. 7. t/ = ix2-3x+4.2. 
4. 3(a:-2 2/)2 = 6a;+48. 8. xy-y^ = 4. 

9. On the same diagram construct the graph of 
j/ = Ja? and also of y = x. On this diagram, by adding 
ordinates (on the edge of a sheet of paper), construct the 
graph of 2/ = i x?+x. 

10. In a similar manner construct the graph of 
l/ = a?— 2x. 

11. Also of 2/=100x— 16^2, letting the j/-scale equal 
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tV of the x-acale. For what value of a: is this curve parallel 
to the axis of x? 

12. Construct a graph of y=a?, letting the scale on the 
y-axis be ^ the scale on the a>-axis. 

13. By use of the graph of Ex. 12, determine the cube 
root of 3.5 to the nearest tenth. 

14. By use of this graph find the edge of a cube whose 
volume equals the sum of the volumes of two cubes whose 
edges are 3 and 5, respectively. Also of a cube whose 
volume equals the sum of the volumes of three cubes 
whose edges are 2, 3, and 4. 

16. Graph y = re*. 1 6. Graph j/ = «'. 

17. Solve graphically ^2+ 2/ = 3 and a: +3/2 = 5. Also try 
to solve this pair of equations algebraically. 

18. On one diagram graph the results obtained by 
letting a = l, 2, 4, 9 in succession in aP+y^ = a, 

19. Treat in like manner xy = a. 

EXERCISE 146 

Make an appropriate graph for each of the following, 
and answer the accompanying questions: 

1. In a certain year the cotton crops in bales in round 
numbers in various countries were as follows: United 
States, 11,500,000; India, 3,100,000; Egypt, 1,500,000; 
Russia, 900,000; China, 780,000; other countries, 500,000. 

2. The specific gravities of certain representative sub- 
stances are as follows: cork, .24; maplewood, .75; alcohol, 
.79; water, 1; stone, 2.5; aluminimi, 2.6; iron, 7.5; lead, 
11.3; gold, 19.3; platinum, 21.5. 

8. The following tabulation gives the production of 
cotton in thousands of bales and. of wool in millions of 
pounds in the years specified in the United States: 
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1840 


1850 


1860 


1870 


1880 


1890 


1900 


1910 


1920 


Cotton. . . . 
Wool 


1,347 
36 


2,136 
52 


3,841 
60 


4,024 
162 


6,356 
232 


8,562 10,123 
276 288 


11,606 
321 





Taking a bale of cotton as 500 lb., compute also the per 
capita production of each crop and add to the diagram 
curves representing them. 

State five significant facts which you can learn from your 
chart. 

4L The f oDowing tabulation gives the numbens of 
newspapers (and periodicals) in hundreds and the popu- 
lation in millions in the years specified in the United 
States: 



Yew 


1810 1 

1 


1820 


1830 


! \ 

1840 1850 


1 
1860 1 


NeiFsp«peis» etc 

FofNiUtkMi 

IPop. per newsinper. ... 


3.6 

7 1 
1 


8.6 
10 


14 
13 


19 

. 17 

1 


25 
23 


40 
31 




Yew 


1870 


18S0 


1890 


1900 1 1910 

1 


taao 


1 
Xii w 'j|>fc|if.i\ etc 

Popabtion 

IVip. per iiewfi|Mi|ier ... 
1 


59 
39 

1 


97 
50 


169 
63 


i 
20S : 227 

76 j 92 





Compute the population per newspapo* for the yean 
specified and fill in the vacant places in the tabulatkin. 

State throe important facts wiiich you can leam from 
your completed diart. 

(. At a eotain place the rainfall in indies dmii^ the 
aummo' months of the years specified, and the avenge 
eoni vi^ in boshds per acre were as foDows: 
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Year 


1890 


1891 


1892 


1893 


1894 


1895 




RAinfall 


9.2 
22 


14.7 
28 


11.2 
27 


9.8 
23 


6.1 
19 


14.3 
31 


Com yield 





Year. 



RainfaU... 
Com yield. 



1896 


1897 


1898 


1899 


1900 


1901 


15.7 
39 


11.4 
24 


12.8 
26 


13.5 
27 


14.7 
30 


5.4 
18 



Make a statement of the principal facts you can learn 
from your graphs. 

6. The following table gives the height of the barometer 
in inches at different elevations (in feet) above the earth's 
surface: 



Elevation. . 



30 


5,000 


10,000 


20,000 


30,000 


40,000 


50,000 


60,000 


Ht. of ba- 
rometer. . 


24.9 


20.6 


14.2 


9.8 


6.7 


4.6 


3.2 



From the graph (by drawing tangents to the graph 
curve), determine the rate at which the height of the 
barometer is decreasing per 1000 ft. at an elevation of 
5000 ft. Also at an elevation of 2000 ft. Also at 40,000 ft. 

7. In the United States in the years specilSed, the 
outputs of iron and copper in thousands of tons were as 
follows: 



Year 


1850 


1860 


1870 


1880 


1890 


1900 


1910 


1920 


Iron 

Copper. . 


564 
.6 


821 
7.2 


1,665 
12.6 


3,835 
27 


9,202 
116 


13,789 
270 


27,304 
482 
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Far each ct these metals also construct a per capita 
curve on your diagram. State the most significant facts 
which can be learned from your chart, and give the 
reasons for these facts as far as you can. 

9. The following are areas in square miles: United 
States, 3,026,000; North America, 6,496,000; Europe, 
3,555,000; knd surface of the earth, 51,238,800. 

10* During a certain year four boys made the following 
stuns in their summer gardens: Harold, S17.82; Albert, 
$22.16; Frank, $8.27; James, S13.27. Another boy, 
Frederick, lost $3.76. The next summer the earnings of 
the boys were as follows: Harold, $21.36; Albert, $24.15; 
Frank $15.72; James, $9.23; Frederick, $8.46. 

11. At a certain place the cost per day for. fuel for 
steam engines of the specified horse-powers were as follows: 



Horse-power. 


10 


20 


50 


80 


100 


Cost of fuel. . 


$1.56 


$2.87 


$6.82 


$10.73 


$12.43 



From your graph determine what was the probable cost 
for an engine of 30 H.P.? 60 H.P.? 90 H.P.? 

12. During the first six months of a certain year, a 
salesman made the following average number of calls 
per day and made the following average amounts of sales 
per day: 



Month 


Jan. 


Feb. 


Mar. 


April 


May 


June 


^v. no. calls per 
dav 


3.2 


3.6 


3.7 


3.5 


• 

3.8 


2.9 


^*">j • • 


Av. sales per day. 


$2120 


$2060 


$2600 


$3100 


$2872 


$2732 



QUADRATIC EQUATIONS 
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During the first six months of the next year, he followed 
another plan, making briefer calls and more of them 
per day, and had the following record: 



Month 


Jan. 


Feb. 


Mab. 


April 


May 


June 


No. calls per day . 


6.3 


6.8 


6.9 


6.5 


6.6 


7.4 


Av. sales per day. 


$5400 


$5721 


$5592 


$3922 


$4937 


$6829 



What significant facts can you learn from your chart? 



CHAPTER XVII 

RATIO AND PROPORTION 

152* The ratio of two magnitudes is the quotient, or 
indicated quotient, obtained by dividing the first magni- 
tude by the second. 

Thus the ratio of 3 ft. to 1 ft. 4 in. is ^ . . ' , or f , or 9 : 4. 

lo in. 

The utiUty of ratio is illustrated by the fact that several 
indicated quotients, when taken together, may be sim- 
plified by cancellation before a final determination of 
their value is made* 

153. Efficiency as a Ratio. The efficiency of a process 
may be defined as the ratio of useful results obtained to 
the energy expended. 

Or, we may say more briefly, efficiency = -t- 



input " 



Or, expressed in symbols, E=-, 



A foot-pound is the amount of energy necessary to lift 
1 lb. a distance of 1 ft. 

Ex. 1. A machine each minute is lifting 3000 lb. of 

water 8 ft. The amount of energy expended in running 

the machine is equivalent to 66,000 foot-pounds per minute 

(or two horse-power). What is the efficiency of the 

machine? 

-- 3000X8 24 4 _.. _._ . 

^'-66000-=66'=n=-^^ "^^^^- ^^- 

Ex. 2. A piece of machinery is lifting 25,000 lb., at the 
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rate of 12 ft. every 5 minutes. The amount of energy 

expended in running the machinery is equivalent to 8 H.P. 

What is the efficiency? 

„ 25000X12 ___ _„^ . 
E^t: — »^,,^ — r = .23 or 23%. Arts. 
8X33000X5 ^^ 

In operatmg engines and machinery there are always 
losses due to friction, heat radiated, fuel imperfectly 
consumed, etc. (see Ex. 8, p. 108). Hence, the efficiency 
of such work is always less than unity. 

In other processes, however, the efficiency may be greater 
than unity. 

Ex. 3. A farmer spent $750 in raising a crop for which 
he received $1200. What was the efficiency of the process? 

^=J^. = 1.60, or 160%. Ans. 

Ex. 4. A workman, using a certain machine, was 
expected to rivet 3500 bolts per day. One day he riveted 
4200 bolts. WTiat was the efficiency of his day's work? 

^=11^ = 1.20 or 120%. Ans. 

Often it is desired to compute the final or resultant 
efficiency of a process composed of several parts, each 
part (after the first) acting on the output of a preceding 
part. 

Ex. 5. What is the resultant efficiency where the boiler 
is .60, the engine .30, and the machine .24 efficient? 

^ - .60 X .30 X .24 = .0432. Ana. 

EXERCISE 147 
Simplify the following ratios: 
1. 1 ft. 8 in : 2 ft. 4 in. 2. 1 gal. : 1 qt. 1 pt. 

8. One rectangle is 5 yd. long and 7^ ft. wide; another 
rectangle is 5 ft.X2 ft. 6 in. Find the ratio of the areas 
of the two rectangles. 
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4. Find the ratio of the volumes of two boxes whose 
dimensions are respectively 3 ft. 6 in.X2 ft. XI ft. 3 in. 
and 2 ft. 9 in.Xl ft. 8 in.Xl ft. 6 in. 

6. A machine is every minute lifting 4000 lb. of water 
5 ft., while the energy expended in running the machine 
is 99,000 f oot-poimds per minute. Compute the efficiency 
of the machine. 

6. A machine is lifting 35,000 lb. of water 12 ft. every 
10 minutes, while the energy expended in running the 
machine is 6 H.P. What is the efficiency? 

7. A farmer spent $872 in raising a crop for which he 
received $1264.40. What was the efficiency? 

8. A workman sewed the soles on 3200 pairs of shoes, 
during a time when he was expected to put soles on only 
2400 pairs. Compute his efficiency. 

9« A certain steam engine is used to operate a dynamo, 
which in turn generates an electric current used for 
Ughting purposes. If the efficiency of the steam engine is 
.15, of the dynamo .90, and of the electric bulb .20, what 
is the resultant efficiency of the entire process? 

10. In a given factory the wages of the employees 
were increased 20%, after which the output increased 
35%. What was the new wage efficiency as compared 
with the old. 

Sua. We have 1.35 ^1.20, etc. 

11. During the labor disturbances which followed the 
Great War, a manufacturer of ready-made clothing was 
compelled to increase wages 80%, but found that the 
output per workman was only 40 % of what it had been 
in pre-war times. What was the new wage efficiency? 

12. During a given year the receipts from a certain 
factory were $85,000, while the expenses were $62,000. 
If during the next year the expenses are to increase $20,000, 
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m 

how much must the receipts increase in order that the effi- 
ciency of the factory be increased by 25% of what it was? 

13. By means of a lever, a force of 200 lb. acting through 
a distance of 1} ft. lifted a rock weighing 1200 lb. a distance 
of ^ of a foot. Find the efficiency of the process. 

164. Nutritive Ratios. The food of animals, as of 
horses, cows, pigs, etc., should vary with the kind of life 
these animals are required to lead. 

Thus, if a horse is doing work, as in drawing loads, it 
should have a food which contains a large amount of 
muscle-producing substances (called protein). 

A knowledge of what is termed ntUritive ratios is useful 
in determining the food ration most useful for an animal 
under given conditions. 

The same principles apply to human diet, to a certain extent. 

Nut T t' = protein 

carbohydrates+2.5 Xfat* 

only the digestible parts of food being considered. By 
carbohydrates are meant starch, sugar, etc. 

Ex. If 100 lb. of clover hay contain 7.4 lb. of protein, 
28.4 lb. of carbohydrates, and 1.9 lb. of oil or fat, what 
is the nutritive ratio of clover hay? 

Nutritive ratio of clover hay =^^^^^^ -^^ = 1 : 4.48-. 

Animals doing muscular work or producing milk need 
a ration with a small nutritive ratio (called a narrow 
ration). Animals which are being fattened need a wide 
ration. 

The digestible elements in different foods vary with 
circumstances. The following table gives the average 
number of pounds of each nutrient in 100 lb. of the food 
named: 
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Protein 


Carbohydrates 


Fats 


• 

Com 

Com stover 


7.8 
1.8 
0.9 

37.4 

11.1 
7.4 

10.4 
2.8 
2.9 
9.2 

12.4 


66.5 
32.5 
11.2 
17.0 
39.7 
28.4 
38.7 
43.6 
3.5 
47.4 
39.4 


4.4 
0.7 
0.7 
12.1 
1.2 
1.9 
1.1 
1.4 
0.3 
4.2 
2.6 


Corn silage 

Cottonseed meal 

Hay (alfalfa) 


Hay (clover) 

Hay (cow peas) 

Hay (timothy) 

Milk (skimmed) 

Oats 

Wheat bran 





EXERCISE 148 

1. Find the nutritive ratio of corn. Also of oats. 
Which of these is an appropriate food for a work horse? 
For pigs being fattened? For cows giving milk? 

2. Find the nutritive ratio of timothy hay. Should 
timothy hay or clover hay predominate in a mixed hay 
for a work horse? For cattle being fattened? 

3. Find the nutritive ratio of a combination of 100 lb. 
of timothy hay and 100 lb. of clover hay. 

SuG. In the required nutritive ratio, the numerator will be the 
sum of the protein in clover hay and that in timothy hay, or 
7.4 +2.8, etc. 

4. Make up and work a similar example by use of the 
above table. 

Find the nutritive ratio 

5. Of 10 lb. of corn and 20 lb. of timothy hay. 

6. Of the following ration used for a work horse: 
6 lb. corn, 8 lb. oats, 8 lb. timothy hay, 8 lb. clover hay. 

7. Of the following ration for a milch cow: 36 lb. corn 
silage, 10 lb. corn stover, 5 lb. corn, 5 lb. wheat bran. 
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8. Of 150 lb. cow pea hay, 30 lb. corn silage, 4 lb. 
cottonseed meal, 3 lb. wheat bran, and 3 lb. corn meal. 

9. What is the ratio called specific gravity? Give 
three examples. 

10. If the specific gravity of brick is 2.3, what is the 
weight of the bricks which will fill a wagon body 1§' X4' X 6'? 
(Use 1 cu. ft. of water = 62.5 lb.) 

11. The definition of nutritive ratio given in § 154, 

may be expressed as a formula thus: r= _:_ / Hence, 

given r = ^, p = 7.5, c = 4, find/. 

Express this example in general language as a problem. 

12. Also given r = |, p = 8, /=2, find c. Express this in 
language as a problem. 

13. Using probable numbers for r, c, and /, make up 
and work a similar problem in which p is an unknown to 
be found. 

165. A proportion is a statement that two ratios are 
equal. Give an example of a proportion. 

What are the terms of a proportion? The antecedents? 
The consequents? The extremes? The means? Give 
examples to show what you mean by each of these 
words. 

What is a mean proportional? Give a proportion con- 
taining a mean proportional? What is a third propor- 
tional? Give an example. 

166. Properties of a Proportion. 

Of c 

(1) Using the proportion T = -if show that the product 

of the means equals the product of the extremes. 

(2) If it be given that pq — xy, show that p : x = y : q. 
State this result as a general property of proportions. 
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157. Solution of Proportions. 

Ex. 1. Find the value of x in the proportion 

Taking the product of the means equal to the product of the 

extremes 

9x«-l=4a;»H-8a;+3. 

Hence, x=2, — f. Ans. 

Ex. 2. What number added to each of the numbers 5, 
8, 11, and 16 will give results that are in proportion? 

Let the required number =x. 

Then, 5+x : 8H-aj = ll+x : IG-fa;. 

Hence, a; =4. Ans, 

EXERCISE 149 
Write a proportion in which 

1. X is a mean proportional and the other two terms 
are 4 and 12. (How many answers can you get?) 

2. X is the third proportional and 4 and 12 are the 
other terms. 

3. a; is a fourth proportional and the other three terms 
are 2, 4, 8. (How many answers can you get?) 

4. The antecedents are 3 and 5 and the consequents 
are x and y. 

5. The means are p and q, and the extremes are a 
and b. 

6. In the proportion a : 6 = 3 : 8, name the two equal 

ratios. 

X 3 . . 

?• If the ratio - equals ^, write this relation as a pro- 
portion in the customary form. 

Make a correct proportion using the following numbers 
as terms: 
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8. 4, 12, 8, 6. 9. 3, 12, 6. 10. 1, 20 in., f , 12 in. 

11. 4 ft., 6 min., 15 min, 10 ft. 

Find the mean proportional between 

12. 8 a^ and 18 x^j^. 13. .1 and .004. 

14. 7-1 and — -i ^jt^ — . 

a;+4 4x — 12 

Find the fourth proportional to 

16. 3f 3|, 5^. 16. (a+6)2, a^-ft^, (a-h)\ 
Find the third proportional to 

17. x2-l and {x+lf. 19. h~ and J-1. 

18. .3 and .09. 20. a^-ft^ ^nd (a -6)2. 

21. If the first, second, and fourth terms of .a propor* 
tion are 3, 12, and 8 respectivelyi find the third term. 

Solve for x and check: 

22. 2 : 3x-l = 3a; : 6-2a;. 
28. 3a:+5 : a;+4 = l— a; : 2— x. 

24. x+ba : 3 a— a; = 3x+10a : x— 10 a. 

25. A baseball nine has won 18 games out of 23. How 
many straight games must it win, in order that its average 
of games won shall equal |? 

26. Find the number which, when subtracted from each 
of the numbers 9, 18, 21, 48 will give results in proportion. 

27. Two numbers are to each other as 3 to 2. If 6 is 
added to the greater and subtracted from the less, the sum 
of the results thus obtained will be to the difference as 3 
to 1. Find the numbers. 

28. Two numbers are in the ratio c: d. If a is added 
to the first number and subtracted from the second, the 
results will be in the ratio 3 : 2. Find the numbers. 

29. Find two numbers whose difference is d and which 
are to each other as a : 6. 
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30. A certain kind of brass is an alloy containing 2) 
parts of copper and 1 part of zinc. How many ounces of 
copper are contained in 2 lb. 10 oz. of this brass? 

31. The horse-power generated by a stream faPing over 
a dam is proportional to the height of the dam. If on a 
certain stream a dam 5 ft. high generates 200 H.P., how 
much higher must the dam be made in order to get 500 
H.R? 

32. That a door may look well, its height should be to 
its width approximately as 7 : 5. If a door is to be 7 ft. 
3 in. high,, how wide should it be? 

33. Separate a : 6 : c = 4 : 5 : 6 into two proportions. 

34. If air is regarded as a mixture of two gases, oxygen 
and nitrogen, whose volumes are as 21 : 79, find the 
number of cubic feet of each of these gases in a room 
whose volume is 6000 cu. ft. 

36. If a given piece of land can be divided into 60 
building lots^ each 30 ft. wide, how many lots 40 ft. wide 
would it make? 

SuQ. If X denotes the number of lots 40 ft. wide, 

30X60 =40 XX. 

or 0^:60=30:40. 

This problem can be solved either from the equation or 
from the proportion. 

A proportion of this kind is termed an inverse proportion, 

36. If 4800 shingles 4 in. wide are needed in building a 
house, how many 3-in. shingles would be needed? 

37. If 12 yd. of cloth 36 in. wide are necessary for a 
dress, how many yards 27 in. wide would be needed? 

38. If a trolley company reduces the hours of its 
employees from 10 to 8 hours per day, by what per cent 
must it increase the number of its employees? 
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89. Give three proportions from geometry concerning 
proportional lines. Give a numerical example illustrating 
each of these. 

40. What are similar triangles? Give three propor- 
tions from geometry concerning similar triangles. Give a 
numerical example showing how the height of a tree may 
be determined by the use of similar triangles. 

41. Give a proportion from geometry concerning the 
ratio of the areas of two similar polygons. 

168. Transformations of a Proportion. Change the 
proportion a : b = c : d hy alternation. Also by inversion. 
By composition (or addition). By division (or sub- 
traction). By composition and division (or addition and 
subtraction). 

169. Solutions of Proportions Aided by Transformations. 

2 x3+3 x2+3 X- 1 3 2^+3^+2 x+1 



Ex. 1. Solve 



By addition and subtraction, 
Dividing by 



2 3^+Sa^-3x+l 3a:3+a^_2a;-r 



6x-2 4x+2 
2x* 2x+3 3x+l 



2 ' 3x-l 2x-^V 

Whence, 5x»-8x-4=0. 

x=2, — f. Ans. 
The factor 2 x* also gives the roots x-O, 0. Ana, 

Check. rorx=2. 

2x*+3x*+Sx-l 16+12+6-1 33 
2x»+3x«-3a;+l "16+12-6-1-1 ""23* 

3x»+x«+2a;+l 24+4+4+ 1 _33 
3x»+x*-2x-l ""24+4-4-1 "23* 

Let the pupil check the work for x = — f . Also for x-0, 

■c. o a 1 Vx+l + Vx-l 4x-l 

Ex. 2. Solve y 7== — s — . 

Vx+l-Vx-1 2 
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2Va;H-l 4x4-1 
By addition and subtraction. 



Simplifying and squaring, 



2Vz-l 4x-3* 

x+l 16x«-f8x+l 



x-1 16x*-24x+9' 



3. 



By addition and subtraction, etc., 7 =» — 7^ z — . 

•^ ' ' 1 16a;-4 

Hence, 16 x« -4 a; = 16 x« -8 z +5. 

z=i, Ans. 
Let the pupil check the work. 

EXERCISE 160 

Solve and check: 

r2+6x-3 3x2+9a;+10' 
2. Za?+5x^+5x+n:Sa?+5 0(^-5 x-11 

x—p+q _ p—q—x 
^^+p=^q^ p+q+x 

4. 1 : V2x+S = V^^^: Va^-x+3. 

Vx+\/Q^2 Vx+l-Vx-l ^ 

g+V36^ ^ V3+l Vx+Vx-S ^x+2 

x-V36^ V3-l" ' Vi-Vi^ 2 

5 p~ V4"x^3 p^ ^ 3 p-y/x+p!^ 
3p+V4x-3p2 p+Vx+p' 
10. 3+Vp : 3-2Vp = ll : 5. 11. 12:x*=x*:3. 
12. 8y~6x : x+y-l = 5-3x : 4-y = 7 : 4. 
a;+i/ : y— x=a : 1. 
xy— 3 : a;— 1=0+2 : 1. 
3p+2g=12i. ^^ V^+^-V^Z^ ^i 

!*• 1 _5_ . _£__ . * V^+i+V^^ 6' 

p+3-39+i~^-*- 



13. 
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16. A line 2 ft. long is divided into two parts such 
that the longer part is a mean proportional between the 
whole line and the shorter part. Find the length of the 
shorter part to the nearest hundredth of an inch. 

17. Find two numbers in the ratio of 2 to 5, such that 
when each is increased by 5 they shall be as 3 to 5. 

18. Find two numbers, such that if 7 be added to each 
they will be in the ratio of 2 to 3; and if 2 be subtracted 
from each, they will be in the ratio of 1 to 3. 

19. Separate 32 into two parts, such that the greater 
diminished by 11 shall be to the less, increased by 5, 
as 4 to 9. 

20. Separate 12 into two parts, such that their product 
shall be to the sum of their squares as 2 to 5. 

21. A and B are in business and their respective shares 
of the profits are as 2 to 3. If the profits for a certain year 
are S16,000, and during the year A takes out $1200 and 
B $1000, at the end of the year how much of the profits 
does each receive? 

22. During the American Civil War, in the Northern 
armies 224,000 men died of disease and 110,000 of wounds 
received in battle. Owing to improve'd sanitary methods 
in the Russo-Japanese war, in the Japanese armies 27,000 
men died of disease while 59,000 died of wounds. Approxi- 
mately how many lives were saved in the Japanese armies 
by the use of improved sanitary methods? 

23. An active walker goes 4 mi. an hour. Sensation 
travels along a nerve at the average rate of 120 ft. per 
second. Find the velocity of a rifle bullet which is a 
third proportional to the velocities just named. 

24. The velocity of the earth in its orbit is 18 mi. per 
second; of a message on a submarine cable 2480 mi. per 
second; and of light 186,300 mi. per second. By how 
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much does the middle one of these velocities differ from a 
mean proportional between the other two? 

26. The sun's distance from the earth is 93,000,000 mi. 
and light from a star travels 5,900,000,000,000 mi. in a 
year (called a "light year"), hence, show that the follow- 
ing proportion is approximately correct: 

1 inch : 1 mile = sun's distance : 1 light year. 

26. If the rear and fore wheels of a wagon are respec- 
tively a and 6 feet in circumference, how many rotations 
does the rear wheel make while the fore wheel rotates 

p times? 

EXERCISE 161 

Review 

1. Simplify 3x-{-2x+[-4a;-(x-2)-x]-x}-l. 

2. Divide a» +6» -far* +3 ab^ +3 a«6 by a +6 +a:. 

3. Simplify (^-^+^.(^-1). 

4. The sales in the different departments of a store during a 
certain year were as follows: $28,372.46, $23,652.79, $17,652, 
$33,486.92, $16,932.27. The next year the sales in these respective 
departments were $32,372.96, $19,462.73, $24,986, $46,729.33, 
$25,964. Represent these facts graphically. 

6. Factor: 

(1) «'-yH-^. (4) a^+Ux^. 

(2) a*+aV+2/*. (5) a«-a-6*+6. 

(3) a«+8(x-2/)». (6) prt-hp'rt+p"H. 

(7) a(a+2)(2a-l)-(a+2). 

^ „, 5x+13 2x+5 23 S-Jx 
e. Solve -^2 __+_____. 

7. Solve for x and y: 

(a +6)a; — (a — 6)y = 3 a6. 
(a— 6)x — (a+6)y« ab. 
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8. The fonnula used for determining the elevation of the 

4B7« 
outer rail of a railroad track on a curve is as follows: E^ , 

5 A 

where ^= elevation of outer rail in inches; 
B = width of the track in feet; 
R = radius of the curve in feet; 

F= maximum speed in miles per hour of a train taking the 
curve. 

Find E when B =4 ft. 8j in., R =425 ft., V =20 mi. per hour. 

9. Solve the formula in Ex. 8 for V. From this result deter- 
mine the maximimi speed at which a train can take the track 
when E =5 m., 5 =4 ft. 8J in., and R =425 ft. 

10. By use of logarithms determine which is greater v 23 or 2 V2. 

11. Extract the square root oi ^x^-^x* +ff x« -f x +f|. 

12. The following tabulation gives the number of thousands 
of patents issued in the United States and also the population in 
millions in the years specified: 



Year 


1840 


1850 


1860 


1870 


1880 


1890 


1900 


1910 


1920 


Patents .... 
Population. . 


.5 
17 


1 
23 


4.8 
31 


13 
39 


14 
50 


26 
63 


26 
76 


36 
92 





Compute also the number of patents issued in each of these 
years per 100,000 of the population. Make a suitable graphical 
representation of all of these facts. 

13. Multiply i<^ by 4V2. 
15. SimpHfy ;^(^)%^. 



14. Factor X* +3 X +7. 



16. A dealer buys oranges at a certain number of dollars for a 
box containing 150 oranges, and sells them at a certain number 
of cents per dozen. Supplying appropriate letters, obtain a formula 
for his per cent of profit. 
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17. Divide 64 into two parts which shall be in the ratio of 3 to 5. 

18. A com crib each end of which 
is a pentagon is filled with com on 
the cob. Obtain a formula for B the 
number of bushels of shelled com in 
the crib, suppl3ring the necessary 
letters for the dimensions of the crib 
and regarding 2^- bu. of com on the 
cob as equal to one bushel of shelled com. 




19. Solve 



3 + V2X+3 4+>/x+l 



5-V2X+3 4--Va;+l 

20. The following tabulation gives the size in inches and the 
price list of a certain article. 



Size in inches... 


1.98 


2 
2.04 


2J 
2.16 


3 

2.26 


4 
3.14 


5 
3.50 


6 
4.86 


8 
6.30 


10 
8.30 


12 


Price list in $. . . 


10.30 



Graph these facts in a suitable way and from the graph determine 
the probable price of size 3|. Of size 9. Of size 11. 

21. Rationalize the denominator of — = = =. 

V6 + V2-V6 

22. Solve 3a;~*=4a;~*+4. 

23. Solve 2\/2x-3+5V^2x-3=:7. 



24. Solve x-fy+Vx+2/ = 12, xy = 18. 

25. Divide 2 — x by 1 +x to 5 terms of the quotient. 

26. Which is greater 5 or 2'? 

-*,. o 1 ^* 1 3 6-3 a 1 a* ^ , 

27. Solve +r-r-=o for «• 

ax a X ox 



28. 



^- {'M'-M-'H-'^-l 



29. A man finds that he can row 12 miles down stream in 
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2 hours, but that it takes hun 4 hours to row 6 miles down stream 
and back. Find his rate in still water and the rate of the stream. 

30. Two wheels act together by means of cogs. Their diameters 
are denoted by D and d. Find a formula for iV, the number of 
revolutions the first wheel makes while the second makes n revo- 
lutions. Also write this formula as an inverse proportion. 

Sua. Divide n times the circumference of the second wheel 
by the circumference of the first wheel. 

31. An employer increased the wages paid in a certain factory 
by 40 %. By what per cent must the value of the output of the 
factory be increased in order that the wage efficiency of the factory 
be increased 20.% of its former rate. 

32. Find the relation between p and q for which one root of 
x*+pz+q =0 is three times the other root. 

33. Taking n as the first of three consecutive numbers, prove 
that the sum of any three consecutive numbers equals three times 
the middle one of the three numbers. 

34. In ten years the number of acres in the United States planted 
with a certain crop decreased 10 %, while the size of the entire 
crop increased 20 %. What was the efficiency per acre of the last 
crop compared with the first? 

35. If r denotes a certain rate per cent of interest expressed 
decimally, what does $120 (1 +r)" mean? 



CHAPTER XVIII 

BINOMIAL THEOREM 

160. General Principles. In obtaining a required power 
of a binomial, it is possible to abbreviate the work even 
more than in the involution of a monomial. 

It is sufficient, in taking up the subject here for the first 
time, to obtain several powers of a binomial by actual 
multiplication, and, by comparing them, to obtain a general 
method for writing out the power of any binomial. A 
formal proof of the method is given later. (See page 302.) 

(a+6)2 = a2+2a6+62. 

(a+6)3 = a3+3 a%+3 ah^+b^. 

(a+&)4 = a4+4 a%+Q a^lP+4: ab^+¥. 

(a+6)5 = a5+5 a^fc+lO a^b^+10 a%^+5 ab^+lfi. 

If 6 is negative, the terms containing odd powers of 6 
will be negative; that is, the second, fourth, sixth, and all 
even terms, will be negative. 

Comparing the results obtained, it is perceived that in 
each power 

I. The number of terms equals the exponent of the power 
of the binomial, plus one. 

II. Exponents. The exponent of a in the first term 
equals the index of the required power, and diminishes by 1 
in each succeeding term. The exponent of 6 in the second 
term is 1, and increases by 1 in each succeeding term. 

III. Coefficients. The coefficient of the first term is 

296 
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1; the coefficient of the second term is the index of the re- 
quired power. 

In each succeeding term the coefficient is found by mxiUi" 
plying the coefficient of the preceding term by the exponent of 
a in that term, and dividing by the number of the preceding 
term. 

IV. Signs of terms. If the binomial is a difference, the 
signs of the even terms are minus; otherwise the signs of all 
the terms are plus. 

Ex. (a+6)7 = a7+7 a«6+21 0^62+35 0*63+35 a^fi* 

+21o265+7a66+67. 

7X6 
The coefficient of the third term'=— ^=21. 

The other coefficients are determined similarly. 
Observe that the coefficients of the latter half of the expansion are 
the same as those of the first half in reverse order, 

161. Binomial Formtila. The results obtained in § 160 
by inspection may be combined into a formula as follows: 

(a+6)» = a»+na- ^6+^^^^^-2b2 

n(n-l)(n--2) 3 , 
^ 1X2X3 ^ ^^ 

It is usually easier, however, in expanding a power of a binomial 
to use the principles stated in § 160, than it is to substitute directly 
in the formula. 

Ex. Expand (l-r)«. 

(l-r)«=l«-6(l)»r+15(l)*r«-20(l)»r»+15(l)«r*-6(l)r»+r« 
= l-6r+15r»-20r»+15r*-6r»+r«. Ans. 

162. Binomials with Complex Terms. If the terms of 
the given binomial have coefficients cr exponents other than 
unity, it is usually best to separate the process of writing out 
the required power into two steps. 
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80. Expand (a+xy, (1) by actual multiplication; 
(2) by use of the binomial formula. Compare the amount 
of work in the two processes. 

81. Find the value of (1.05)^ by actual multiplication, 
and also by the use of the binomial formula. Compare the 
amount of work in the two processes. 

163. Key Number and rth Terms. In memorizing the 
binomial formula, it is helpful to observe that a certain 
number may be regarded as governing the formation ci 
each term of the formula. This nimiber is one less than 
the number of the term. 

Thus, for the third term we have \ ^.o Q *"^ft^> in 

which there are two factors in the numerator of the co- 
efficient; two factors in the denominator; the exponent of 
X is n— 2, and that of a is 2. Hence, we regard 2 as the 
key nuniberjyt the term. 

The number 3 occurs in a similar way in the formation 
of the fourth term; 4, in the fifth term, and so on. 

For the rth term, the key nimiber is r— 1. Hence, 

_xi_ J. n(n— 1) ... tor— 1 factors «_,.,,- , 

rthterm= ix2X3 . . . (r-1) ° ^^ ' 

Ex. Find the 6th term in the expansion of (2 a— i)*^. 

Hie key number for the 6th term is 5. Hence, we obtain 

.^, ^ 11X10X9X8X7 ,^ . ,, .. 

6thterm^ ^^^^3^^^^ (2a)u-»(-^)^ . 

= -924a«. Ans. 



BXERCISE 163 

Without finding any other term, find the 
1. 6th tern of (a+6)^o. ^ ^^^^^ 

1. 7th term of (a- 6)«. 

S. 5thtermof (a+2y«. 5. 9th term of (l+r)i«. 



»' (-r 
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6. 5thtennof (2a2-i)i2. 

la hV^ 

7. 6th term of ( t — 1 . 

10. The middle term of (a -2 x)^^. 

11. Two middle terms of (3 x^- 1)9. 



8. 4th term of (2 x 

9. 5th term 






3»)«. 
Zx) ' 



EXERCISE 154 

1. In Fig. 1, two sniall squares have been cut out of 
a rectangle, at places equidistant from the two ends of 
iihe rectangle. Supply the neqessary letters and obtain 
a formula for the area that is left. 



-a- 



-H 



T 

i (3a-2c)c 



Fid. 1. 



Fig. 2. 



2. In Fig. 2, all the angles are right angles and all 
the lines are unequal. Supply the needed letters and 
obtain a formula for the area of the figure. 

3. One of two cars is m miles due north from a given 
point and the other is p miles due west from the same point. 
They start at the same time and move at different rates, 
the first north and the other west. Supply letters and 
obtain a formula for the distance they mil be apart at 
the end of a certain number of hours. 

4. An adult person requires 50 cu. ft. of fresh air 
per minute, a kerosene lamp 4 times, and a child \ as much 
as an adult person. Obtain a formula for C, the number 
pf tinies per hour the air should be changed in a room whose 
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3or 



dimensions are a, 6, c feet, and which contains n adults, I 
lamps, and m children. 

5. If an attic has dimensions in feet as indicated on 
the diagram, and contains two windows each a"Xb'%' 





I 


y 


XX 


\ 


i 


^ 

1 


e 




b" 


J 


a" 





w 




obtain a formula for D, the cost in dollars of lathing 
and plastering the attic at c cents per square yard, if half 
the window space is deducted. Illustrate the use of the 
formula by a numerical example. 

6. Obtain a formula for B, the num- 
ber of board feet in the largest stick of 
lumber that can be cut from a log I feet 
long and a in. in diameter. 

7. If the side of a square is a and an 
error, e, is made in measuring the length 
of one of its sides, what is the error, E, in its area when the 
area is computed from the side as measured? 

8. A jar is weighed both before and after a certain 
number of shot of equal size are placed in it. Supplying 
the required letters, obtain a formula by which the weight 
of one shot can be obtained by this method. 

9. On the "odd" side of a street, obtain a formula for 
N, the number of houses between two given houses whose 
numbers are Z and /i, (n>T). State this formula as a rule. 

Do the same on the "even" side of a street. 

10. At a given moment one tank contained a gallons 
of water and another b gallons, and water began to flow 
from the first tank into the second at the rate of g gallons 
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per minute. Find fonnulas for G and 0', the number of , 
gallons in the two tanks at the end of t minutes. 

Also find the value of < in terms of a, h, and g, when the 
amount of water in the first tank equals that in the 
second. 

11. An alloy composed of two metals weighs a pounds, 
but when weighed in water loses 6 pounds of its weight. 
One of the metals when weighed in water loses the pth 
part and the other the gth part of its weight. Obtain 
formulas for the amount of each metal in the alloy. 

164. Factorial Product The product 1X2X3X4X6 
is called factorial 5. So in general the product 
1X2X3 X . . . Xn is called factorial n. 

Two methods of writing a factorial product in symbols 
are in use. Thus factorial n may be written |n'or n! 
The latter is easier to print and will be used here. 

By use of this notation the binomial formula can be 
written in a somewhat abbreviated form thus: 

^ ^(^■,lKn-2) ^,.3y^ . . . 

166. Proof of the Binomial Formula for Positive Integral 
Values of n. This proof may be conveniently divided into 
three parts. 

I. By actual multiplication it is found that, for any definite 
value of n, as n=4, 

(a +6)* -o*+4 a36+6 a«6«+4 a6»+6*. 

That is, the binomial formula is true when n »4. 

II. We shall now prove the general principle that if the binomial 
formula is true for any power, as the A;th, it is true for the next 
higher power, the A+lst power. 
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We write out the formula for the A;th power and multiply both 
sides by a +6. 

Multiplying each side of this identity by a+b and simpli'* 
fying 

(a+6)*+» -a*+> +(jfe+l)a*6+Mpo»-i5. 

* 

This is the result which would be obtained by expanding 
(a-f-fe)*"*"^ according to the formula. 

Hence, we have proved that if the binomial formula is true for 
any power, as the A;th, it is true for the next higher power, the 
A; 4- 1st power. 

III. But by actual multiplication (in 1) the biuuiuiai formula 
was shown to be true for the 4th power. Hence, by the general 
principle just proved (in II), the formula must be true for the 
next higher power, the 5th. In like manner, it must be true for 
the 6th, and so on to the nth power. 

The method of proof used in this Article is called mathemoHcal 
induction. 

166. Power of a Difference. If 6 is negative, then all 
odd powers of 6, as i^, b^, etc., in the binomial formula 
must also be negative. Hence, 



^ n(n-l)(n-2) ^,,3y+ . . . 



167. Examples. 

/a? 1 \* 

Ex. 1. Expand l-^ — j^j . 
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ii-hy-ii--')' 

-(i)--(?)'H-(?)"(--')* 
-»(i)-H'W?)-H*-(?)H"-('-)' 

Ex. 2. Find the sixth term of (| — ;7=)*- 

The key number for the sixth tenn is 5. Henee, we 
obtain 

9X8X7X6X5/Xy-Y_2 y 

126 X* 2»z~iy~i 28 . . . 

--- r-2i — 3J — -^'*^- ^~- 

x^ — I j which contains x**. 

We must first find the number of the term and then the tenn itsdf. 

The rth term of (z«-2x"^*)"=(coeflf.)(a:«)"-'^K-2x''*)'-». 
For the required term, the x's collected must »x". 

Hence, (x*) "-^(z"" *)'- » =x« 

24-2r-^i=12. 

Whence, r»5. 

-^^, ^ 11X10X9X8 ^ ,. ^^ . - .x.^ 

Fifthterm- xx2x3X4 ^^ > ^ ^"^^ *^ ' 

-5280 x'^. Aim. 

EXERCISB 166 
1. Whenever possible change each of the given expres- 
sions in Exs. 2>13 to a form in which it can be most readily 
expanded by the binomial formula. . 
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Expand: 
2. (1-Vi)8. 4. i3xi-2y^)*. e. (x-i+v^)^. 

'• V~^/ • 6. (V2-V3)». ''' (^-^)*- 

«• (^VJ-l)'- 12. (a:2^^+2)3. 

10. (iV3-2V2)*. 18. (2-3x+x2)3, 

Find the 

14. Sixth term of (a-2a:2)ii, 

15. Eighth term of (l+xy/yY^. 

16. Find the seventh and eleventh terms of 

17. Find the sixth and ninth terms of (i a%—2^^yK 
Find the ratio of 

18. The third to the fifth term in the expansion of 

19. The tenth and twelfth terms of (x*H — ^) . 

\ 2vx/ 

20. Find the middle term of (3 a^-z^^y^. 
Write the formula for 

21. The r+lst term of {x+a)\ 

22. The r— 1st term. For the r+ 3d term. 

23. The rth term of (a;+a)"+^ 

Find the 
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26. Term containing x^^ in la^ — j . 

a? — J . 

27. Term containing x in (yV^+'v/-) . 

28. Find the coefficient of x® in (x — 1 . 

29. Expand (x+a)"+' to 4 terms. 

30. Expand (x+a)""^ to 5 terms. 

31. Expand (1 — 1)" by the binomial theorem. 

32. Prove that in the binomial formula the sum of the 
coefficients of the odd terms equals the sum of the coeffi- 
cients of the even terms. 

33. Prove that the sum of the coefficients of the terms 
in the expansion of (a+by^ is 2^®. That the sum of the 
coefficients in the expansion of (a +6)" is 2*. 



EXERCISE 166 

Make a suitable graphical representation of the data 
in each of the following examples: 

1. In a certain year the values of the principal crops 
of the United States in millions of dollars were as follows: 
Corn, 1,645; hay, 826; cotton, 728; wheat, 706; oats, 
473; potatoes, 219; apples, 157; barley, 114. 

2. The following tabulation gives the population of the 
United States in millions, the receipts of the Post Office 
Department in millions of dollars, and the number of 
miUions of telegrams sent in the years specified: 
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Year. 



Population .... 
P. O. receipts. . . 
Telegrams 



1800 


1810 


1820 


1830 


1840 


1860 


1860 


5 
.3 


7 
.6 


10 
1.1 


13 
1.9 


17 
4.6 


23 
6.6 


31 

8.6 


• • • • 


• • • • 


• • V • 


• • • • 


• • • • 


• • • • 


■ • • • 



Year. 



Population. . . . 
P. O. receipts. . . 
Telegrams 



1870 


1880 


1890 


1900 


1910 


1920 


39 


60 


63 


76 


92 




20 


33 


61 


102 


224 




9 


29 


66 


63 


76 





Also construct other curves on the diagram to show the 
relation between the growth of the P. O. receipts and 
telegrams sent, to the growth in the population. 

3. The boiling or fusing points of certain substances in 
degrees Fahrenheit are as follows: ether, 96°; alcohol, 
173°; water, 212°; sulphur, 238°; tin, 442°; lead, 617°; 
iron, 2800°. 

4. The following tabulation gives the number of 
immigrants in ten thousands, of population in milUons, 
in the United States in the years specified: 



Year 


1820 

.8 
10 


1830 

.2 
13 


1840 

8 
17 


1860 

37 
23 


1860 

16 
31 


1870 

39 
39 


1880 

46 
60 


1890 

46 
63 


1900 

46 
76 


1910 

104 
92 


1920 


Immigrants 
Population. 



Treat the diagram in such a way as to get the maximum 
of information from it. 

6. The following tabulation shows the per cents of the 
men of different nations under arms in the Great War a^ 
the dates specified: 
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Dath 


Jm-Tl, 
1914 


Jan. 1, 
1915 


JdltI, 
1915 


Jan. 1. 
1916 


Jolt 1, 
1916 


France 

Germany 

Great Britain 

United States 


i 
7 
1.7 


18 

18 
2.4 


21 

21 
6 


23 
23 
9 


28 

24.5 

12.6 


Date 


Jan. 1, 
1917 


July 1, Jan. 1, 
1917 1918 


JdltI, 
1918 


France 


26.5 


27 


27.5 


•2a 


Germany 

Great Britain 

United States 


26 
18 




27.6 
20 
2.8 


29 
21 
4 




31 
24.8 
6 



6. The following tabulation gives the speed in knots of 
a certain vessel when the engines registered the horse- 
power specified: 



Horse-power 


100 


175 


260 


300 


400 


Speed in knots.... 


6.5 


11.7 


15.4 


16.9 


18.3 



What does "knot" mean as here used? 

From the chart determine the speed for the following 
horse-powers: 150, 290, 350. 

7. The per cents of different edible constituents in 
certain food for animals are aa follows : 



I 



I 



I. 



I 



I 
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8. Construct a graph showing the simple interest at 
4^ % on $100, $200, $300, etc., for one year. From the 
graph determine the principal that in one year at 4^ % 
will produce $21 interest. Will produce $25 interest. 

9. The following tabulation gives the time of sunrise 
on the first day of each month at Boston, Mass., and at 
Charleston, S. C. 



Month 


Jan. 1 


Feb. 1 


Mab. 1 


April 1 


MayI 


JunbI 


Boston 


7:30 
7:04 


7:15 
6:57 


6:37 
6:29 


5:44 
5:50 


4:56 
5:14 


4:26 
4 : 54 


Charleston 



Month 


July 1 


Aug. 1 


Sept. 1 


Oct. 1 


Nov.l 


Dec. 1 


Boston 


4:25 
4:55 


4:51 
5:13 


5:23 
5:34 


5:56 
5:53 


6:32 
6:48 


7:09 
6:44 


Charleston 



10. In 1913, the year preceding the Great War, the 
per cents of the amount of pig iron produced in the world 
in different countries were as follows: United States, 40; 
Germany and Austria, 27; British Empire, 14; France and 
Belgium, 10; all other coimtries, 0. 



CHAPTER XIX 

INFINITE GEOMETRICAL PROGRESSION; VARIATION; 

LOGARITHMS. 

168. Limit of the Sum of an Infinite Decreasing Geomet- 
rical Progression. 

If a line AB 







C 

1 




D 




i. 




j\. 




j\^ 


_^_^^ 




T 




\ 


k 


A 



is of unit length, and one-half of it (AC) is taken, and 
then one-half of the remainder (CD), and one-half of the 
remainder, and so on, the sum of the pia,rts taken will be 

This is an infinite decreasing G. P. in which r=i. The 
sum of all these parts must be less than 1, but must 
approach closer and closer to 1 as a limit, the greater the 
number of parts taken. This illustrates the meaning of 
the limit of an infinite decreasing G. P. 

In general, to find the limit of an infinite decreasing 

G. P. we have the formula 

a 

1— r 

For formula II of §123 may be written, «=:; . 

Then, as the number of terms increases, 

I approaches indefinitely to 0. 

.'. rl approaches indefinitely to 0. 

.*. a—rl approaches indefinitely to o— 0=o. 
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approaches indefinitely to 



1— r ^^ "^ 1— r 

_ o 

1— r 
Ex. rind the sum of 9, —3, 1, — |, . . . to infinity. 
Here o=9, r=— ^. 

9 9 27 

169. Repeating Decimals. By the use of § 168; the 
value of repeating decimals may be determined. 

Ex. 1. Find the value of .373737 . . . 

.373737 . . . =.37 +.0037 +.000037+ . . . 

Here o = .37 r = .01. 

.37 .37 37 
••*"1-.01".99"99- ^'^' 

Ex. 2. Find the value of 3.1186186 . . . 

Setting aside 3.1, and treating the remaining terms as a G. P^ 

o = .0186, r = .001. 

_ .0186 _ .0186 ^ 186 ^ 62 
'* *"l-.00i" .999 "9990 "3330* 

/. 3.1186186 . . . -3TV+7MTr=3|ftfe. Ans, 

EXERCISE 167 

Find the sum to infinity of the series 

1. 2, J, t, . . . J50 _450 J50 

„ 9 _i 1 ^* 1.06' 1.062' 1.063' ••• 

8. ih li, h ••' '• ^^' ~^*' ^^' '" 

4. 4i -2J, IJ, . . . 8. 6, 3V2, 3, . . . 

200 200 200 « 1 1 1 

•• 1.05' 1.052' 1.058' •• • • v^_i' 'V2+i'"* 
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10. §V2+iV3+iV2, . . . 

11. l+(l-\] + (l-kY+... 



('-i)+('4y 



12. Give the ratio in the G. P. in each of the following: 
(1) .333 ... (2) .272727 ... (3) .356356. (4) 
.79127912. (5) .5333 ... (6) In Exs. 13-21. 

Find the value of 

13. .63. 14. .417. 16. 5.846. 

16. 3.52424 ... 19. 1.02727 . , . 

17. 1.4037037 ... 20. 1.027027 ... 

18. 3.215454 ... 21. .30102102 . . . 

22. Find the first term in an infinite decreasing geomet- 
rical progression whose sum is f and whose ratio is — J. 

23. If the velocity of a sled at the foot of a hill is 60 ft. 
per second and this velocity should be diminished by 
one-third each second as the sled moves out on the hori- 
zontal, how far would the sled move before coming to 
rest? 

24. If a ball is thrown up from the ground to a height 
of 30 ft., and each time that it falls to the ground boimces 
to f of the height from which it fell, how far will it travel 
before coming to rest? 

25. If a ball, dropped from a height of 80 ft., rebounded 
40 ft., and on striking the ground again rebounded 20 ft., 
and so on, how far would it travel before coming to rest? 

170. Illustration of Variation. The weight of a stick 
of lumber (of uniform width and thickness) will vary as 
the length of the stick. This fact may be expressed thus: 
y = kx, where y denotes a niunber of pounds, x the length of 
the stick, and A; is a nxmiber to be determined by weighing 
a piece of the stick 1 ft. in length. 

An expression in the formy = fcx is called a variation.. 
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{Another method of expressing a variation in symbols will 
be given later.) After the numerical value of k has been 
obtained and substituted for fc, the variation becomes an 
equation. 

171. Utility of Variations. In discovering the laws of 
science and engineering, it is frequently convenient (and 
often necessary) first to find out the kind of variation 
involved, and then if possible, to discover the numerical 
value of the k involved. In case the value of k cannot be 
discovered, the law is nevertheless useful for many purposes. 

Thus, it may be discovered by experiment that the distance in 
miles at which an object above the earth's surface (as the light 
of a lighthouse or the top of a mountain) can be seen at sea, varies 
as the square root of the height in feet of the object above sea 
level. This relation can then be expressed as a variation thus, 
m-ky/h. In order to find the numerical value of A;, we take a 
case where /i=5000 ft., and by trial find that m=86i miles; 
hence, k is found to be 1.22. We then have m»1.22\/^ as a 
formula for general use. 

The principle of variation has like application in many 
affairs of common life. 

172. Kinds of Variations. I. Direct Variation. 

Ex. 1. The cost of sugar varies as the number of 
pounds bought. 

Ex. 2. The area of a circle varies as the square of the 
radius (this follows from the formula A = t7^). 

Ex. 3. The number of miles at which an object can be 
seen at sea varies as the square root of the height above 
sea level of the object in feet (see § 171). 

173. n. Inverse Variation. 

Ex. 1. The number of days required to do a given 
piece of work varies inversely as the number of workmen 
employed. 
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Ex. 2. In triangles of a given area, the altitude varies 
inversely as the length of the base. 

Ex. 3. The force with which a magnet attracts a given 

object varies inversely as the square of the distance of the 

k 
object, or w=-^. 

Many forces which act in a straight line toward or 
from a center vary in the way stated in Ex. 3. The f orces^ 
light, heat, sound, magnetism, and gravity are of this class* 

174. m. Joint Variation. 

Ex. The area of a rectangle varies as the product of 
the length of the rectangle by the width. 

176. IV. Direct Inverse Variation. 

Ex. The number of days it takes to reap a given field 
varies directly as the number of acres in the field and 
inversely as the number of laborers. 

176. V. Complex Variations. 

Ex. 1. In the formula s^vt^lQfi, s varies as the 
difference between a joint variation (viz., vt) and a direct 
variation (16 t^). 

Ex. 2. The cost of flour varies with the size of the 
wheat crop, the size of other cereal crops, the price of 
labor, the cost of transportation, and a multitude of other 
factors. 

EXERCISE 168 

State to which of the above five species of variations 
(§§ 172-176) each of the following belongs: 

1. The wages of a workman varies with the number 
of days he works. 

2. The number of days a given amount of food will 
last varies with the number of persons that are being fed. 
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5. The distance an automobile travels varies with the 
number of hours it goes and also with its speed. 

4. The number of feet a body falls varies as the 
square of the time during which it falls. 

6. If the amount of water is unchanged, the water 
power obtained from a dpjn varies with the height of the 
dam. 

6. The number of wagon loads hauled in digging a 
given cellar varies with the size of the load. 

7. The interest on a given sum of money varies with 
the time and the rate of interest. 

8. The niunber of posts required in building a fence 
varies with the length of the fence and with the distance 
between two successive posts. 

9. The number of tons of coal consumed by a steamer 
in going a given distance varies with the cube of the 
steamer's speed. 

10. The weight supporting power of a beam varies with 
the length, width, and square of the depth of the beam. 

11. The time required in emptying a given cistern 
through a circular opening varies with the square of the 
diameter of the opening. 

12. The lifting power of a lever varies with the length 
of the power arm of the lever, the power applied at its end, 
and with the length of the weight arm of the lever. 

13. The number of boxes of the same size needed in 
packing a given amount of goods varies with the volume 
of one of the boxes. 

14. Interest received from a loan varies with the amount 
of money loaned, the rate of interest charged, and the time. 

15. The pressure of the wind on a surface varies with 
the area of the surface and the square of the velocity of 
the wind. 
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'^ 16, In y^^ax — «, if a and 6 are constant and x a 

x^ 

variable, what kind of variation have we? 

State which of the following are correct and which 

incorrect: 

« 

, 17, The area of a circle varies as the diameter oi the 
circle. 

18. The perimeter of a square varies as the length of 
one side of the square. 

, 19. The time it takes to walk a given, distance varies 
directly as the speed of the walker. 

20, The number of shingles of the same size required 
^0 cover a given roof varies directly as the width of the 
shingles. 

177, Symbol for Variation. In working with varia- 
tionsi "varies as" is often expressed by the symbol oc. 
Hence, for instance, *'y varies as x" may be written yazx. 

Ex, Express by symbols the statement that p varies 
as the square of q and inversely as r. 

We have poc— . 

r 

EXERCISE 169 

Express the following by use of the symbol for variations: 

1. y varies inversely as L 

2. i varies inversely as the square of L 

3. A varies jointly as { and w. 

4. p varies directly as q and inversely as the square 
of r. 

6. p varies directly as (p and inversely as the square 
yoot of r. 

6. y is directly proportional to ^ and inversely pro- 
portional to fi. 
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7i The distance (s) passed over by a body falling from 
a state of rest is found by experiment to vary as the 
square of the number of seconds (t). Express this law 
a3 a variation. 

« 

If fc is found to be 16.1 ft., express the law as an equa- 
tion. 

8. The number of seconds (0 required by a pendulum 
to make a complete oscillation is found by experiment to 
vary as the square root of the length (I) of the pendulum. 
Express this law as a variation. 

If k is then found to equal 2ir-T'Vg, express the law as 
an equation. 

9. The number of vibrations (N) made by a wire of 
given length (0 stretched by a weight (w) is found by 
experiment to vary directly as the square root of w, and 
inversely as Z. iV is also found to vary inversely as the 
diameter (d) of the wire, and inversely as the square root 
of the specific gravity (s) of the material composing the 
wire. Express this law as a variation. 

If k is found to equal Vl-r-x, express the law as an 
equation. 

178. Logarithmic Extraction of a Root of a Decimal 
Ntimber. 

Ex. Extract the cube root of .03156 by the use of 

logarithms. 

log .03156 »8.4991- 10 
20 -20 
3 |28.4991-30 
Antilog 9.4997 -10 -.316. Ana. 

Hence, in general, in extracting the root of a decimal by 
use of logs: 

Add to and subtract from the logarithm of the decimal 
number sy^ a multiple of 10 thai the last term of the quotient 
shall be 10. 
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179* PkcwBt Wdfdi Mt CffiiipwinJ 

Ex« When S640 is due in 5 jean, wbat is its |M«amt 
worth if intoest he compiited at 6 per eent? 

The amount of $1 in 5 jean at 6% campaand interest is (1J06)*. 

Hence, the pfesent worth of S640 due in 5 yeara is tMO-^ilMY. 

640 
We fhaU now compote the vafaie of t-^tt- by nae of lo^s. 

log 640 -2.8062 log 1.06 »0.0253 

log (1.06)* -0.1265 5 log li)6 »0.1265 



antflog 2.6797 -478.33. 
Bmoe, $478.33. Ana. 

Hence, in general, if the present worth of b dollars due 
in i years be denoted by P, and interest be computed at r 
per cent compound interest, 

b 



P= 



(1+rr 



180* Annuities. If an annuity of a dollars is to be 
paid for t years at the end of each year, we may obtain a 
formula for the present value of the annuity (interest being 
computed at r per cent compound interest), by computing 
the combined value of all the pa3rments at the end of 
t years, and then computing the present worth of this 
sum. 

Thus, the first payment of a dollars, since it is made at the end 
of the first year, would have a value at the end of t—l years of 
a(H-r)*"*. In like manner, the second payment of a dollars 
would have a value at the end of <-2 years of a(l-|-r)'~^, and 
^80 on, till the last payment (made at the end of t years) would 
have the value a. Arranging these values in reverse order, we 
obtain the following geometrical progression: 

a, a(l+r), a(l+r)S -.., a(l+r)'"^ 
« 

Applying to this series the formula for the sum, we obtain. 
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'- (l+r)-l ' ^"^ »-^[i^+ry-l]. 
Denoting the present worth of a by P, by } 179, we have 

Ex. A man wishes to buy an annuity of $1000 to nm 
for 12 years. What would he pay for it, if interest is com- 
pounded at 6 %? 

In the formula iP=-| l-7rrTM» « = 1000, r = .06, and <«12.' 

ri (l+r)J 

Hence, ^-^[l-(i:^J- 

Computing the value of . > - by logs, we have 

logl» 0.0000 log 1.06 »0.0253 

»10.0000-10 12 log 1.06 =0.3036 

12 log 1.06 « 0.3036 

antilog 9.6964 -10 -.497 

/.P—U -.497] -^-8383.33. 

Hence, $8383.33. Ana. 

EXERCISE IGO 

Compute by the use of logarithms: 

1. ^.035063. 4. ^.86745. 7. ^.0002137. 

2. Viii. 6. ^-.031459. ro-=r 

^ 8 / 0.71 

3. ^.00429. «• \/.05432. ®' \:6723' 

^ /.896X.782 ^^ 5.167 XVSO? 

^ -574 • • 773.8 X ^'.09034 



8.709 X. 0946 j^^ .03575 X VSTSX-^^'SSJ 

.51384 • 8.4lxV."375X^3.58 '' 
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13. Find the present worth of $5000 due in 6 years, if 
interest be compounded at 6 %. 

14. What is the present value of an annuity of $250 
payable yearly for 30 years, if interest is compounded at 

6%? 

16. A man wishes to buy an annuity of $800 to run 
20 years. If interest is at 6 %, what should he pay for it? 

16. If an annuity of $50 remains unpaid for 10 years, 
and interest is computed at 6 % compound interest, what 
would be its accumulated value at the end of the time? 

17. Given a*=62*+S find x. 

18. The diameter of a spherical balloon which is to lift 
a given weight is calculated by the formula 



"-Aft 



w 



.5236(il-G)' 

where 2) = diameter of the balloon in feet. 

il = weight in pounds of a cubic foot of air. 

G = weight in pounds of a. cubic foot of the gas in 

balloon. 
Tr = weight to be raised (including weight of balloon). 

If A = .08072, G = .0056, W = 1250 lb., fin^ D. 



L Simplify 



EXERCISE 161 

General Review 
(a +6) (a -6) - 1 - (a -6) (a +6) -» 



l-(aa+6«)(a-f6)-« 
2. Solve y/x-X +2 Vx^- 1=0. 

• «. vr /.x "^ /ox 8/9 F« 

S. SunpMy: (1) ^^ (2) ^-^^ 



4. By the use of logarithms, find the value of V3.6irF« when 
Vr¥ and 7=6.281. 
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6. The following tabulation gives the value in millions of 
dollars of new buildings erected and of those destroyed by fire in 
the United States in the years specified: 



Year 


1901 

347 
164 


1902 

312 
154 


1903 

390 
158 


1904 

365 
253 


1905 

506 
173 


1906 

650 
463 


1907 

506 
216 


1908 

430 
239 


1909 

611 
202 


1910 

635 
237 


1911 

535 
235 


New bldgs . . 
Fire losses. . . 



Graph these facts. 1906 was the year of the earthquake and 
great fire at San Francisco. Also 1908 was a year of financial 
panic and depression. How are these facts shown on the chart? 

6. Obtain a formula for B, the number of board feet in the 
largest possible stick of lumber cut from a log I feet long and a 
inches in diameter, if one side of the stick is to be & inches in width. 

7. Solve 3 X* -4 2/ =59, 2 x^+Z y* =98. 

8. If a stone is thrown upward with a velocity of 110 ft. per 
second, its height in feet t seconds later is 110^—16^*. Find 
when, if at all, the stone will be 150 ft. above ground and when, 
if at all, 200 ft. above the ground. 

9. For what value of x will the ratio x^—x+l : x*+x+l 
be equal to 3 : 7? 

10. Obtain a formula for the nth term of the A. P. 9, 7, 5, . . . 
Also for the n+2d term. 



IL Expand (Vx+l — Vx— 1)* by use of the binomial formula. 

12« A boat crew, rowing at half their usual speed, row 3 mi. 
downstream and back again in 2 hr. 40 min. At full speed, they 
can go over the same course in 1 hr. 4 min. Find, in miles per hour, 
the rate of the crew and of the current. 

13. Determine by finding their sum and their product whether 

— i+ V2 and — J — V2 are the roots of the equation aj*+a?-" — 1. 
Give the reason for your answer. 



14. Expand (2~yby 



the binomial formula. 



222 
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/ 6«\» 
16. Find the 7th term in the expansion of (3a~ir I • Also 

the 4th term in the expansion of (Vm — v5)*. 

16. In the equation z*+pz-\-q^O, what relation exists between 
p and q, if one root of the equation is twice the other? 



T 

•O 
_1_ 





t 
1 


ib 














1 


b 








e 











Fig. 1. 



Fig. 2. 



Fig. 3. 



17. In Fig. 1, two small squares have been removed from a 
ATger square, at places equidistant from the sides. Obtain the 
simplest f onnula you can for the area of the figure left. 

18. In Fig. 2f all of the angles are right angles. Supply the 
necessary additional letters and then obtain a formula for the 
irea of the figure. 

19. In Fig. 3, all of the angles are right angles and all of the 
lines are unequal. Using the smallest possible number of letters, 
obtain a formula for the area. 



20* Find the two middle terms in the expansion of ( 2 Vx — ^-~r ) • 

/2x* 3 \« 
21* In the expansion of I -^ — o" ) > ^^ ^® coefficient of x*. 

22. The sum of 5 terms of an A. P. is —5, and the 6th term is 
—13. What is the common difference? f 

23. By the use of the binomial theorem, find the ratio of the 5th 
term to the 7th term in the expansion of (1 — V2 xy. 

24. Copy the following tabulation and fill in the vacant . 
places. 
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Subject 


Formula 


Rcu) 


A. P. 


Z=o+(n-l)d 




A. P. 


A.M.=^ 
2 




G.P. 


rl—a 
"r-l 




A. P. 


8=|(a+0 




G. P. 


G.M.-Va6 





r 26. A sinking fund is a fund accumulated to meet a debt by 
setting aside a certain sum, the sum set aside to accumulate by 
compound interest. If 

C = number of dollars in the debt, 8 «sum set aside annually, 
n = number of years, r =rate of interest, 

then it may be shown that 

^_ 8[(l+rr-l] ^ 



If a city wishes to take up $2,500,000 worth of bonds at the end 
of 4 years, how much must it set aside each year, the rate of interest 
being 5 %? ___^ 

26. Solve x«-3x-6Vx»-3a:-3+2=0. 

27. Show that the roots of the equation x*+ax—l »0 are real 
and unequal for any real value of a. 

28. Find the G. P. whose sum to infinity is 4 and whose second 
term is f . 

29. Find the sum to infinity of — 3+§ —A" • • • 

30. Given K'^ttR*, and C»2irR, eliminate R and find K in 
terms of C 
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31. Given S-a-AL and T~xR(R+L), elinunate R and find 
T in tenna of S and L. 

„ _. ... Va'-x'+2f(a'-x')-i 

82. Simplify ^^^ . 

83. Solve z+y+Vi+ff- 20, iy-63. 

84. The sum of the first seven terms of a G. P. ia 635, and the 
ratio is 2. What is the fourth tenn? 

36. Find the first four terms in the expansion of (1 +**)■* when 
r-.(Gi. 

36. Compute the value of (1.04)> to the nearest hundredth, 
(1) by actual multiplication, (2) by the use of the binomial theorem, 
(3) by the use of logs. Compare the amount of work in the three 

87. During a certain baseball season a player made p putouts, 
a assists, and e errors. Obtain a formula for ^, his average of 
successful plays. 

38. The first term of a geometrical series is 2 and the sum of the 
fourth term and three times the second term is equal to four times 
the third term. Find the series. 

39. Factor: 

,1, SLJ^-126. »' ••+'■'+'■ 

99' 3g (3) (a>_ai)i_(a6_6.).. 

(4) p^+q'+abp-i^p+ab)q. 

(5) l-2aa:-Cc-a')i»+acx'. 
J .^ ^_,b 

Simplify 



Simplify [(o-)""-]'^- 

Hot the graphs of the following system of equation^- 
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«*+y*-4, 3x— 2 2/«6. From the graphs find the approximate 
values of x and y that satisfy both equations. 

44. Rationalize the denominator of = ;=. 

2-hV3-V5 

46. Find a G. P. in which the sum of the first two terms is 2|' 
and the sum to infinity is H. 

46. What two numbers, whose difference is A, are to each other 
as a : 6? 

47. Solve X* +y« = 3.7, x — y = .5 to the nearest hundredth. 

48. During the World War 500 Allied destroyers destroyed 34 
German submarines, while 100 Allied submarines destroyed 20 
German submarines. Determine the efficiency of the second 
method of destruction as compared with the first method. 

49. What distance is passed over by a ball which is thrown 
60 ft. vertically upward and at every fall rebounds | of the distance 
from which it fell? 

c* X* 1 c* 1 

50. Extract the square root of -r+cx'\ \-- h^r" H — • 

4 c* Ax* 2x c 

61. In a recent year the copper crops in thousands of tons 
in the leading copper producing countries of the world were as 
follows: 

United States, 493 Spain, 52 Chile, 42 Germany, 32 
Mexico, 61 Japan, 42 Australia^ 34 Canada, 28 

Make a suitable graph of these facts. 
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Abbreviated division, 29 

multiplication, 27 
Absolute term, 154 
Addition, 7 

in solving equations, 159 

of fractions, 51 

of radicals, 125 
Annuities, 318 
Antilogarithms, 220 
Arithmetical progression, 191 

means, 197 

Bar graphs, dissected, 106 

dual, 138 

vertical, 139 
Binomial formula, 297, 302 

surd, 129 

theorem, 297 

Characteristics, 213 
Coefficients, in binomial theorem, 
297 

of an equation, 180 

of a radical, 122 

relation to roots, 182 
Comparison, elimination by, 249 
Complex number, 135 
Compound unknown quantity, 

268, 270 
Cubes, sum or difference of, 29 

Decimals, extraction of root, 317 

repeating, 311 
Degree, of a radical, 122 
Demand curve, 187 



Denominator, rationalising, 128, 

261 
Difference, im arithmetical pro- 
gression, 191 

of cubes, 29 

of squares, 34 

power of, 303 
Discriminant, 179 
Division, 15, 29 

of fractions, 52 

of radicals, 127 

Efficiency, as a ratio, 280 

curve, 44 
Elimination, 73 

by comparison, 249 

in formulas, 79 

methods of, 74 
Ellipse, 169 
Entire surds, 122, 124 
Equations, equivalent, 59 

exponential, 225 

fractional, 55, 131, 241 

graphs of, 93, 168, 254 

homogeneous, 155 

independent, 73 

linear, 90 

literal, 145 

quadratic, 144, 154, 179, 268 

radical, 130, 131, 133, 149 

roots of, 179 

simultaneous, 73, 92, 154, 249, 
254 

solution of, 55, 92, 147, 172, 174, 
243,254 
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Equations, flymmetrical, 158 
Equivalent equations, 69 
Evolution, 101 

Exponential equations, 225 - 
Exponents, 258 

fractional, 111, 116, 117 
.' in binomial theorem, 206 

integral. 111 

law of, 13, 15, 98 

negative, 113, 116, 117, 268 

positive. 111 

zero, 113 
Extraneous roots, 59 

in radical equations, 133 

Factorial method of solving equa- 
tions, 147 

product, 302 
Factoring, 32 

by aid of radicals, 262 

Case I, 32 

Case II, 33 

Case III, 33 

Case IV, 34 

Case V, 34 

Case VI, 36 

Case VII, 39 

Case VIII, 40 

Review of, 237 

Special case in, 236 
Factors, transference in a fraction, 

114 
Factor Theorem, 41 
Formula, binomial, 297 

elimination in, 79 

for solving quadratic equation, 
145 

in arithmetical progressions, 
192 

in geometrical progressions, 
201 



Fractional equations, 55, 131, 241 

exponents. 111, 116, 117 

special methods of solving, 243 
Fractions, 48, 241 

addition of, 51 

characteristics of, 214 

division of, 52 

multiplication of, 52 

powers of, 99 

subtraction of, 51^ 

transference of factors in terms 
of, 114 
Function, 87 

Geometrical progressions, 200, 310 

means, 205 
Graphical solution of problems, 
95 
of equations, 92, 174, 254 
Graphs, 19, 44, 87, 238, 274, 275, 
306 
bar, 106, 138, 139 
circle, 172 
ellipse, 169 
hyperbola, 170 
net profit, 185 
of equations, 89 
linear, 90 
quadratic, 168 
simultaneous, 92, 254 
of imaginary roots, 172 
parabola, 168 
use of, 88 

Homogeneous equations, 155 

polynomials, 234 
Hyperbola, 170 

Imaginary number, 101 
quantity, 135 
roots, 172 
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^e]|^|id(^t ^uatioQS, 73 

Index law, 98, 102 

Infiniti gebibetrical progresaion, 

310 
Intllgral exponents, 111 
Involution, 98 
of radicals, 12d 

Key number, in binomial formula, 
299 

La\y^, of exponents, 98 

o^ signs, 99 

index, 98, 102 
Linear equations, 90 
Literal equations, 145 
Logarithms, 210, 317 

extiitction of root by, 317 

tables of, 216, 218 

uses of, 212, 216, 220, 222 

Mantissa, 213 

Means, arithmetical, 196 

geometrical, 205 
Monomials, involution of, 99 
MuitipUcation, 12, 27 

of fractions, 52 

of radicals, 126 

Negative exponent, 113, 116, 117. 
268 

quantity^ 135 
Net profit graphs, 185 
Number, complex, 135 

imaginary, 101 

real, 101 

of roots, 101 
Nutritive ratio, 283 

Oral Exercises, 10, 16, 42, 62, 66, 
80, 119, 133, 151, 163, 244, 
251,264 



Parabola, 168 

Parenthesis, complex use of, 233 
Polynomials, factoring of, 32, 39, 
40 

homogeneous, 234 

square of, 235 : 

square root of, 103 
Positive exponents. 111 
Powers of fractions, 99 
Problems, solution by grapbB^ 

95 
Progressions, 191 

arithmetical, 191 

geometrical, 200, 310 
Proportion, 280 

properties of, 280 

solution of, 281, 289 

transformation of, 289 

Quadratic equations, 144,154,179, 
268 
affected, 148 
graphs of, 168 
literal, 145 
simultaneous, 154 
solution of, 155 

by formula, 145 

by graphs, 172, 174 

by completing square, 144 

Case 1, 155 

Case II, 156 

Case III, 159 

theory of, 179 
Quadratic surd, 129 

Badical equations, 130, 133, 149 
Radicals, 122, 258 

addition of, 125 

division of, 127 

factoring by aid of, 262 

involution of, 126 
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Radicals, multiplication of, 126 

reducing, 200 

similar, 122 
Radicand, 122 
Ratio, 280 

efficiency, 280 

nutritive, 288 
Rationalising the denominator, 

128, 261 
Real number, 101 

quantity, 136 
Review Exercises, 23, 42, 70, 108, 
120, 133, 134, 150, 162, 188, 
228, 237, 270, 272, 292, 320 
Roots, 101 

extraction of, 102 

extraneous, 50, 133 

imaginary, 172, 179 

indicated, 121 

number of, 101 

of an equation, 179 

principal, 102 

real, 179 

relation to coefficient, 182 

zero, 179 

Series, 191 

Signs, in binominal theorem, 297 

law of, 99 
Similar radicals, 122 
Simplification, of quantity under 
radical sign, 123 

of indices, 126 



Simultaneous eqjaMatmi 19^ Ifl^ 

154, 249, 254 
Square of a polynomia], 235^ 
Square root, 103 

of arithmetical numbersi IM 

of binomial surds, 129 

of polynomials, 103 
Subtraction, 8 

in solving quadratic equatiDDi^ 
159 

of fractions, 51 
Sum or difference of cubes, 29 

of two like powers, 31, 36 
Surds, 122 

binomial, 129 

entire, 122, 124 

quadratic, 129 
Synmietrical equations, 158 
Symmetry of curves, 170 

Terms, absolute, 154 

in binomial theorem, 296 
Theory of quadratic equationa, 

179 
Trinomials, factoring of, 33, 34 ^ 

Variables, 87 
Variation, 312 

kinds of, 313 

83rmbol for, 316 

use of, 313 

Zero, as exponent, 113 
as root, 170 
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4. 1st. 84000. 2d. 87000. 3d. 82000. 6. 17, 18, 19, 20^ 

6. Cement 200 cu. ft. Sand 600 cu. ft. Gravel 1000 cu. ft. 

7. .8375, .2025. 8. 325, 632. 9. 23. 

to. 866.25. 11. ^^?^^ » 18. 10} sq.ft. 

EXERaSE 11, Page 18 

7. 3 x«+7 x+2. 10. 6 a»-17 a«x+14 ax«-3 x*. 

8. 12x»+xy-20y«. 11. iy^-lSy^+22y^-7u+5. 

9. 2 x»-9 x«+ll x-3. 12. 12 x<-x»-27 x«-3 x+10. 
18. 6x»+9x*y-10xV+6xV-4xy*+j/». 

14. 15x»-10x<-17x«-17x«+6x+20. 

16. 12a«+6a»6-4a*6»-a«6»+2a«6*+a6»-6«. 

16. 2x«-3x*+i. 19. 2.88 x»+ 10.86 X- 19.2 

17. x»-2x»-39x+15. 20. 4.5o«-7.;i o«-.4a+.24. 

18. ^-|^. 81. 3a«+2+4a«+i+t0o»+4a»-i+15(^-a 
SS. x2ii+i_aaii_2x^-i+3x2»-2-10x'»-». 



ANSWERS ia 

S6. 15(a;+y)»-12(a;H-2/)«+6(x+|/). 

16. 10(x-y)»-19(x-y)»-19(a;--y)+10. 

17. 6-a. . SO. 15x'-19x«+4. 88. a^+lQa-lZ. 
28. a»-5a+6. 81. 3x«+5a;H-3a:3/+4y. 84. 2a*-x*. 

89. 4+9x-10x«, 82. 17x-2a;'-30. 85. 6— .9a;-4.6x** 

86. 5x»+2x»y-lla^*+10 2/». 87. -18. 88. 16. 89. -20. 
40. 29. 41. 29x«-10a;-60. 42. -V. 43. -i. 44. 1. 46. 7.3. 



EXERCISE 12, Page 16 

1. 5xy. 8. 4a2« 6. 2ax«. 7. .2(o-6)»; .7(a-6). 

2. .5 a. 4. -5x»+8. 6. a^^"^. 8. a*«; a**; -a«». 
9. -3a«, -6a, 2 a*. ^^ aj«--+- 

10. 2x*-3x2/+2y«. * 2 4' 

11. x»-3x2+2x-l. 17. .5a-.4 6. 

12. x«— 2x3/-|-4 2/^ 18. 2.5x+.5. 

18. 8a»+4a*+2a+l. 19. x»+2x»-i+3x»»-«-2. 

14. 2a-6+x. 80. 2x»-3x»-i. 

.. 2x« ^ , , M. 3(x+y)«-2(x+y)-4. 

"• "3 — ■^'* M. 3(a-b)<-4(o-6)«+3. 

24. 6. 26. 5. 28. f . 80. 2. 82. 5. 

26. 27. 45. 29. -V^. 81. 9. 



EXERCISE 14, Page 17 

34 ^ 

4. P »?!fr (r expressed decimally). 8. ff = |+^ ; 3ft hr. 

6. 5=a+«-l)6. jj j^y+P 

6. 12yr. ' n ' 

7. D^i{a+b). 10. (D-r)-^d=g. 



EXERCISE 16, Page 28 

1. 28a«-7a6-8 6* ^ ^ ^^ 756 Ztg 7. 68 a«. 

2. -1.4p«-.46. * "* 5a6 • 

8. 42, 54. 6. %. 8. 2998. 



iv 
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10. (1), (3), and (5) identities. 
(2) and (4) equations. 

11. Af =200-<(a+6). 

11. 80 miles. 

IS. 1.2a:»-3.58»«+6x-3. 



14. r=78«+g5(d-a). 

16. a^+*-3a:«+8-faf«+«. 

16. (a— p)a;*-ga;y-(3— f)y*. 

17. 400, 1200, 3200. 

18. r=a-W; 694; 1090. 
^9. 10,288.4. 



EXERCISE 17, Page 27 



1. 9a;«+24a»+16a«. 

5. 9x»-24ax+16a«. 

8. lp*-}P9+ig*. 

4. 100xV+20a:y»-fl. 

6. a*+2aaj+x«-10(a+x)+25. 

6. x*+a»+6»-2ax-26x-f2a6. 

7. 9x2n_30x«|/'»-i+25y»»-2. 

8. 9x*+4y«+92;»-12xy+18xz 

— 12 2/a. 

9. .25a«-.04a6«+.0016b*. 

10. (a+6)«-2(a+6)(x+y) 

11. 10,609. 11. 9960.04. 



13. x«-81. 

14. .16x»-.0025. 

16. a»+2o6+6«-4a?«. 

16. 4x2» -25ir^» 

17. a2«+2-ib2»-2. 

18. 999,991. 

19. 9984. 

10. 99.91. 

11. 4x*-4x+l-y«. 
11. 16-x«-2px-p«. 

13. 16— X*— 2 px-p*. 

14. 4x»-9y*+30y-25. 
16. x*+xV+^*. 



EXERCISE 18, Page 28 



1. x«+8x+15. 
1. p*+.3p— .04. 
8. pV— 2apV-15a«. 
4. y*—ay+by—ab. 
6. 3x»-17x-28. 

6. 8x*-26xV+2l2/*. 

7. 8x*-2.2x+.15. 

8. 49x«-42xV+9ajV- 

9. o*— 2a*x-15x*. 

10. a:2a+2ft_2x2fl-fx2«-26. 

11. x<+4xV*-^+4xV"~'. 

12. y^+ iy-f 

13. a»+2a6H-6«+4o+4 6-21. 

14. 2a«+.lo6-.06 6«. 



lfl-3 



16. ix»+2ax-ia«. 

16. 4x»-.09. 

17. 9a»x2»-12a»x«+4 

15. 4x*-12x2/H-9 2/«. 
19. a*-6«. 

10. x^ +2 xy+y^ "25, 

11. x«+y»+2xy+10x+102/+2& 
11. x«+2xyH-y«+2x+2y-15. 

13. 16a*+4a«x»+x^ 

14. 81a*+9a»+l. 

16. 990,025. 

16. 999,975. 

17. 9999.91. 

18. 2x*+2yK 



ANSWERS 



^12 xy. 

80. -6a;+5. 

81. 8a»+18o6-92b«. 



88. -2a*+2o6+6ac-26c-5c». 
84. 9984 sq. rds. 
86. $24.99. 



EXERCISE 19, P^ge 80 



1. a«-2a+4. 
8. x^+x+1. 

3. 9a;«+12x+16 

4. l-2x»+4a:<. 

5. 25+5a;«+x«. 

6. 9a*-3aV+l/'. 

7. x*— xV+y*. 

8. .04aj«+.2ajy+y«. 

9. ta«-Ja5«+A&*. 

11. c*— c+cx+l— 2a:+a;'. 



18. 4+2a;+2y+a;«+2xy+y«. 

13. 9a;*-15xV+25y«. 

14. a»-2a+H-ac«-a;*+x*. 

15. 2 a— x, 4a*+2aa;+a;*. 

16. 2 a— 3a;, 4o*+6aa;+9a;«. 

17. 1-4 X, l+4x+16x«. 

18. 2a+X, 4a*-2oH-l. 

19. o*-fy*, a*— aV+y*« 
SO. x*+y\ x^-'X*y*+y^. 
81. 90. 



EXERCISE 20, Page 82 

1. a*— a'xH-a'x'— ax'+x*. 8. a*+a»x+a*x*+ax'+x*. 

8. 6«-6«y+6V-&V+&V-&y*+y*. 

4. a«+2a*+4a*+8a»+16a»+32a+64. 
6. x*4-^*+x*-|-xH-l. 

6. 16x*+8x»y+4xVH-2x2/5+y*. 

7. a^o -a^y+a^y^-a^y 4-a«y* -a^y^-f a V -« V +o V -oy* H-y^**- 

3. x«+x«y»+xV+a?V+2/"- !!• «+y» a*— o»y+aV— <»y*+y*- 

9. 81+27 a+9o«+3a«+a*. 18. a-|/, a*+a»j/+aV+«y'+y*. 

18. 6-x, 6«+66x+6*x«+6»x»+62a.*+6x»+x«. 

14. x-2, x*+2x»+4x«+8x+16. 

16. a-l-2, a«-2a«+4a<-8a»+16a»-32a+64. 

16. J/+1, y*— y»+y*— 2/+1. 

17. a<-a»6+a*6«-a6»+6S (a+6)*. 18. 210. 



1. 3x«(l+2x+3x«). 
8. 6a(3x+2y-2). 
8. f x(x»-x-l). 
4. 2Tr(r+h). 
6. (x+2a)8. 



EXERCISE 21, Page 88 

6. x(x+3y)*. 

7. a2*»(4a»-8+a2»). 

8. (.7+6)'. 

9. (x»+y»)». 
10. (3a+i6)«. 



11. (a+6+x)«. 
18. (x+y— a)*. 

13. (x+y+2)». 

14. $125. 
16. $546. 



▼1 
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:4«:^-<^i>ci: 



1. (5+3a)(5-3a). 
!• a:(4a+6)(4a-6). 

5. 9(4+.01 r)(4-.01 x). 

4. 9x(.2x+3y)(.2x-3y). 

6. 6(y-l)(y+l)(y*+l)(y*+l). 

8. (x+a+6)(a;-a-6). 

9. '(x+a+hXx-a-h). 

10. (2a^+p-g)(2a;-p+g). 

11. (2a+l+46)(2a+l-46). 
U. 8(H-a)(l-2a). 

18. (i+x-3y)(i-x+3y). 

14. (4a+46-3)(3-2a-26).* 

15. (7a;-3y)(9y-a;). 

16. 121,600. 

17. 780.5. 18. 1408. 

19. (x-4)(x-3). 



82, P^e 84 

SO. 0>»+10)(p»-7). 
11. (6+2)(6-2)(6«+7). 
8S. (a+15)(a-ll). 

83. (ir-*-.3)(ir-*-.2). 

84. (a6-6)(a6-3). 

85. x*(x+l)(x-l)(x«-12). 

86. (x-p)(x-g). 

87. (x+y-3)(x+y-2). 

88. 2(x+l)(2x-5). 

89. a(a-4)(2a-9). 
SO. o(a-6)«. 

81. (l+2x)a-ix)(l+4ac«). 
A (a+2y+x)(a-2y-x). 
88. (y+a)(y+6). 

84. (y+a-6)(y-a+&). 

85. a(p+.2)(p-.2)(p«+.04). 

86. (x+y-4)(x+y-2). 

87. (x+y-3)«. 

88. (x»-y«)«. 



EXERCISE 28, Page 86 

1. (2a+l)(a+l). 4. (3p+5)(p+l). 7. x«(3x-2)(x-3). 

S. (3a-l)(a-l). 5. (3p+l){p+5). 8. (5x+y)(2x-3y), 

8. (2x-3)(x-l). 6. (7a+5 6)(a-6). 9. (4a+36)(3a-46), 

10. (3a+2)(3a-2)(a+l)(a-l). 15. (2x«-l)(x«+3). 



11. (3x-.2)(x-.4). 

IS. 2i^(3x+2)(x-l). 

18. (3a-h2)(3a-2)(a+4)(a-4). 

14. (4+3x)(3-4x). 



16. (3x— 3y-22)(x— y+3g). 

17. (3x*+6x+4)(x+3)(x-l). 

18. (px— 5)(x+l). 



1. (m—n^im^+mn+n^). 
8. (c+2<i)(c«-2ai+4(i«). 
8. (3-rx)(9H-3xH-x«). 

4. (a+26c)(a«-2o6c+46V). 

5. (x-6)(x»H-6x-f26). 

6. (4y-3)(16y«+12y+9). 



EXERCISE 24, Page 88 

7. (a5+l)(a*6*-a5+l). 

8. (l-10x)(l+10x+100x»). 

9. x(3x+a)(9x»-3ax+a*).' 

10. (8x-y«)(64x»+8x2/«+y*). 

11. o(l+7a)(l-7a+49a«). 



ANSWERS yii 

IS. (a+a;)(a— a;)(a'+(MjH-x*)(a*— oxH-x'). 
IS. (x^+y)(x*-yKx*'-x^-\-y^)(x*+x*y'^y^). 

14. (a4-2n')(a-2n«)(a8+2an«+4n*)(o«-2an«+4n<). 

15. 2x(5-a;»)(25+5a;«+a;*). 16. (2x«-h2/)(4x<-2««y+y«). 

17. 2x(2xy*-3»)(4xV+6x2/*«+9 2»). 

18. (x-f-y)(x*-xy»+xV-i^*+2/*). 

19. (x-y)(x«+x»y+xVH-ic'y*+xV+ai/'+2/*). 

SO. {a*+m*Xa*-ahn*+m^), tl. (x* -ft/*) (x«-xV +!/•). 

St. (a-26)(a«+2a»6+4a*6«-f8a»6«+16a26*-f32a6«+646«). 
S8. (a+x)(a"-a»x+a»x«— a'x«-fa«x*-a»x»+a*x«-a«x'+o*x«— ox'+x"). 
84. (a+6)(a*-ai+6«)(a«-o»&»+6«). 

56. (2x-l)(16x*+8x»+4x*+2x-fl) 

57. (3-x)(81+27x+9x2+3x»+x*). 

58. (a+&)(a-6)(a*-a«6+a*6»-a6«+6*)(a*+a»6+o*6»+o6»+6*). 

59. (a«+6«)(a«-a«6*+a*6*-a«6«+68). 

80. (2x-a«)(16x*+8x»o«+4x*a*+2xa«+a«). 

81. (a«+y»)(a*-oV+y'). 38. (2x*+2/»)(4x«-2xV+J^). 

88. (.2x-y)(.04x«+.2xy+y«). 

EXERCISE 26, Page 39 

1. (a+6)(x+y). 5. (x+y)(p+q). 9. (x«+5)(xH-l). 

8. ia-hb)(x+y). 6. (3x+52/)(a-6). 10. (2+l)(2-l)«. 

8. (a-6)(p+3). 7. (ia+ibKx-y). 11. (6-l)(o-j/). 

4. (a-6)(p+g). 8. (x«+5)(x+l). 12- (x2-2)(x»+2)(x-l). 

18. (a+6)(a-&)(x+y)(x-y). 80. (5y-3)(x-2). 

14. (a+6)(a»-a6+6*+l). 21. (2/»+l)(2/-f 1). 

15. (a-6)(o«+a6+6«+oH-&). 22, ((ix-l)(x-2a.) 

16. (a-6)(a»H-a6H-b«-a-6). 23. (a+l)(a-l)(2-|-x)(2-x). 

17. (a-6)(a*+a6+6«-o+6). 24. (x~l)(x«+3x+3). 

18. (x-2/)(l+x»+xy+|/«). 25. (x+2)«(x+4). 

19. (x+c)(x-a). , 26. (x-2/)(2x+2y-l). 

EXERCISE 27» Page 42 

1. (x-l)«(x-|*2). 2. (x+l)»(x-2). 8. (x+4)(x+6)(x-3)(x-5). 

4. (x+l)(x-5)(x-7). 8. (x+l)(x+3)(x+4)(x-3). 

5. (x-2)(x-3)(x-4). 9. (x+l)(x-l)(x+2)(x-2). 

6. (x+2)(x+3)(x-4). 10. (x-2)(x-f3)(x-4). 

7. (x-2)(x-3)(x-6)(x+6). 11. (x-l)(x+2)(x4-3)(x-3). 
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EZBRdSE 28, Page 42 

1. x*(z+2)K 14. {2a*-l)*(2a^-l)«. 

2. «V+2o)(j:-2a). 15. x(a;-12)*. 

8. 5(2a-l)(4a«+2a+l). 16. (7 x+y)i5y-2x). 

4. x^(Ax-.5yy, 17. .04(x+3y)(x-3y). 

6. a;*(x-3 a)(x-a). 18. af»(4 x-3 y)(x+2 y). 

6. x«(3x+2a)(x-2a). 19. x(x-.6)(x-.5). 

7. x(x-2a)(x«+2ax+4a*). 20. (x-Sy)(p-q). 

8. (a+x)(j^+2). 21. (p+x+y)(p-x-y). 

9. (x+l)(x+2)(x-3). 22. (o+x)(x-6). 

10. x(x+.2)(x-.2). 28. (a-6+x)(o-6-x). 

11. (x-|-2a-|-4y)(x-2a-4y). 24. (3x-2a-6)(3x+2o+6). 

12. (a+l)«(a-l)». 26. (4a-x«)(3 a-6). 

18. IMa?-f-y-«). 26. (5+2x-3y)(5-2x-|-3y). 

27. 3x(x-l)(x+l)(x*-x+l)(x*+x+l). 

28. (H-a)(l-a)(H-2a)(l-2a). 82. 3x(3x+4)(2x-3). 

29. (2y+.3)(2y-.3)(4y«-|-.09). 88. 7 a(l-ab^)(l+ab*). 

80. {m+7)(m-l)(m«+6m+7). 84. (10-x)(ll+x). 

81. 5a(x-l)(x«-fa:+l)(x«+x»+l). 86. (2x-5)(2x*+l). 

86. (x+2/)«(x-2/)»(x*+6xV+y*). 

87. (x+2/)(x-2/)(x«+2/«)(x«~X2/-f2/«)(x«+xy+2/*)(x<-xV+y^). 

88. (x*+y*)(x«-xV+y'). 40. (5x-7)(5x+l). 

89. (x-l)(x-2)(x-3). 41. (a+2)(o-2)(a+3)(a-3). 

42. (2+n)(16-8nH-4n*-2ri»+n*). 
48. (m — n) (m* H-m*n H-m*n' -f-w'n'+mVi* +mn'+n*). 
44. (o+&+2x)*. 62. (x-2)(x+2)(x-3). 

46. (x+2)(x-2)(x-3)(x-7). 63. 36 xV- 

46. (a+6)«(6a6-««-6«). 64. lS(x+y)(x-y){x^+xy+y^ 

47. (x+y+l)(3x+Zy-5). 66. 72x(x-l)«(x+l). 

48. ia-'y){a'^-\'ay+y*-a''y). 66. 36(a-b)»(a+6). 

49. x*+l, x«+l, x+1, x-1. 67. 12a(aH-l)(a-l)«. 

61. x»-6x+6. 68. 45a6x«2/(x-y)*(x+y)». 



EXERCISE 30, Page 49 

1 1^ % 2 3x-2 

*' 4x«- •• 5(o+6)« **• x+1 • 

. 3y x+2 o«+4o+16 g 

*• 4x •• x-2- •• a+4 • 



ANSWEBS 



IX 



l». 



9. 



10. 



11. 



b(a+bxY 
p-3 • 

2-x+y 

a— 6— c' 

2o— 6 
2a+6' 



18. 



13. 



3— g 

X— 4' 

a?— 9 



X— r 
14. First and last. 



16. x-3 — . 

X 



16. 4o-24 



17. x-1- 
AM 



2-h 
2a+l' 

x*+x+r 

5ad 



18. 



19. 



SO. 



81. 



3x*-2x+5 



x»+3xy-2y«-l 
x+y 

36a-4-9a« 



a»-l 



87. 10(x+l). 

83. 3 x(x«+2 iC+4). 
48 a& 



SO. 



6a«6«cd' Qa*h*cd^ 6a*6»cd' 
2x*H-5x+2 x«-2x-3 



81. 



4x»4-4x«-x-l' 4x»+4x»-x-r 
3a» 2a«+2.a«6+2a5« 5o«-5o6 



o»-6»' 



a»-6» 



a»-6» 



x-1 

y» 
(aj+y)*' 



EXERCISE 31, Page 61 

57x«-49x»-42 



8. 



8. 0. 



6. 



63 x« 
44-9r 



8. 



7. 



a«4-5o+10 
o»+6o«+lla+6'i 
6» 



a— 6 



^* (a-2)(o-3)(a-6y 
11. Yes. 



7-11 p 
^''- 12p(p»-l)- 
18. -~Te> ""«■> —ITS'* 



8. 0. 



EXERCISE 82, Page 62 



L x»+y«. 

. x«(x+l) 
8 ' 

4. 1. 

ip^— 7pg— 4g» 



5. 



p"+3p9-10 5* • 



6. 



y«(x+y)» 
2x(x— y)* 
7. 1. 
a+5— c 



8. 

9. 

10. 



a—h+c 
a«+4 b« 
4a6 ' 
2o«+3o+l 
8"S • 



11. 2(x+y)(2a5-y). 
-5 



18. 



m+2' 



^« 1 5 15 
"'2' 3' X* o* 

14. Yes. 

15. h ft» f 
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^ X h 3x— 2 _ 



2z+r c' 1» ' x-f 

(sr+y-r){y-a?-«y l-a«' 2x*-r 

!»•— 'fl*— 2fl— 2 • . «•.. 

a*— a • 



:♦«:«!• 



LdSE S4, P!i«e if 



f. -^ «. 6. a+6* 1«. 3. 

i. 2.7. 11. 4*. ^^ |(P-«-K). ae 

$. &28. 12. A. 17. -3. **• B-ade 

2RbiSbt-Riht 2S. 12.0-. 

fii+fi 2C 2.86-. 

Si. 114.648-. 27. 392*; 415.4*; -238**, 



EXERCISE 85y Page 61 
6. 4,";-2.* 7. -f, 2.* 8. 6, -3.* 9. 3, 2.* 

EXERCISE 87, Page 64 

1. 5 mL per hr., 7 mi. per hr. 8. 8525, 8600, 816a 

8. 16. 4. 8. 5. 25 gal. 6. 4f 7. .96. 

8. 750 miUioxus of bu. 9. 1401b. 10. A SaL 

11. U da. 18. 14f min. 16. 88000. 18. 149. 

18. 24 da. 16. 23iV nii. 17. 1) hr. 

18. l8t 83200, 2d 84000, 3d 87200, 4th 84800. 

80. 40X100 yd. 88. 160f^ 88. 200qt. 

84. 3 mi. per br. 80. 11, 10, 9, 8, 7, 6in.req)ectiydy. 



ANSWERS xi 



EXERCISE 89, Page 67 
'^ * 100* ^- *"360: 

' = 100^' *^^- '"365- 

• . ^6^80 



8. d'-4 6«. 
4. a«-4 6«. 



8. 39ff. 



100m+6n 

6.2.72X4 = 10.88. ^' ^~ n 

•• IpOO" ' ^'*'^"*"1000 1000* • 

EXERCISE 40, Page 70 

1. (1) a«x2»-2-2ax»+V*+ajV"^ 9 H a?-27 

(2) .09a;«-.S4ar2/+1.96y«. ' x*-5x+6* 

(3) 15a»-19.1a5-1.2 6«. ^^^ (j) (a:3»+j/2»)(a:»»«j^n). 

,, ^' . (2) (.3+a-6)(.3-a+6). 

; 4] .09 a;*-.6 xv+-2 y*. (3) (x-l)«(xf 2). 

, J 2y\_ ^^^ (4) 5(2x-l)(4x*+2x+i). 

fj^'^^' (5) (a:+y)(x«-xy+y«-l). 

®- ^"T' W (7«-5y)(2x+y). 

„ hx±a "• "25'- . "• 22(a-6)- 



17. 



n 



irr^f j^ ^^c(2r+3t;)^ 



14. H«17~. -- ^ 200 



2 18. .077. 



(3a-6)c 



ll;«J". 14. 2000+1206 . "'26 

U. 9A. a+6 ' a«. li Pt. 

EXERCISE 41, Page 76 

tf. -i J. '«• -V, -¥. 11. 9, 8. !«• 2, -8. 

jt. 1, 2. 7.:-1,:J-1.' 18. 10, 16.6 ". 4, -1. 

^ 8. 3, 6. 8.:-4, 3. 18. 3, 4. 18. i, -. 

J4.¥, *. • 9.^-4,3. 14.12,5. 19.9,-1. 

^.6. 3, 1. ^ 10. 1.2, 7.8. 16. 2, -1. 80. a, 6. 
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Vc-W ggf-a'c St. 26-ii, 2a-6. 

14. i(o+W, J{a-W. Si. a-6, a-6. SC }(p-^, J(p+fl). 



i 



:4;«H-iWKi: 



4S, Page 77 



1. J, -1. t. A, A. «. -J, i 2. 7, 3, 4^ 7. 

8. 10, 8, 8. 4. J, -i. §.2,-3. 8. a, -26. 

f. 20,0— &, a+6. 10. a+6— c, a— 5+«, 5+c— «. 

U. i, i. IS. 5, la U. i }, t. 14. 1, i i. 

IS. -a, a. It. I, A, A. 17. i ^. 



BXERdSB U, Fige 79 

1. p«3&(2. C.€g»— 0(2. 10. ps5d 

i friij ^- a-(106+4a)|. "• 34x-4y*25. 

4.'a<i=6c. a.5r=(7-3A)a. M- 26x-lly-54. 

9. 2 7=3Z«if. 9. 5a-2w(7A+w). 13. 6J; 34|; 23|. 



EXERCISE 45, Pige 81 

1.42, 54. __ «. t. 10. 30 lb. @ 18^ 

S. Iron, 5 CO. ft. 8. .82, 2.5. 70 lb. % 28^ 

Lead, 3 cu. ft. 7. 40, 12. 11. 15A gaL milk. 

Aluminuniy 5ciLft. 8. 15^ 5^ 4|^ 13H fi^ cream. 

3. 15, 12. 0. 210 gaL @ 60*. pfe-Q pg-fe) 

4. 25^ ,2^ 150 gaL @ 180^ "* ii-«| » T^' 
IS. 6AV mOk, 13iH cream. SI. 324. 

14. 2 hr. 21A min. SS. 4 mL per hr. 

3 hr. 4A min. SS. $72. 

5 hr. 42? min. S4. } qt. 90%. 
' 18. A 8 da., B da. } qt. 60%. 

18. $20,000, $20,00a SS. 20 oxen, 30 da. 

17. 6 boys; $24a S8. 1} lbs. of first 

18. 4 lb. gold, 12 lb. alver. 1 lb. of second. 

19. Ck>pper 154 lb., tin 146 lb. ha—h 4 a+6 
SO. I. '^- ~9~' "~9~* 



ANSWEBS xlii 

EXERCISE 46» Page 84 

S. (a+2 6)a; a«(A/3+l). ^^' ^^ 100 ' ^^ "• 
8. (a— 26)a, ^^ c 

4. 26+ira, ^^^\ (2+t)6. 



.^. j_x 11. ««t; — ; $1.40. 



5)« 



S. a=369.6 a, 6*739.2 ft "' I ^ 4 

22 ^ 19. F. 320*; C. 160*. 

V „«22d SO. F. -12A% C. -24ft^ 

'• "^ 16 • 81. if =ff«. 



EXERCISE 48, Page 94 

' 1. (1, -1). 4. (3, -2). 7. (-2, -3). 10. (2, -1). 

8. (1, 1). 5. (3, 6). 8. (-3, 0). 11. (-1, 0). 

( 8. (2, -1). 8. (6, 2). 9. (2, 2). 14. (-1.5, -.8). 

17. (1, 6), (4, -2), (-3, -3). 18. (6,0), (3, 4), (-2, 6), (-1,-6). 



EXERCISE 49, Page 96 

1. 3 hr., 18 mL 8. 3a 5. 6260. 7. 1 br. 

8. 1} hr., 60 mi. 4. 101. 6. 4 weeks, 14 weeks. 



EXERCISE 60, Page 99 

1. 49o«6«. J. 27 x» 15. -128x". 

8. t xV^ "64 2^' 16. A w". 

S. 169 x2V- -ft 125 c^^» 17. V a;«». 

4. 16t/2a-4. 343a;«»* 13- .000000027. 



e.^. 18.343a36-^. S] ^xiO". 

100 2> 13. fj 34^2^4. 



L 2X10i». 

7. 27 xV. 32 g^^^M 23. 18, 36. 

8. -126a^V- o**2* ' 24.. 64; 64; 81; yes. 
25. No ; No. 86. 2" = 32 X32, 2" = 32», 2" = 32» X 4. 
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S7. 8; 15. S8. 24; la 19. No. M. No; V9&4P. SI. 2*; 2«. 
SS. Sinoe 2aiid5aze each used 8 times as factes the leBuhwoidd be 
the same by oshig 2X5 or 10 eig^t times as a factor. 



SXERCISB 51, Fige lOS 

1. 4a»», 3 xV, foxy*, ji^» f «•+«. 

S. 9a&>. 5.2a&<. 8. f i^*. It. 3. 

S. 3a>&>. 5. 2 ox*. 2a« 11.2. 

4. -3a«&*; 7. 2a«x. 36»' U. -2. 



EXERCISE 82, Pttge lOA 
1. 3 6»+2 6«-5 6+1. 8. 3 x»-4 x«+«-2. 



S. 2p»-3 6«+5. 


8. a?-x+i. 




8. a -6+5. 

4. 3a»+4a*6-4a6*-36». 


. , a6 6« 
^•*' 3-2- 




8. 2p>-p+}. 18. .8003. 


18. 3.096-. 


S4. 2.101 +. 


9. 532. 14. 3.1725. 


19. 0.734-. 


S5. 2.889+. 


10. 96.5 15. 4.183+. 


SO. 0.285. 


86. 2.468-. 


11. 2836. 16. 2.769-. 


SI. 3.001 -. 


87. 23.382+ in. 


18. 70.12. 17. 0.632+. 


SS. 13.285+. 


88. 31.177-. 


89. 25.455+. 80. 400 yds., 


68A:hrs. 




81. 3024. 33. 74.4+ ft. 


86. 397.8+ mi. 


88. 47.4+ in. 


88. 9.307+ ft. 84. 3.988+. 


87. 13.38+ in. 


89. 93+ in. 



EZSRaSE 64, Page 106 

r2 ft+2t»A+ftg n6c+<i<?n p 

L » 2592 J 100* 

8. 25 a+24 6. 8. x*+.2 «— .5. 

8. (1) (2a+6)>. 9. 691.4+ ft. each. 

(2) (.2+x)(.2-x)(.04+x«). 10. 6(d-/)=Z(a-c). 

(3) (2+x)(a-6). 11. 3.01 -. 

(4) (x+l)(x-l)(x«-x+l)(x« 18. -3, V, -2. 
+x+l)(x»+l)(x<-x*+l). 4 x(a+x) 

(5) (x+l)(x+2)(x+3)(x+5). "• 3y(c-x)- 
14. 62.77+ gal. milk, 37.23— gaL cream. 

6 17. 2 gal. 

"• *"z«r-6d' 80. !r«(i-2000)a+(i-5000)6; 8168. 



ANSWERS 



XV 



1. 


\/5. 


1. 


</7^. 


8. 


3^. . 


4. 


2Va»\^. 


6. 


bVx^. 


6. 


3 o«-^. 


7. 


5-^.'. 


8. 


a^hVj/^-^. 


9. 


bH, 


10. 


xH. -^ . 


11. 


5yH. 


18. oxVi. 



BXERCISS 
18. T^yH. 

14. 3 oHyW. 
3g|/H 

16. 27. 

17. 32. 

18. 27. 

19. 9. 

80. 125. 

81. 8. 
88. 9. 

88. -a 

84. 25. 

85. «. 



66, Page 112 

86. H. 

87. tt. 

88< .125. 
89. .6. 
80. .25 
8i; .04.' 

88. a*. 
88i 66*H. 

84. ay*. 

86. 9a\ 

86. a^H. 

87. aH. 

88. 8. 



89. 5*H. 

40. 6>Ho:sH. 

41. 3^. 
48. j/2a. 

48. x««.. 

44. a«^-6. 

45. 62+w.' 

4 oaj* ■ 
"•-56?- 

47. ^. 

48. 5»"». 

49. a*-««. 
60. Kfi-^^K 



1. a-«&-»x». 
8. 5aa;-y. 
8. 3-1.7 aar-«. 
4. 20a-H6«. 

■ — - 
^ gHby 

5 



7. 



3x 



4a 


%Hy«' 


-i. 




»i. 


1 
6' 


u-i. 




18.*. 




18. 32. 




14. 8. 


, 


U. 4. 




18. 8. 





EXERCISE 669 Page 

17. A. 

18. 4. 

19. 4. 

80. W. 

81. rfr. 
t8. «. 

88. IS. 

84. }. 

85. 3X10-*. 

86. 10-«. 

87. .0000001, 
.00000017. 

88. Eaeh"l. 

89. 8, 5, 3, 1, 3, 7. 

80. 1, 1, 1, 1, 27, 4. 

81. 2. 
88. {. 

85. $1, 6i^., 12i^. 

J. (»-•. 
6a 



114 



87 



' ^• 



88. — . 

xy 

89. 4 a. 

40. -2a;H. 

aVi 
41.-3.. 

48. x*». 

76" 
48. — — 
•■• 3aH- 

a^ 
44. 



6» 
a^ 

47. -If. • 

48. 31. 

49. W. 

• a+6' 



•1. 



ay— «•' 



1. A. 


U. 1. 


«.«-». 


"• ^l 


S. 1. 


4. 8. 


14. «t. 


5. 8aH. 

6. A 


15 ^^ 


• 81' 


16. -^o". 


7. 4^. 

8. 2««-»». 


17. <^. 




18. ajM«. 


10. 2a-i6r-HxH. 


19. V&. 


11. i. 


20. y/x. 
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SXERGISE 87, F^iffO 117 

at* ah^. 
88. aV. 

88. ««yw. 

84. (o-6)«. 

86. x-Hy)^. 

27 
*•• i25«H' 

87. a**. 

88. i??? 

EXERCISB 68, Page 118 

1. 4a;«-3»+3-arH5x-*. 9. 2ar-»+3+x+6»«. 

_» 5^ j[0 2x~^ 1 

-a-»+a 2 -1+02 +a«. jj' 8aH-2aH+l. 

8. 6x-13a:W+12a;H-xM-12. u. a-«-2. 

8. 9a-*-15a-»+12a-«-4a-i. 18. ar-»+ar-iy+y». 

4. 12o«-17o^<6H-10aH65< 14. a-i-|-a-H6H+&. 

+12 6«. 16. a-H+2oH. 

6. 9xH-27a;H+32-16arH. ^•' «"**-3a-i+2. 
« ^44.^.,..4l4 17. 2a;-3xH-i. 

7. a:^y-^+3+4ar-H2/fi. 19. 2c*+3a6-i-26-«. 

8. -12x*+22a;-30+ar-i 80. 4a;H+3aH-2aarH. 

+15«-«. 81. 5H^3+2 6-H. 

EXERCISE 60, Page 180 

1. Hi; A. a 27g«yN 6. 16. 7. xH. 

7a^ . 8 • o»yH 

3a;W 4. a««-8«+i. 6. a«a;«. 27 a^" 

9. 10«H-21a;H+33-27a:-HH-14ar-H. 

10. xr-^+x-y^y+yK 18. x^+x^^+yH. ^^ 26f 

11. ar-^+aJ^^!/^— y^. -A ^ ' a« * 

"• 19H' ^ ^^ • 15. mi. 18. 10-". 

19. .0000000213. 80. -15c-«+19o-*-9+3a+18a*. 



ANSWEBS xva 

tl. 5.2. M. .6, .05, 4. XS. Latter, 2^^ timee. 

S4. No. as. aM+oM6M+aM6+Wi. 

EXERCISE 61, Page US 

1. 2 0-^20^. IS. ca*^y^. SI. J-^. 

S. 4oW«. IS. (2«+l)V^. n, i^vTx. 

». 2a-C^- 1*. {a+h)y/a-h. * 

». 2a6c»Ve^. ««>' «« 

*.-la<^h. "•24V5- S4.A.J'180«.. 

7. 2*»»^^'^^. 17. ^i^V2^^. «•• l^-^^^^- 

8. arz^WV' /— « . 

». 2 x''{^2l. "• 2V15- «•• ^^8 «»V. ■ 

10. 3 ir^. »»• i-^J^- 1 

11. 6a^<^. SO. fvTsi. "• THhi"^^"**' 

S8. |-t5^(a+6)«(a-6). S9. i^^S. SO. g^^^. 

81. (-^z^,*^(o+«'(a-6)"-'- 8S. 10.3923+; 13.8664+. 

EXERCISE 62, Page IM 

1. V75. 7 JZ 11- "^• 

9.-^. 14. V9(a-6). 



4. vT- 



e 



/8 ,« /^ 15. V(x'-ot)». 

• "Vo- Afo"- 16. V(3a-6d){a-6) 



EXERCISE 68, Page ISS 

1. y/a. 6. V 10 oar*. 11. ■^x^HK 

a. Va;_ 7. ^J^2^». J, 5^ 

S. V^. «• V3<u:». 



/=• . a; — r~« IS. Vo— 26. 
4. V7. •• V 2 oxV . "^ 

6. -v/So. 10. '«y3 otV. 14. v'2(o-2 h). 



>cvm 
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1. 16-N/3-18V2. 

8. -lOa-^^. 
4. 19a;v/2. 
6. 0. • 

6. 5 6Vx. 

7. 0. 



EXERCISE 64, Page 126 

8. -¥a/6. 16. 3\/2. 

9. 8.485+. 17. 44_|^v^ 

11. l\/2. 18. 58ViO-67. 

12. 9a-f30Va6+256. 19. 4.' 

13. 24v^. 20. ~. 

14. 3a+2\/l5a6+56. jj. 533 

15. 3 a«\/6 - 3 6 Va. 22. 4 ay/Kb. 
16; 32; 27; -27V?; J. 



EXERCISE 66, Page 127 



1. 3. 



8. 1. 



». iiVio. 



2. 2\/2. 4. J\/6. 

8. \/21-6\/l5. 



6. -vac. 
c 



a5 
7 — - 



9. 2\/7+4V6-6V5. 



1 



4\/7 
21 • 

V2I 
3 • 

5VTg 
6a; • 

3-^^Yo« 
a 

a-f6 



EXERCISE 66, Page 128 



Votzrp 



9. 

10. 
11. 
12. 

IS. 
14. 



Vo«-afe-Vo5~fr« l*- 
0-6 

5-^-7SM5 "• 



15. 3V5. 



>-8 



12 

76-22V1O 
13 



18. .710-. 

19. .894+. 

21. .566-. 

. .789—. 



7-x 

h* 

b 



28. .180+. 

24. .403+. * 

25. 4.95-. . 



ANSWERS 



1. I+V2. 

S. \/7-\/2. 

3. 3+2V3. 

4. 2\/2-3. 



EXERCISE 67, Page ISO 

5* 3\/3-2\/2. 9. 2+\/3. 

6. Ve-Vs. 10. 2V5+\/6. 

7. 3\/2-V5. 11. iV^+fVe. 

8. 2\/3— V6. IS. \/w*-i-n+Vm— nr 



1. 8. 
S. 2. 

3. 8. 

4. -1. 

5. ¥, 



EXERCISE 68, Page 182 



6. 1. 

7. 9, 

8. i. 

9. V 
10. 18. 



11. 9. 

2a— 

13. 1. 

14. Jjf. 



15. i. 

16. i. 

17. 64. 

18. 20 «» 



25-4a«' 



1. 4.* 

2. a* 



8. 2. 

4. 4.* 



EXERCISE 69, Page 183 

6. 9.* 

6. ^.* 



7. ¥. 

8. 7. 



1. Vs. 

2\/3-\/2 
*• 5 

6. 2.887-. 

6. 63.639+. 

7. 11.664-. 

8. 6. 



EXERCISE 71, Page 134 

S. 2+4\/3. 3. 3\/2+V3-3\/5+VlO. 

0- 5i- 15. 2\/3+\/2; 

6(V3-V2). 
^ 16. 25.83+. 

18. -^y/bx. 
4a 



10. 2v^-2V2. 

11. 0. 



13. i^yia^. 

14. -2 Vox. 



EXERCISE 72, Page 137 



1. sv^; 

8. 8V^. 

3. oV^-6. 

4. -(a+3 6)V^. 



6. 



2 • 
7. -V2. 



8. 10. 

6. 3V4i, V6i, V^i. 9. -6^6. 
15. 3v^+V^~a/6-2. 16. 6»-a». 



10. (y-a;)V^. 

11. 3+V2. 
11. -6-5V6. 

13. 24. 

14. ^5+19 1. 

17. x*-a;+l. 
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EXERCISE 78, Ptgp 142 

1. a«-»<P. 7. /«(7ZX10-«)(«'-0; 

». i(jbih+bji-wd^). 21Xl(>-»ft. 

^«^ •. $142.50; 

*• ^"lo"' ^•^^"^*- iV'=L(l-(ii)(l-(i). 

lew 4 

7 ' 22(i' "• '^ 25 ' 



EXERCISE 77, Page 146 

"^ 1. 3, 4. 4. .3, .2. 7. 2, 5. 

. t. I, -J. 5. 2, -3. 8. 2, -5. 

8. -I, -¥. 6. 3, I 9. 2, -V. 

10. 1.140+, -6.140-I-. 11. .907-, -2.573+. 

IS. 5 c, —2 c. 16. a, -6. 20. 2 a, a-6. 

18. 2p, -^. 17. -3 a, -2 6. ai. -|d:jV6«=47 

2^ ^2d 18. a, -|. ,, a=h6 

5m __3m --P=bVp«-4og „_ V* 

"•4a' 2a' ^^' 2^ ' "' ^"Osir^- 

«4. ^^ . 85. — ± 



1 /12« , , 
86. 5.83-, .17+, 6.65-, .35+, 5.96-, .04+. 



EXERCISE 78, Page 147 

*• 2, 4. 7, 3^ _|^,-v/Z3. 14. 2a, -5a. 

8. 0, 2, 4. 8. 3^ -}±|V^. ^^' 3 ^' "2. 

*• *' ~^- 9. 2, -2,±2V3i,0. 16. ~ -J. 

4. 3, }. 10. ±a, ±2 a. 

6. 0, 1, -2, 3. 11. -1, ±1, ±v^=T. "• P' "^+1- 

6. 0, d=2. 18. 2, -i. 18. 6, 6+c. 



ANSWERS xxi 

EXERCISE 79, Page U9 

I. ±1, ±^2. 2. ±1,±5. 3. ±1, if 4. ±1, ±i. 

6. 1, 2, -JdijV^, -ldbV-3. 
6. 3, -1, -f ±1 v^, l=fciV^. 

7. 8, 27. •. 16, A:.* 11- 1, A-* 

8. 1, 16.* 10. 8, -A- M* 1» 9. IS. 1, 4. 

14. ±2.07+, ±.84-. 15. No. 16. Yes. 

EXERCISE 80, I^e 150 

1. -1, 34.* 5. 9, -¥.• 8. «, C* 

S. -f, 8.* 6. A, !.♦ 

1 3. JVTs, - JV15. 7. V^ ^^', •• ^' '^• 

4. -I, -i. - V?^=65.* 10. -V, *.* 

EXERCISE 81, Page 130 

1. i, -J. 8. 2a, -36. u f5 ^ 

8. 6 a, -2o. 9. 1, 32. * 6' a 

8. 6, V. 10. 5, $. 18. 4, -I. 

4. 0, 2, -lii/:^. ,, ^ _^. l=fcV^3 14. 0, 2, ±*. 

5. ±V2, ±2. ''• '' =^'' -y~' «• -*' 2. 

e. 4, 1. -l±V^ "• 3.18+, -.58+. 

7. .15, -.08. 2 • 17. a«, -4a«.* 

EXERCISE 88, Page 162 

1. 11. 9. 3, 6. 15. \/a*+6-a. 

1. 8. 10. 4 hr., 16 hr. 16. 10 rd. 

8. |. 11. 1.3+ in. 17. 16 ft. 

' 4. 8 ft. 12. 10X12 in. 18. 8 ft., 6 ft. 

fk 60 yd., 100 yd IS. 3, 4, 6. a\/2 

6. 10 rd. 14. Cirde 2036+. ^•- 2 * 

7. 35 in. Square 1600. ±l+\/l+4b 

8. 3. Rectangle 1200. '"• 2 "' 

EXERCISE 84, Page 156 

1. 1, J. 2. 6, -1. S. 2, 7. 

2, }. -2, 1. 0, 7. 
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4. 4, 


-1. 


7. 3, 6. 


-1, 


1. 


5, 2. 


»•• 2, 


i. 


«. 1, -« 


-1, 


-i. 


2, -f . 


6. 2, 2. 




•• 9, -12 


3, 3. 




4, - 3 



10. 30, -36. 

6, - 6. 

11. No. 

IS. No. 
13. 1, 2. 



EXERCISE 86, Page 157 



1. =hl, ± 4. . 


6. d=6, ifcV. 


d=2, T14. 


±3, ±1 . 


1. ±2, dbiVlO. 


7. ±1, ±iV3. 


d=3, zbfvTo. 


=F1, =hj\/3: 


8. ±2, rfcVVs. 
±5, =FiV5. 


8. ±3, ±V, 
=bl, ±16. 


4. ±4, ±}V3. 

±3, irfVs. 
6. ±5, ±V3. 

d=4^ d=3V3^ 


0. J, -2. 

4, -1. 

10. ±3, ±|fV91. 

±1, ±Hv^. 



11. {a. 

M. ±2, ±7V2. 

±5, =F6\/2. 
18. -3, 7. 

-1,4. 
14. ±4, ±7\^^. 

±1, =F3y^. 

17. 36. 



EXERCISE 86, Page 160 . . 

7. I, J. 

il. 

8. 4, -3. 

-3, 4. 

9. a±& 

II. ±4, ±1, ±4V3i, ±-/^. 
±1, ±4, =fV3i, =F4V^. 
11. ±2, ±1, ±2VC7, ±V^. 13. i }. 

=F1, =F2, ±V^, ±2V^. i, }. 

14. }, 1. 16. 9, 4. 18. 4, 3. 

1, I. 4, 9. -3, -4. 

16. ±1, ±2. 17. 4, -20. 19. a+b, -a+6. 

±2, ±1. 30, -4. a-6, -a-^6. 



1. 


6, - 


•3. 




4. 4, 2. 




-3, 


«• 




2, 4. 


s. 


3,2. 
2, 3. 




• 


6. ±2, ±i. 


s. 


±5, 


T3. 




6. 3 a, a. 




=F3, 


*5. 




a, 3 a. 


10. 


±2. 


±1, 


±2V-1, 


±V-1. 3 




±1. 


±2, 


=fV-i, 


qF2V-l. 



ANSWERS xxiir 



EXERCISE 87, Page 161 



1. (b*+W=c» 6.64. S*+irSL» : 

8. x«+28a;+32/«=98. ^- «-2^2Z-(n-l)d]. 10. ^-^. 

4. IC=-^ = 7tt. 8. 8 = -— -r-. 11. — — -; 1.61+. 

EXERCISE 88, Page 162 

1. ±5. ^ _a 12. ±3, ±1. 

±2. • '3' =Fl, =F3. 

2.t,i. ^. 13.3.2,1.5. 

' *• ,- 8 2 1 ^^"^^^ u 2 I 

±1. =FtV^. 3=F V-55 *' ' , 

*• ^' "•^- 9. 2, -1. =tl, ±i. 

-5> ®- 3, -ft. 16. a = l, n=6. 

«. i, i. 10. 7, -9. 17. 27, -1. 

, 4, i. 6, -¥. 1, -27. 

6. ±4, =fcl. 11. 3V5, 2V5. 18. i, -1. 

=F2, =F3. 2V5, 3 Vs. 2, -i. 

EXERCISE 90, Page 163 

1. 8, 3. 7. 960 cu. in. 12. 36. 

1. 7, 4. 8. 24, 15. 13. 220 ft. 

3. 9, 4. 9. 10 da. 14. 80 rd., 60 rd. 

4. 16, 12. 10. 36 mi. per hr. 16. A- 
6.12X5. 45 - '*:/' 16. 17,5. 

6. 26 yd., 9 yd. 11. 9 in., 12 in. 17. 28 da., 21 da. 

18. I (bi-Ji^) . 19. §( V^H^i ^9^^^). 

EXERCISE 91, Page 166 
1. 13. 2. J-+1 3. y, 4. J . 
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€. D'dt-Hi-dtiit; 46%. 

^ 2fe'Hp(€-H0 
''" 200 



ft. A»«(S+2r)(fi-2r), 

9. 3v(il-0tf lb. 
1ft. 9, 7. 
11. Entire flmlace; vofaiiiie, 



EZEBdSB 99, Fuse 1T9 



1. (0, 0), (9, 9). 
ft. (0, 0), (1, 3). 
ft. (2, 2), (8, -4). 
4. (4, 1), (1, 4). 
ft. (-1, 3), (1, -3). 
ft. (±4, =F3), (=F3, : 
7. (0, 5), (3, -4). 
ft. (-4, -3), (4, 3). 
9. (2, l)(-2, 1). 
19. (0, 0), (4, 2). 



.4) 



11. (2^3, ±2), (-2V^ ±2). 

1ft. (0, dbVe). 

13. (J, -I). 

14.. (3, -3), (6, 0). 

19. (2, 3), (-1, -6). 

19. (2.68-, -1^+), (.52+, 

2.96-). 
17. Tmagnmry. 

1ft. (±2V^ 4). 



1. =b2. 

ft. 4, -1. 

3. 3.73+, .26+. 



EXERdSB 94, P^e 176 



4. *, -*. 
9. 3. 

6. 0, d=1.4+. 



7. -1,1.61+, 
9. 0, 3, -2. 
9. 2, d=1.4+. 



-.61+. 



1. Real, uneq. 



<< 



tt 



ti 



3. •• , eq. 

4. Ixxui,ginaiy. 
6. Real, uneq. 



tt 



eq. 



7. Imaginary. 
9. Real, uneq. 



EXERCISE 96, Page 181 

9. Equal. 14. Tmaginafy; real. 



19. Imaginary. 
11. (1) Real, uneq. 

(2) " eq. 

(3) Imaginary. 
11. Imaginary. 



uneq.; equal. 
16. ). 

16. ±10. 

17. -2. 

18. 3, -4. 

19. -3, -J. 
99. -1, V. 



18. -8; 73. 
81. Greater than }; less than }. 
. Greater than 3 or less than —4; between —4 and 3. 
. (1) 9, (2) 10, (3) -16. 27. 4x«-12a;+9=0. 

S6. ?»*+a;+l*0. 98. a;*+a;-5^0. 



ANSWERS XXV 

EXERCISE 97, Page 184 

1. -3, 6. 7. i J. 11. »«-6a;+6-0. 

*• 1> 7. g _ T _« 12. a;»-a;-6«0. 

'• ^' ■":"• ^ , . 18. a;«+6x+6=0. 

^ Q A a— 1 a' 

. J* i' _j •• •~4-» 7' 14. a;«--5.04a;+.2«0. 

' l' 2 * _c 3~3c "• x»+|x+}-0. 

a' a«* 5' 2a* 16. 6x'-5a;-6-0. 

17. a;«+.12x-.016-0. 83. 2a;«-2a;+l=0. 

18. a;*-(a5-a)x-a«6=0. 24. 2a;»+4a;+3=0. 

19. afca;«-(a*-6«)a;-a6=0. 26. 4x2+a«+4 6c*=4(w;. 
10. a;*-2a;-l=0 26. -|. 
21. x*+6x+6=0. 28. l-l--f ^ 

. 2a;«-4a:+l=0. lX-i=-f / ^®®- 

No. 80. Yes. 81. -24. 

EXERCISE 98, Page 186 

m 



1. 400. 9. n 



B-h' 



EXERCISE 99, Page 188 

I. (1) (a-3)(a;+4). h{c+a^h) 

(2) (2+x)(2-3x). a 

(3) (a-l)(a+2)«. 5. 7, 9. 

(4) (a+6+c)(a-6-c) 26+a a-2 6 
(a+6-c)(a-64-c). 6. — ^—^ 2 ' 

2 X 

«• (^4.2)(^-2)(a:-3)- '^' ^ ^^ da., B 6 da. 

a+m • 6. 48 at 210^ 72 at 110*. 

m—a 9. 3ar-%— 5x-^y— 2x-Hy«. 

^ 11.. a»"-8»+i. 13. 25- 7a;. 16.8. 

ly* 12. -en. 14. 2.6322+. 16. 4, -3. 

17. 16, if. 82. 7o, -6 a. 27. 1, -19. 

18. -I -l "'^' ^^- •. iL\w:m' \ 



8. 



6' a 



«. <-|*V^' 



98. 14, 8. 
19. 1,2, 3 or -1,0, 1. Jg _„ 

21. =F1, ±iV32. 94. t. *•• "^ /i-dL- 



±2, =FtV-2. 26. -4.6. 80. 10.67+. 



xxvi A SECOND BOOK IN ALGEBRA 

SI. B-TiTP«;A-(Z-2«)(«;-2()(^-0]. 88. R=i+ad. 34. to-48c^. 

«« i# 665,280 ••T <*/"j\i^/- \ 

33. M ^. 89. /=_(t-(i)+— (t-6). 



EXERCISE 100 Page 194 

«. 31. 7. 164. 54 

3. -25, -81. 8. -189. "' T"^"'*- 

4. -V, -13. 9. 573i. p, V 
6. 64. 94J. 10. -165. IZ. -^(15'Sp), 

6. 58^., $8.50. 11. -77V3. 14. n(6-n). 

15. |(5 x-4 2/+2 ry ^rr). 16. 900. 

17. 156. 18. $26,350. 19. 600 ft. 

EXERCISE 101, Page 196 

1. a=4; « = 286. 5. o«3i; d = — J. 9. a=-4; n«5. 

9. a=-5f; « = 209. 6. $24. 10. 0=8; n =5. 

3. a=5; d=4. 7. n=21; d-l. 11. a=7; n=6. 

4. o=ll; d=-3. 8. n = 18; d=-A. 19. a=-J; n = 16. 
13. 12. 14. 8. 16. 4 or 9. 16. 9 sec. 



EXERCISE 102, Page 197 

1. d=-2. 4. -Hi. 5. p. 7. 3} ft. 

8. d = i. p*+g* r 8. 106iyeara. 

3. (i=|. 2pq' r«-««- 9. «, «. 

10. If 2 X =a+6, then a?- o =6 — x; hence a, x, & is an A.P. , 

EXERCISE 103, Page 198 

1. 5, 7. g 7n(n+l) 10. 1, 3, 5, 7. 

3. 4J, 3. 2 ^j^ 24 (Ja 

3. 5C-7 6, 4c-6 6. 7. 102d term. 

4. n«. 8. 8, 7i, 6i ^3. 1, 4, 7 

5. 400. 9. 3, -2, -7, -12. 13. 12. 
!*• -5» -4i, -3}, .... 19. 30; 13; 150; 100. 

"• LV' -V"¥ ~¥ 21 *®- ^^^' ^°'^^^- 

16. 1, 3,' 5, . .'. ' ' * 21,288 ft. 

17. 651. 18. 134. 22. 948H ft.; 14,475ft.; 20 see. 



ANSWERS 



xxvu 



EXERCISE 104, Page 202 

^- ^^- «• 32. 10. w. 11. mt. 

I: -i; 33i?. 7. ,± ". ^(3+^3). 

4. 16; 55. % 18.21V2+28. 

'5.1.21550625; «' ^- Ji' ^ o/.25, .75, 1.25. 

4.52563125. 9. -63. 16. 2,097,150. 

17. 386,268,750. 19. $2440.74. 

18. 11657.69, $3773.37. . SO. 9,226,406,250+ bu. 



EXERCISE 106, Page 204 

1. 2, 728. 3, -4. 6. 6. 7. 5. 

2. 5, -425. 4. i. . 6. 5. 8. 5. 

EXERCISE 106, Page 206 

^- »•=*• 6. r=-}. 9. 4.9. 

2. r=:i •• ±*. 10. .025. 

8 r--2 ^' =^^«'^'- ' il- 7. 



4. r«-4. •" c^xH' 



„ aHyH 

8. --rirn. 12 






EXEkCISE 107, Page 206 

^ *' =^J- !•• 1, 3, 9, 27. 14. 2, 4, 8, 12. 

*• A» *• 11. 5, 8, 11. V, V, I, }. 

8. 96, ±48. 15. 8, 1. . „. _24j . 

8. 5, 15, 45. U. $15, $30. $60, i,. g, 4, 6, 9. 

». 7, 14, 28. «120. 2! i -I 9 

63, -21, 7. 18. 4, 64. 19. ^263+. ' 
M. 7.89 in. 11. Between the yeare 1990 and 2000. 

EXERCISE 108, Page il06 

.28 , 882 • '• '"iSto- 

S.G.288*5 4./-!^ . 35.C 

(l+o)e 
^•" a-dJi-d^ -- 8.6008q.ft. 



zxvm 
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SXERaSB 111, Page 21S 



r* 



1. 2. 

9. 4. 

8. 2. 

4. 1. 



1. 1.5682. 
9. 1.9294. 
8. 0.7782. 
4. 1.9542. 
0. 2.4771. 

6. 2.2430. 

7. 1.5172. 



9. 


0. 9, -3. 


18. -4. 


6. 


-2. 10. -5. 


14. 2. 


7. 


0. 11. 0. 


16. 1. 


9. 


0. 19. 3. 


16. 4,3,6,2,1,5,1,2,0, 




EXERCISE 112, : 


P6ge290 




0. 0.6767. 


14. 1.8008. 




9. 8.9031-10. 

10. 0.0086. 

11. 8.8797-10. 
19. 3.7019. 


16. 0.4774. 

16. 9.8914-10. 

17. 8.6309-10. 

18. 2.3706. 

19. 0.7490. 




18. 7.3365-10. 


90. 3.8911. 



1. 43. 

9. 770. 

3. 236. 

4. 3.78. 
0. 8400. 



EXERCISE 118, Pi«o 921 

6. 70.4. 10. .0428. 

7. 4.09. 11. .00502. 

8. .627. 19. .000126. 

9. .00803. 13. 2.59. 



14. 30.9. 
16. 7080. 

16. 77.7. 

17. 283.6. 

18. .4367. 



EXERCISE 114, Page 223 



1. 105. 

2. 34.3. 

3. 3.5492-. 

4. 207.71+. 
6. 4.082. 

6. .053575. 

7. 64.7. 

8. -.7995. 

9. 681. 

10. -.26812-. 

11. 1.4273-h . 
19. 2.4072 +. 
18. .30164+. 
14. 1.3242+. 



16. .23317-. 

16. -4.08. 

17. .42873-. 

18. 12.164-. 

19. 1.5996+. 

90. 162.48+. 

91. .75183+. 
99. .25259-. 

93. 4.359. 

94. 1.4872+. 
96. 1.5021 -. 

96. .66343. 

97. 3.9364-. 

98. .0655. 



99. 14.447-. 

80. 5.6238-. 

81. -9.365. 

39. .39336+. 
83. 3.5142+. 
34. 1.6167 -. 
96. $2514.60. 

36. 1995,200,000,000. 

87. $5716.30. 

88. $5985.70. 

89. 16.924 ft. 

40. 1.6838 ft. 

41. 10.632 ft. 
49. 1.4029. 



ANSWERS 

48. .7333. 46. 7.17+ %. 50. 40.645+. 

44. 216.15. 47. 78.033+. 

45. 14.2- yr.; 48. 1.8577. '^^ ^^•^• 
10.24- yr. 49. 1.0791. 58. 457.1. 



EXERCISE 116, Page 226 

1. 1.170-. 6. 2.124-. 10. 12.93+ yr.; 

I ^^.V" 7^ -^7+. 12.79 -yr. 

8. .760+. 11. 22.24- yr. 

4. 7.527-. *• -815+. ^ 36.70+ yr. 

5. 3.465+. 9. -.245. 18. 7+ %. 



EXERCISE 117, Page 228 

I. (1) (3a;+l)(a;-l)(3a;«-2x+6). 

(2) (x+y)(a-b+l). 

(3) (a;+3)(a;-l)(a:+2)«. 

(4) (2a+|/»)(4a«-2ay+2/«). 

(5) a;*(l+2a;)(l-2a:)(l+4a;«). 

(6) (l-3aa;«)(l+3aa;*+9a*a:*). 

^ 37 a;- 13 e, g^ 7^2."" 12. A $270, B $170. 

• 6 a:«+ll a; -35' ^^ ^^ 14. a 20 da., B 30 da. 

J , 2r=bV4r«-8« 8. r = }. !«• 4, ¥• 

2 • 9. 14 or 15. 3, ff. 

*• 2*, -t. 10 _£_ "• a^+&-^. 

- , . a^+r 17. i, V^. 

2, -*. "• ;;^, ^+^. 20. 35^ 9. • 

12. (1) (x-^+y-HXx-^-y-H), I 1 UT+irl^ 

(2) (x^ - 3) (xH - 2) . 2»- »• - ~ 2='=2\ — 5? • 

(3) (a-i+6)(a-2-a-i6+6«). jg. iQrd 

(4) (a^+2r')(a:«-jr»). 27. 32.97+ yr. 

(5) (2xH+2,)(2xH-y). ,3 j^q _i]p 

(6) (^+ly) (^^y) ,^ '06 

^^ \y^ x) \y x)' ^^-^'S^S- 

28. <ia;+cy = (ad+6c)p, so. .62+. 

^ 2. S3. J^ gaj. 92%, f gal. 65%. 
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84. C6+(a-c)(6+(0. 46.1. 67. J. 

86. Tvinr. 46. 4 lb. gold, ^^ 51+49^3 

86. 1721.68 sq. yd. 16 lb. silver. ' fS ' 

87. ±8, ±3. 48. 3, -1. 69. m-^-n. 
=F5, ±5. ^ g'+l 60. x*-2a;»+a;. 

88. 8 mm. (l-x«)H* 61. 11.5174+. 

89. .6, .1. 60. A. 62. 124, 61, 15. 
.3, -.2. 61. 16, 12. 63. 3. 

40. 9 days. 62. 3.121. 64. ZVV2 8tw 

43. (1) H*F. 63. V^. =12 8«+4«Hp. 

(2) x». 64. 16 lb. . . ^g &+q 1 

6-^^Ta«' 66. «, 0. • ob ' a* 

**• 2« • 66. (x+l)(«-l)(«-2). 66. V. 



PART TWO 

EXERCISE 118, Page 234 

1. 2-2 x. . 3. 3x-2x». 6. -2yL 
*'(*• 6. 4. 2. 6. 0. 

7. -7a;»+x*-2a;-l; -187; -441; -1489. 

8. *-1.6 a— ;7 6-10.1. ^. i. r. i •.«! ii 41 2y' 
9.6p+12«. 10.38. ". *'+^'J'+*V+x»'+!/'+jr|^. 

1^. x*+y*—ii*—xz+xy—y2. 17. H-a«+o*x». 

14. c»+<i*+n«-cei-cn-dn. 18. l-x+x*-x*+x*. 

■ 

EXERCISE 119, Page 236 

'I, 4x'+2/'4-l+4xy+4x4-2 y. 

2. a:*4-4y*+4 2*— 4xy+4x2— 8y«. 
•'3. 4 a«+6»H-9 c«-4 a6H-12 ac-6 6c. 

^ x^+4y*+9z*^4xy-6xz+12yz. 

5. 16x*+9y«+l+24xy-8x-6y. 

6. 4 a*H-20 a«+13 o*-30 a+9. 

7. 4x«+9y«+162*+25+12xy-16a»-20a;-24y2-30|/+40«. 

8. 9x«-24a?«+22x*-20x»+17a;»-4x+4. 

9. J X*- 1 x»+V x«-¥ x+25. 

10. .04 a»+.09 6«+.25 c»H-.12 d6-.2 ac-.3 6c. 

EXERCISE 120, Page 237 

1. (c«+cxH-x«)(c«-cx+x«). 2. (x«+x+l)(x«-x-l). 

8. (2 x*+3 x-l)(2 x«-3 x-1). 

4. (2 a«-3 a6-3 6*)(2 a»+3 a6-3 6«). 

0. (3x«-|-3xy+2y*)(3x«-3xyH-2y*). 

6. (7c»+9cd+5d«)(7c*-9cdH-5d«). 

7. (4x«+x-l)(4x»-x-l). $. (10x*+x-3)(10x«-x-3). 

9. (15a*6«+8o6+2)(15a*6«-8a6+2). 

10. 2(4 a«+6 a6H-6«)(4 a«-6 06+6*). 

11. (a*+2 06+2 6«)(o«-2 06+2 6«). 

15. (l+4x+8x«)(l-4x+8x*). 

18. (xV+6«y+18)(a;V-6a:y+18)- 
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EXERCISE 121, Page 287 

1. (5+2 6-a)(25-10 6-h5«-f-4ft»-4a6+a«). 

S. (a;«-a+6)(a;*-ax«H-6x»+a*-2a6+5«). 

8. (2 x-4 y+l)(4 x«- 16 xy-f 16y»-2 a;+4 y+1). 

4. [8 a;-(a+6)«][64 x«+8 x(a+6)»+(o+6)*]. 

5. (a+6)(tf-6)(x+y)(x-y). 8. (x*+6xV+y*)(«+y)«(»-»)«. 

6. (x-y)(2x+2y-l). •. (x*+y«+««)(x+«)(x~«). 

7. 4a(x«+2)(x-l). 10. (ax-y)(x-l)(x«+x+l). 

11. (a-6+»-y)(a*-2 a6+6«-«x+6x+ay-6y+x«-2 xy +y«). 

12. (o+l)(a-l)(6+l)(6-l). 22. (a4-2)(a-l)(2a+l). 
18. (a-6)(x+y)(a-6+x+ir). 28. (x«+2x+4)(x*-2x+4). 
14. (a-6+2x-h2y)«. 24. (2m-3p+5)(2m+3p-6). 
18. (2a-3&)(2c{+3&+2). 
18. (2a+3 6+l)(2a-3 5-l). 

17. (xH-l)(x-2)(x+3). 

18. (x^-yPKx^+a^^+y^^). 
18. (x+l)(x-l)(x-2)(x+3). 

20. (a+6)(a«-f6*+l). 

21. (a+6-c)«. 



1. (a+3)(x+3)(x-3). 
28. (x+2y)(x-2y-6). 

27. {x-6)(x+6+2y). 

28. (x«+4xy+y«)(x«-4xy+y«).] 

29. (a-l)(aH-3)(2a+3). 

80. (x+2+2o-n)(x+2-2o+fi). 

81. (x»+9x+l)(x*-9x+l). 



82. (x«+7y-3)(x«-7y-3). 

88. (xV-2+2x-y)(xV-2-2x+y). 
84. o^*(a+6)»(a-6)^ 88. (a+6)(a-6)(x-y)«. 

86. 36(a-5)«. 89. x*(a-x)«(a+a;). 

38. (x+2)(x+l)(x-2)«. 40. 18a«&V(c+d)(c-d)(a-cO«. 

37. (a+6)(a-6)(x-y). 41. 36 x<(x+y)«(x-y)«. 



1.^. 

X 

2. a-1. 
6 



3. 
4. 

*• 2a+2 6' 
8. -i. 
31.5 
x(x+6.3)' 



2--X 

2-a«4-y 
2 • 
a+3 5 



EXERCISE 123, Page 241 

lOx-5 



8. 



9. 



2.3x(7.7x-6)* 
x+1 



x(x-l)' 

10. 0. 

11. -i-- 
abc 

12. 2a*-l. 
(a+6-|-<5)a 



13. 



(a— 6+c)c' 



2xy 



(x-hyKx^+y^y 

3+o' 
a(l-a«)* 

1. 

0. 

a 
2y«' 

ei«-l 
a(a«+lj' 



ANSWERS 

EXERCISE 124, Page 2i8 

|t -3. S. -i. 3. f 4. 4. S. }. 

c±d 7. 21. o(a^H-l) 

••c-d' 8. A. 3a«-l' 

^^ 1-2 a— a« ^. 3o— 3^ 

*•• — 2 ^- "• T=¥F- 

2 <— <in*+<fa -, od fld flR^ 

"'*" 2» • "• 2cd-ac' 2W-a6' 2*c-a 

EXERCISE 126, Page 246 

1. 88. 2. $2.40. t. $5825, $6575. 
$. 54A- min* past 4; 38-A- min. past 1. 

6. 32A min. past 6; 54A^ min. past 10. 

7. 5A aun- atid 88i^ min. past 4. 
21 A- min. and 54^ min. past 7. 

8. 1| gal. 9. f=^ ft. 10. 12i 15. 11. 42, 84, 16& 

EXERCISE 127, Page 246 

1. /(a— c— c)+a(6— d)+dc. a6cnw 3000 n 

. S. *a+2 6; 1854.3. 12 ' abc \ /^ 

6. 5=c(l+gO<l+^)(l+^«)i where g is expressed decimally. 

^- "^ (i+(7i)(i+i^«)a+(/.)* • 100 ' ^^• 

'• 2 ' ^ 1000 • 

EXERCISE 128, Page 260 

2. 3, -2. 6. 3, 6. 9. ff, |. 

8. -31, -4i. •• 1' 3- 10. -V, -V. 

4. 3, -2. 8. 5, 1. 11. H, ¥. 

EXERCISE 129, Page 261 

I i- -thy h 4. a, b. 7. 1, 2, 3, 4. 

1. 6, 18, 30. 6. (a -6)*, (a+6)*. 8. 2, -3, 5, 4. 
8. -2, -3. 6. 6-1, a+1. 9. o«-3, 6 = 1, c«-6. 
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EXERCISE 131, Page 252 

1. 4200lbu 1^ 7..I21,; 

2. $1800. i 8..0, 3,. 10. 
dQrni—an) hl—ac * 9. 5, 3. 

In—cm * In— cm ^q c^ 

^a,^p{e-j)yf^=d{e-\-f).^ ' h-c 

»,.7,a5, •. .. * 11. 161, 33 J; 

6. 16, 20. 12. 12; 20 gal. 






t '' 






> • t 



EXERCISE 182, Page 265 



1. 1 : 30 P. M., 60 mi. 5.. 120 mi. 

- ^^i„*, OC18 • . 6. 6P. M.; 20ini. fcomA. 

1, 6 : 17| P. M., 251f mi. ' 

3. 1 : 20 P. M., 251 mi. . 7. A ^-rg »r«. 

L 20 miles from A, 7 P. M. 11. 3 y-x'^T. 



EXERCISE 188, Page 258 

1. 4.' 9. A. ., xH. 

J. 9. 10. a"*. »H 

8.1. , 11.2^. 16. -(|)H. 

*• -32- „ J^^ 17. xH. 

5. 1. 12. X-*W. . ^ • ^ 

. 1 9*H 18. x»«-.'-»»+.. 

•• :^- "• 4^- "• -2f. 

7. 81. -. ^ ,0 «! 

8. A. tf^' . **■ 

M. 6a;«-7xH-19*H+5x+9*H-2a;H. 

M. 2-4-«-HxH+2 a-H*.. 80. -=i^. 81.144. 

S4. 0M-0M6K+6M. . o^P'* 

S5.9a+6«My-M-3»-«. 88.^^^. 

S6. x-H-i,-»+«M»-», j^ (b-V-6-«»«»)-H. , SC |. 

17. x-«+4«-M.r-l. 86. *H+Wi*H+6H. 

18. 3*-»-5a-'»-r2x-H»«. -87.4. 
18. Stf-Hft'-H-l-Sd-HftH. 88. No. 



ANSWERS 



EXERCISE 184, Page 260 

2. V^25, V^. 10. i-^. 18. x-v^864 ahu 

8. •%^, -9^. 11. 2-^. 19. f v^24. 

4. -C^, ^, -C^. 12. }\/|. 20. 4V^3456. 

6. V^, \^, \^^. 13. -y/S, -^, Vs. 21. iv^. 

6. V^, -^, -^. 14. -C^, -^, V^. • 22. 3. 

7. Vs. 16. \^, \/2, -C^. 23. Iv^l^ 

e. -^4 16. iVF, 3, 2V^. 24. v^(a-6)(a+6)». 



EXERCISE 186, Page 261 

6o-6+5V2a»-o Va6+6»~Va» 

*• 14^^=^9 • *• . 6 

2.A/2+V3; 7.i(V23+y7). 

^ ^ ,- 8. V3+\/5. 

8. 5-V30-5V6-h6V5 ^ 3. jV6. 



5 



3V3+V15 Sy/2+VTd 
or 



^ 2\/3-\/2T 1®- 2^-2 

3 • 11. 98. la. 0. 

6. -x«+\/iC*-l. 13. 2\/3+-^9. 14. 4. 



EXERCISE 186, Page 262 

1. (x-2-V2)(a;-2+V2). /j._ l+\/5 \ / _ l-\/5 \ 

2. (x+l-V2)(x+l+V2). N 2 M 2 /• 
4. (a;-3-V^(x-3+\/^). 6. (5»-3--n/7)(5»^3+V7), 

T. (x+l-vT=^)(j:+H-\/rt:S). 8. a.+ P=fcVp'+12 . 
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BXBRdSB 187, Page 268 

5(Vo'-\/b) •• 5V2^ 



3V2H-2\/3+V6+2 7. V5-\/2. 

-2 • 8. 5+2\/2. 

..s(.-l±i^)(.-!^). 

10. 11. IS. i. 18. .1732, 5.196, .5196 

19 ^ 1A ?^ 1Q a?'+xV2+2 

"• 4a(l+6r ^•" 16 • "• :c+ V2 ' 

18. J. Va x+Vs. 

14. 16 O. 6 J 20. xH-y-i. 

21. 3 a«+2 a5-h3 ft' .^/^nrir«. 28. l(v/Vf+i+VV7=i). 

^"I." 24 >?^+^ 

. v2; vp; x'y. ' x*+xyH-y* ' 25. 5, 5. 



EXERCISE 189, Page 265 
' fj , abc\ .. 6. 4.792 abc; 2.28+ ft. 

8. {lwh—r=Tr^] CU. ft. ,/ 

(1728Zu»A-a6c)cu.in. 2 ' ''' 2' 

^ 1500(2 n+0 3. s^c-^o+p; r^^-^%. 

abc * 

. 144Zw .100 m,, lOO(D-m) 
5ab n ' h 

EXERCISE 140, Page 269 

1- 1, A.* 8. 1, -1, -i, f 14. 2, m^. 

«• If A- 9. 2, -3, -i±jVl3. 18- 2, -3, }, -f. 

8. 27, — f. j^^^ J 180 5^ 16. -^y 1.* 

^ »> A» 3^V— 503 ^^" ~"» fvl8. 

5. W, 1. "• ^' *' 4 • 18. ±1, ±AV310. 

6. (-1)^, I. 12. ±4, 7, -1. 19. 1, -3, -l=b\/3. 

7. 14, -!.♦ 18. 14, -1.* 20. 1, -J, 1±V3. 



ANSWERS 



zxxvu 



EXERCISE 141, Page 270 



1. sV, ^¥. 

8. 15, -». 4. 16, 1.* 

7. 3. -t. =^^. 

». 1. -A.* 

10. 0, 4o, 2fl(l±Vi9). 

11 ^ -^ 

a' e 

12. 3, -1, Iit2\/l9.* 



^( 



-6±\/6*-4ac\l- 



2a 

5. — a, — 6* 
IS. J, -2. 

-l=fc\/97 



r- 



14. 



15- - 



36 a±b 
2' 2 • 



16. a, ^. 



17. 



-l=fcV3 



6. 9, V. 



18. 4=b2\/3. 



EXERCISE 142, Page 271 



1. 1, 3, §(9=fcV69).» 
3, 1, }(9=fV69).* 

2. 1, -6, -4, -1. 

3, i, f, —2. 

8. 4, 1, }(5=h\/^^^).* 
1, 4, §(5=F\/^lI).* 

4. 4, v.* 
1, f* 

5. 6, -1, J(9=fcVi01).* 

1, -5, j(-9±Vioi).* 

6. 3, -4, ±2\/3. 

—4, 3, =F2\/3. 

-l=fcV9? 



7. 6, -4, 



4, -6, 



l±\/97 



8. ±\/2, dbl. 
^3\/5; =F1. 

9. 9, -1, 4±\/i0, 

-5=fc\/61 
2 

1, -9, -4=fc\/lO, 

5=bV61 
2 • 

10. 3, 0, =fV6. 
-2, 1, -2d=\/6. 

11. 25, 4, 43di30\/2. 
4, 25, 43=F30\/2. 

12. 3, -2, i* |> 

—2, 3, T. i;, 



-2, -3, 



3, 2, 
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EXERCISE 148, Page 272 

15g-16p 8. 10, ¥.♦ 6. 2, I, 6, -I. 

^'17 • 1, -!.♦ 3, i -10; -f. 

4g+15p 4. I 3. 7. 5 _3^ 

' ^' 17 _• -3, -*. i -¥. 

2. ±1, =fAV30. 5.' 1, \. 8. -3, -A. 

±2, ±*\/30. 3, 2. 2, iV. 

9. 27, 1. 10. -5, -1, J(7d=V^). 

1, 27. -2, -6, }(5=F\/^^). 

11. -1, }. 13. 9, 1. 15. 1, }. 
-i, 2. 1,9. J, 1.. 

12. i «. U. 1, -A. !«• 1> i K7=tVl9). 
i» tV. it, -i. 3, I, i(7=F\/l9). 

EXERCISE 144, Page 272 

1. 40.713+. 8. 5 mi. per hr., 1 mi. per hr. 

2. 17i and 20 mi. per hr. 9. (5 mi. per hr., 2 mi. per hr. 
8. -i±jV2o-l, i±iV^a-l. 10. Old 25^, new 50^. 

4. A, 6 hr., B, 4 hr., C, 3 hr. 11. 8, 6. 

5. t, i 12. 8240. 

6. 30 da. 13. 21ft., 13 ft. 
. 7. Erdilt, 9^J ft.; rear, 11§ ft. 14. 13.944+ yd. 

EXERCISE 147, Page 281 



1. f 4. «. 7. 145%. 10. 


112i%. 


2. f. 6. 20%. a. 133 i%. 11. 


22f%. 


8. 9 : 1. 6. 21+ %. 9. 2.7%. M, 


855,524+. 


18. 80%. , 


- 


EXERCISE 148, Page 284 




1, 1 : 9.936- j 1 : 6.293+. 7. 1 : 9.42+. 


• 


2. 1 : 16.82. 8. 1 :3.99-. 


A • r 


8. 1 : 7.87-. 10. 6175 lb. 




6. 1 : 12.81+. U. 13.4. 




e. 1 : 7.77+. i%. 43. 





ANSWERS 



^□CXIX 



11. ±12axy. 

15. ±.02 

14. ±|(x-3) 

u. ¥. 

16. (^'. 

x-1 • 
18. .027. 
6-1 



17. 



19. 



EXERaSB 149, Page 286 



91. 2. 

99. 1, -V. 

93. 3,-1. 

94. 5 a, —4 a. 

95. 7. 

96. 3. 

97. 54, 36. 

5ac 



99. 



ad hd 



6(6+1)- 



98. 



6— a' 6— a' 
. 80. 30. 
• 81. 71 ft. 
89. 5 ft. 2^ in. 
88. a : 6=4 : 5. 
6 :,c=5 :6. 
84. 1260 cu. ft. oxygen. 
4740 cu. ft. nitro- 
gen. 
86. 6400. 
5ad 87. 16 yd. 



3d-2c' Sd-2c 88. 25%. 



EXERCISE 160, Page 290 



1. 0, 5, -4. 

9. 0, -7, -^. 
8. -p, p-g. 

4. d=3. 

5. 54. 

6. 9, -12.* 

7. 2+JV6. 

8. 4, -v.* 

9. 3p«. 



10. t. 

11. ±216. 
19. -3, -4. 

"• ^-^' 5+1- 

a+1, 1. 
14. A, 6. 

15 A^ 
16. 9.17-. 



17. 4, 10. 

18. 5, 11. 

19. 13, 19. 

90. 4, 8. 

91. A, $5200, B, $8600. 
99. 93145. 

93. 2455 -f ft. 

94. 649- mi. 
6p 

a 



1. 12a:-3. 

5.(1) (a^iy. 



EXERCISE 151, Page 202 
9. a«+2a6-aa;+6«+x»-6a;. 



(2) (a«-fay+y«)(a«-ay+2/«). 

(3) K»+2(a;-2/)][a<-2 a^ix-y)+A(x-y)*]. 

(4) (a*+2aa?-i-2a;«)(a«-2aa:+2a;«). 

(5) ((l-i-6-l)(a-6). 

(6) it(p-i-p'+i)"). 

(7) (aH-2)(a-l)(2a+l). 



8. -2, 



\ 



SUGGESTIONS 

ON THE 

TEACHING of ALGEBRA 



With Especial Reference to the Use of 

DURELL and ARNOLD'S ALGEBRA 



BY 

FLETCHER DURELL, Ph.D. 

Head of Mathematical Department, the Lawrence- 

viLLE School; Author of the Durell Mathematics 

Series and Joint Author of the Durell- 

Arnold Mathematics Series 



CHARLES E. MERRILL COMPANY 

NEW YORK CHICAGO 



185 



/ 



CONTENTS 



PAGB 

1. Introductory Remarks 1 

2. Typical Recitation 2 

3. Second Part of Typical Recitation 3 

4. Third Part of Typical Recitation 4 

6. Fourth Part of Typical Recitation 6 

6. Deficiency Study 8 

7. First Lessons in Algebra 8 

8. Verbal and Written Problems 10 

9. Graphs 11 

10. The Formula 12 

11. Formation of Original Examples 13 

12. Extra Credit Work , 13 

13. Checking Results 15 

14. Self-Reliance and Cooperation 17 



r 



SUGGESTIONS ON THE TEACHING OF 

ALGEBRA * 

WITH ESPECIAL REFERENCE TO THE USE OF 

DURELL AND ARNOLD'S ALGEBRAS 

1. Introductory Remarks. — The teaching of the early 
part of algebra, that is, the transition from arithmetic to 
algebra, has always been the most difficult part of elemen- 
tary mathematical instruction. This difficulty has been 
increased in certain ways in recent years by the fact that 
pupils entering the high school are more and more immature, 
and by the many new and attractive appeals to their atten- 
tion in other departments of study as well as in the outside 
world. Also the recent somewhat radical changes made in 
the subject matter of first year algebra call for some modifi- 
cations in methods of instruction in order to meet the situar 
tion in the most effective way. 

This pamphlet is written in order to give suggestions or illustrations 
to such teacljers as desire all the help they can get, from whatever 
. quarter, in order to get the maximum of results when working under 
the new conditions. 

In the present situation more than ever, the important 
thing to do is to utilize to the utmost the natural growth 
processes of the child's mind; for a half year at least to 
feed young pupils much extremely simple and easily appre- 
ciated material so that in time and often without serious 
effort they unconsciously grow into the power of doing 
much harder work, and indeed develop an appetite and 
demand for such work. 

* Copyright, 1921, by Charles E. Merrill Co. 
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« 

Any suggestions from teachers with a view to the betterment of the 

methods here presented will be welcomed. 

In what follows, we discuss first the form or organiza- 
tion of the recitation best suited to meet new conditions 
and afterward the methods of treating the different kind^ 
of subject matter. 

2. The Parts of a Typical Recitation in Algebra are four : 

I. Return and discussion of corrected written work 
(if any) done in the last fifteen minutes of the preceding 
recitation. 

II. Discussion of the advance work for the current 
recitation. 

III. Assignment and explanation of the next lesson in 
advance. 

IV. Written work during the final ten or fifteen minutes 
of recitation. 

The first five or ten minutes of a recitation in algebra 
may well be occupied by a discussion of the written test 
work done by the pupils in the last few minutes of the pre- 
ceding recitation. Special stress is laid on these papers, 
because the work has all been done under the teacher's eye 
without aid from any outside source. Each of these papers 
has been carefully corrected in red pencil by the teacher, 
and at the opening of the recitation is returned to the pupil. 

Any one method of caUing attention to the errors, or. 
to specially meritorious points on the papers, if used con- 
tinuously soon loses its force. Hence in discussing these 
papers, in order to keep the interest of pupils fresh and 
active, as well as to use methods which fit the pecuUarities 
of each set of papers, different methods may be used from 
day to day. Among those available are the following: 

(1) Pupils who have correct solutions, or specially good 
solutions, may be asked to copy these on the blackboard 
from their papers, after which the teacher may comment 
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upon them, or other pupils may ask questions concerning 
them; 

(2) The teacher may solve the problems in whole oi 
in part on the blackboard (often time may be saved by 
putting part of the work on the blackboard before the 
recitation begins) ; 

(3) In case an error, the correction of which should 
be emphasized, hds been committed by a number of pupils, 
the teacher after correcting this error may fasten the matter 
more firmly in the minds of the class by reading a list of 
those who have made the error, or by stating the number 
of those who have done so, or by asking all those who have 
solved the problem correctly to raise their hands. The 
same applies in presenting any particularly good method of 
solution found on the papers; 

(4) If a given pupil has made a mistake like cancelling 

nh 

the o's in — , — the undivided attention of the class to this 

a+x 

error can be obtained by writing the fraction on the board 
without mentioning the fact that an error has been made, 
and then calling upon the pupil who has made the mistake 
to come forward and simplify the fraction as he has done 
on his paper; 

(5) If the class has shown anything like a general weak- 
ness in working the assigned problems, it may be well, 
instead of reviewing the marked papers in any of the above 
ways, to selid the whole class to the blackboard for ten 
minutes' driU on examples of the given type, including per- 
haps one or more of the actual examples used in the test 
under discussion. 

3. In the Second Part of the Typical Recitation the 
advance lesson which the pupils have prepared since the last 
recitation is next considered. Individual pupils are now called 
upon to put on the board solutions of the problems in the 
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leeson and the proof of principles. While this is being done 
by part of the class, various methods of instructing the rest 
of the class may be followed by the teacher. For instance, 
if some of the solutions being put on the board are difficult 
and involve details which require close attention, it is often 
well for the teacher to point out these features while the 
solutions are being written, and to encourage such pupils 
as are at their seats to ask questions concerning any diffi- 
culties which they have had with these problems. 

If the work does not require such close attention as 
this, some one pupil may be sent to the board to work some 
newly assigned example involving typical principles of the 
advance lesson. 

Or the time may be spent in oral or sight drills or reviews. 

Oral drills may be conducted in various ways, as 

(1) By having the pupils who are at their seats open their books at 
a specified place and solve certain simple examples orally; 

(2) By having the teacher write on the blackboard simple improvised 
problems, which pupils solve orally. One of the advantages of this 
method is that the attention of the class is held more closely owing to 
the fact that pupils are curious to know what kind of example will 
come next. Another advantage is that when any weakness on any 
point is discerned the teacher can at once follow it up by devising a 
line of examples adapted to remedy it; 

(3) The drill may be a review of definitions, or in having pupils 
invent and put on the board expressions illustrating the definitions 
(see § 11), as 

Ex. 1. Write two simultaneous equations where p and q are the 
unknowns and whose solution will give the results p = l^nd q — 2. 

Ex. 2. Write an algebraic expression of three terms each Qf which 
contains both x and j/, one of the terms being of the fourth, another 
of the third, and another of the second degree. 

(4) Oral drill on verbal problems. (See § 8.) 

4. The Third Period of the Typical or Standard Recita- 
tion consists of an explanation of the principles or processes 
Ved in the next lesson and in the assignment of the 
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lesson. In explaining the next lesson the exercise of great 
discretion is necessary on the part of the teacher. If the 
processes involved in the advance work, are such as the pupil 
should be able to analyze and grasp, without other aid 
than that given in the textbook, no explanation at all should 
be given by the teacher. If an explanation is deemed 
advisable, the development of the new algebraic process 
should be made as far as possible by the method of question 
and answer, and the pupil^be expected to supply all possible 
details of the work, with the reasons for the same. 

In all instruction in mathematics, one of the most difficult matters 
to determine, if not the most difficult, is how much and what kind of 
help to give pupils. To supply too much help pauperizes them and 
renders their minds inert; to give too little help often discourages them. 
A good rule in this matter is to give much help, especially to young 
and immature pupils, in the early stages of a subject, and then gradually 
to diminish the amount of aid. 

If it is found that pupils are forming the habit of relying too much 
on help given by the teacher, and are not reading or studying the 
explanations given in the textbook, a partial remedy for this is for the 
teacher, instead of giving an explanation, to have some pupil read aloud 
the explanation given in the textbook and at the same time write the 
steps of the accompanying process on the board, and answer any ques- 
tions which the teacher may ask concerning the same. Or all the mem- 
bers of the class may be required to read silently the statements in the 
textbook, after which the teacher may ask them questions concerning 
what they have read. 

After a method like that of solving a quadratic equation 
by completing the square has been explained or studied, 
new interest may be aroused and the matter fixed in the 
minds of pupils by asking some one pupil to come to the 
blackboard and work an example by the given method. 

His work is followed with the closest attention by every pupil, 
any mistakes which he may make are quickly noted, and other pupils 
often ask for the privilege of showing whether they cannot solve a like 
example without making an error. Also the fact that after an explana-* 



6 TEACHING OF ALGEBRA 

tion of a new process, pupils may be called upon at once io show 
whether they understand it, naturally tends to keep the attention of 
the class more alert during all explanations. 

6. The Fourth and Last Part of the Standard Recitation, 

as has already been stated, usually consists of written work 
on paper by the members of the class at their seats. Some 
of this may be extra credit work (see § 12), and in it all 
every effort should be made to stimulate pupils to form 
the habit of checking their work (see § 13). In tests of 
this sort it is also well usually to make one or two of the 
assigned examples review work. 

In this connection again the question naturally arises as to whether 
the teacher should give pupils any help in this final period of work, 
and if so, how much. In the early part of the year's work, it is the 
writer's habit to allow pupils, when they are in difficulty in this test 
work, to raise the hand and obtain permission to come to the desk. 
If he finds that their difficulties are such as they cannot be expected to 
overcome, using a red pencil he makes such suggestions on their papers 
as will make it possible for pupils to continue their solutions, the red 
pencil marks rendering it easy for him afterward to make equitable 
deductions in grading their papers. Giving help in this way also aids 
the teacher in gaining knowledge of the mental peculiarities and weak- 
nesses of individual pupils. As the class progresses, however, less and 
less help of this kind is given and toward the end of the year and in all 
review tests none whatever is supplied till all the papers have been 
handed in, corrected, and returned to the class. 

As has already been indicated, special stress is laid on 
this written work which has been done in the presence of 
the teacher, and of which he knows exactly how much is the 
pupil's own. Hence especial care is taken in correcting 
and discussing it, in the manner already described (§2). 

While the class is doing this written work at their seats, 
an opportunity is afforded the teacher of grouping and 
making a rapid appraisement of the papers handed in at 
the beginning of the recitation which contain the work done 
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outside the class in preparation for the current recitation. 
If any member of the class has failed to do this work prop- 
erly, he is at once called to the desk and asked to state the 
reason for this failure. If his failure is due either to neglect, 
or to lack of grasp of the subject matter, he is at once assigned 
to deficiency study (§6). 

As with other parts of the recitation, pains should be 
taken to introduce variety into this last period and thus 
prevent it from becoming monotonous and ineffective. 
Thus on some days instead of having pupils do written work 
at their seats, it is well to send the entire class to the black- 
board and drill them there in some way. Thus a special 
group of examples may be assigned to each pupil. Or a 
set of examples may be written or indicated on the black- 
board to be worked alike by all the pupils. Any tendency 
to copy each other's work will be diminished by the fact 
that the abler pupils will quickly distance the weaker ones; 
but at times in this work a certain amount of co-operation, 
in which the abler pupils aid weaker ones in overcoming 
their difficulties is desirable, since a pupil often has a clearer 
appreciation of the troubles of a fellow pupil than the 
teacher has, and the progress of the class is much faciUtated 
by such co-operation. 

One way of obtaining the co-operation spoken of is the following: 
If one or more of the pupils finish all of the assigned examples before 
the other members of the class, ask each of these more successful stu- 
dents to help someone who is having tmusual difiiculty. 

The drill during the final period of the recitation may also 
sometimes be effectively varied by stopping the work at the 
blackboard at a certain point and sending all the pupils to 
their seats and having each pupil work on paper, without 
aid from anyone, the same examples which have just been 
worked at the board. 
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Variety and fresh stimulus may also be introduced into 
the work by using this last or fourth period of the recitation 
in some other quite distinct .way as in a competitive game or 
drill of some sort between two halves or different groups 
into which the class has been divided. 

6. Deficiency Study. — In many schools the final hour 
or period of the day'swork is employed in giving extra instruc- 
tion and drill to those pupils who have neglected to do the 
assigned work, and also those, who, while working well, are 
naturally slow and have difficulty in mastering the subject. 
If the spirit of the class is good, pupils often voluntarily go 
to this period of extra drill, called deficiency study. 

A good form of carrying on the drill in deficiency study 
is to have all of the pupils go to the blackboard and work a 
set of examples which have been written on the board or 
listed there from the textbook. The teacher watches and 
corrects the work, carrying the answers to the examples on 
a piece of paper in the hand. Solutions by the pupils are 
erased as soon as they have been pronounced correct by the 
teacher. 

After a pupil has completed the solutions, if he has made 
few errors he is allowed to go, or is asked to aid other pupils. 
If he has shown weakness in his work, he is required to work 
the same examples again, either at the board, or at his seat 
on paper. 

Not only current work, but also back topics in either algebra or 
arithmetic, in which members of the cl^-ss have shown weakness, may be 
reviewed in deficiency study. 

7. The First Lessons in Algebra. — As has been stated 
in § 1 of this pamphlet, it is increasingly important that, in 
their first study of algebra, young pupils be fed with much 
easy work which appeals to them, so that in time they will 
grow by natural processes into the power to do more diffi- 



TEACHING OF ALGEBRA 9 

cult work. The teacher who wishes to carry this plan into 
practice will find certain features in Durell and Arnold's 
First Book in Algebra a distinct help in so doing. Some 
of these features may be followed with little change; others 
of them need to be modified under certain circumstances 
and with some classes in order to obtain maximum results. 

Each chapter in this book is divided into two parts. 
In Part I of each chapter only the simplest cases and appli- 
cations of a principle are given, formal definitions, abstract 
theory, and compUcated applications being placed in the 
corresponding Part II. None of the Parts II are to be 
studied till the second half year, after all the Parts I have 
been gone over. 

Thus for example in Chapter I, the definition of algebra, of a 
binomial, etc., are postponed to the second part of the chapter. In 
teaching this Part I, the teacher is to be at every pains to aid the pupil 
in realizing that in arithmetic he has already unconsciously learned a 
considerable amount of algebra in the form of certain symbols and 
simple formulas, and in learning how to extend this knowledge. 

In the case of some classes it will be found advisable 
after studying the Parts I up to the subject of Simultaneous 
Equations (that is, through Chapter X), to go back to the 
beginning of the book and go over the book as a whole, 
studying all of the Parts I and II in order as they occur. 

The teacher may also at times utiUze the division of 
chapters into Parts I and II in another way. Thus, while 
the class as a whole is going over the Parts I, special prob- 
lems in, or sections of, the Parts II may be assigned to 
brighter pupils as extra credit work. In this way some 
teachers have foimd it possible to teach the whole book to 
the brighter part of the class in a half year, this part of the 
class being able to study some other subject during the 
remainder of the year while the rest of the class are com- 
pleting the study of first year algebra. 
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So much arithmetic is reviewed and covered in the Parts 
I, that, if pupils are found deficient in any special arith- 
metical process, it is possible to stress this till it is thoroughly 
understood. 

Still another advantage of the method of studying first 
year algebra here presented is that if any pupils leave high 
school at the end of the first half year, they will have studied 
all of the main principles of a whole year's work in algebra 
before leaving. 

8. Verbal and Written Problems. — It is more and more 
being recognized that the study of the verbal problem is of the 
first importance as a means of inculcating the spirit of algebra 
and enabling pupils to realize its purpose. Hence, such 
study is far more valuable than practice in intricate manipu- 
lations of symbols. 

The teacher who wishes to make the utmost use of the 
verbal problem, will find much material already worked out 
in Durell and Arnold's Algebra, and in such a form that it 
may be readily modified or enlarged if this is deemed advis- 
able. In accordance with the general method of the book, 
many simple verbal problems are given before the more diflS- 
cult ones are introduced. Though usually presented as oral 
exercises, these examples may be assigned as written work if 
the teacher regards this as preferable with any given class. 

The study of elementary verbal problems not only cul- 
tivates thought power and an appreciation of the spirit of 
algebra, but also is the best preparation for the more diffi- 
cult work of solving written problems and of devising and 
applying formulas. Hence, if pupils have trouble in solving 
written or formula problems, it is important that the teacher 
devise and teach many simple verbal problems adapted to 
prepare for the solution of more difficult ones, as, for instance, 
Ex. 22, p. 64 prepares for Ex. 16, p. 66; or Ex. 15, p. 88, 
for Ex. 12, p. 89. 
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• 

In general, no better sight drill (see § 3) can be given 
in time available for oral work, than that occupied in answer- 
ing such questions as the following: 

Ex. 1. What is the area in square inches of a rectangle x ft. long 
and y in. wide? 

Ex. 2. What is the interest on y dollars at 6 per cent for t years? 

9. Graphs. — It is important in like manner that when the 
subject of graphs is taken up, the pupil at first be given 
many simple graphs to construct, till he grasps the essential 
principles involved and forms a liking for the topic. As his 
chief difficulty at the outset is that of fixing on a convenient 
numerical scale on each axis, a completed graph to be used 
as a model may be given at first. (See p. 27.) In later 
work, give only a small part otthe graph and ask the pupil 
to complete it. (See Ex. 4, p. 28.) Later still, give no part 
of the graph, but only the axes marked with their numerical 
scales and ask the pupil to -supply the entire graph. (See 
pp. 29, 68, 92, 128.) 

If the pupil is taught graphing in this simple progressive 
way during the first half year, he will acquire such con- 
fidence in his powers that he will, with comparatively little 
help and much zest, take up the more difficult cases, where 
he must determine the numerical scales, draw two graphs 
on the same diagram with two different scales on the vertical 
axis, and later determine whether the line, circle, or bar type 
of graph should be employed in a given case. 

Similarly in teaching the interpretation of graphs, it is 
advantageous to follow the same progressive plan. Simple 
and easily answered questions like those on page 28 should be 
asked, till the pupils grow by familiarity and practice into 
the power of readily seeing a deeper and more comprehensive 
meaning in graphic forms. 
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10. The Formula owing to its abstract appearance is 
less suggestive and attractive to the pupil than the graph. 
Hence, especial pains should be used in following* the rule to 
make the first lessons in its use simple and clear. When 
first asked to solve a problem by the use of the formula, 
pupils often say, " I can work this example by arithmetic " 
and then proceed to do so, neglecting the formula. In this 
case, in order to emphasize the nature of the formula, it is 
useful (as when an example like Ex. 3, p. 9, is to be worked) 
to require the pupil to tabulate the work in some formal way 
like the following: 

Formula a=lw. 

Given I = 32, and w — 15, 

Find a 

Process Substituting for the known letters in the formula, we 
obtain 

a =32X15, 

Hence, a =480 .'. 480sq. in. Ans, 

So in teaching the framing of formulas, give much 
practice at first in simple cases, where all of the needed 
letters are given. (See Ex. 14, p. 52; Ex. 2, p. 88, etc.) 
If abundant drillof this kind is given in the first half year, 
the pupil will grow without much efiFort into the mastery of 
the more advanced cases, where he must supply his own 
letters in formulating a given process, or transform a formula 
with reference to the different letters in it, or must convert 
a rule into a formula, or vice versa, or eliminate a letter 
between two formulas, or study the relations between a 
formula and its graph. 

Particular attention is called to Ex. 30, p. 69, Ex. 19, p. 215, and 
similar examples, by which especially, when treated orally, the pupil is 
given a large amount of traim'ng in the quick transformation of rules 
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into formulas and the reverse process. These examples, together with 
much of the drill in oral language work (see, for instance, Exercise 31, 
p. 63) enable him to acquire the formula habit. 

11. Formation of Original Examples. — It was stated in 
§ 8 that one of the best methods of cultivating a pupil's 
appreciation of the inner meaning and spirit of algebra is 
drill in the solution of verbal problems. Another impor- 
tant way of developing this appreciation is that of training 
the pupil to devise an algebraic problem to meet a given 
set of conditions. Examples of the kind meant are given in 
§ 3, p. 3, of this pamphlet. Other similar examples sup- 
plied in the textbook are Ex. 4, p. 12; Ex. 2, p. 18; Exs. 
5-7, p. 19; Exs. 32-35, p. 55; Exs. 54-58, p. 147. 

Work of this kind, whether given as sight drill or written 
work, has the double advantage of being both a review of. 
definitions and principles, and a training in thought 
power. 

12. Extra Credit Work. — When most of the members of 
a class are immature and for a considerable time are receiv- 
ing such elementary instruction in the early study of algebra 
as has been described, it is highly desirable to have some 
means of assigning at times in addition to the regular lesson, 
a certain amoimt of more difiicult work to be accomplished 
by the abler members of the class. This additional work 
should not interfere with the regular plan of instruction, 
but rather, if possible, should improve it by speeding up 
and stimulating all members of the class to do harder work 
and thus outgrow the elementary stage as soon as possible. 

One device by which this end may be attained is the 
utilization of the task and bonus principle now common in 
the payment of workmen. Thus, if a workman does a normal 
or average amount of work, he is rated as 100 per cent effi- 
cient. If he accompUshes more than this, he is rated as, 
say, 110 per cent, or 150 per cent efficient. 
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For mstonce, if, in shovelling iron ate from cars the task is 40 tons 
per day, and a workman should succeed in unloading 48 tons, he ia 
regarded as 120 per cent efficient for the day and receives Increased 
pay accordingly. 

Similarly, if a pupil does what may fairly be expected of 
one in his stage of development, we may give him a grade 
of 100. If he achieves more than this, and does other work 
called extra credit work, we may give him a grade cf, say, 
120, or 140. 

Thus, we may give a written test or examination in the following 



Ex. I. Solve i'-i(i+5) = 12+i;. 

Ex. 2. 5i-2(3i+2}-7. 

Ex.3. 3(i+l)(i-l)=3i'-4. 

Ex.4. 9y=3+2{l+4y). 

Ex.5. (Eitra credit). 24-5(*»-2)-l-(:E-l)(5r-2), 

The first four of the above examples are intended to 
represent what the average or normal pupil may be able to 
solve in the test period, and the correct solution of all of 
these will entitle him to a grade of 100. If he also succeeds 
in solving Ex. 5, his grade will be 125. 

The same principle is applicable in assigning home work 
to be done in preparation of a lesson, or the method may be 
varied slightly by assigning say twelve problems, the solu- 
tion of any ten of which entitles a pupil to a grade of 100, 
for the correct solution of all being 120. 

owing are among the advantages of the above method of 

id grading work. 

ccelerates the menial growth of the class as a whole and 

I from being content with the more simple work given them 

t. 

revents the more gifted pupils from settling dcwn to the 
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general level of the class, and, in fact, tends to develop them to the 
utmost. 

(3) It prevents a poor pupil from being discouraged by having a 
practically unattainable standard of perfection set before him. On 
the contrary if he has obtained a 100 per cent mark for completing the 
normal or bogey amount of work, he cheerfully attacks other problems 
with the stimulating feeling that he can lose nothing, but may gain 
much by so doing. 

(4) The old 100 or absolute system sometimes had the disadvantage 
that a pupil having gained a mark of 100 or something very close to it, 
came to feel that he had learned about all that was to be known about 
a subject. Hence, his progress was checked and perhaps ended. But 
with possible bonus grades without limit above 100 open to him, end- 
less vistas of achievement are presented and suggested and the pupil 
is started out upon them. 

(5) The method also has certain important broad social and eco* 
nomic educational values. Thus, one obstacle to the satisfactory 
settlement of certain labor and other problems is the narrow view of 
efficiency principles held both by certain employers and some workmen, 
and training by the method here suggested helps broaden all who 
become familiar with it. 

The teacher can carry further this training of the efficiency intelli- 
gence and conscience of pupils, by careful instruction in examples like 
that in § 32, p. 53; or like Ex. 46, p. 57; Ex. 8, p. 202, etc. 

In brief the method may be made a stimulus to both 
weak and able pupils in several ways. 

13, Checking Results. — The extra credit principle de- 
scribed in § 12 may be made an aid in overcoming the reluc- 
tance^ which most pupils have to check or prove an answer. 

The more complex and strenuous the modern business 
world and life becomes, the more important it is that every 
process and detail of work should be tested and proved so 
that it can be absolutely relied upon, no matter where and 
how it is used. Hence it is increasingly important that 
children, as a part of their educational training, should form 
the habit of checking all answers. Yet children have a 
marked distaste for this process, and too often merely regard 
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it as a whimsical requirement on the part of an exacting 
teacher, especially if the answer is simple and exact and 
" looks right." 

The elimination of about one-third of the more technical 
and abstruse parts of first year algebra which has been 
made in some recent syllabi opens the way for giving more 
attention to the important matter of checking each process 
fitnd result. 

Two devices may be mentioned for overcoming the dis- 
taste of pupils for proving answers, and for carrying pupils 
along till they fully realize the value of doing so, and the 
process becomes in a measin-e easy and natural. 

The first of these devices is that of making the checking 
of a problem a separate example and giving the pupil the 
same credit for checking a process as for the original solution. 
When this is done a sample test paper would read as follows: 

Ex. 1. Solve x-2=5(x+l)+7. 

Ex. 2. Check the answer obtained in Ex. 1. 

Ex. 3. Solve (x+2)(a;-3)=x*-7. 

Ex. 4. Check the answer to Ex. 3. 

And so on alternately. 

After pupils have thus been made familiar with the 
process of proving their answers, they will in time realize 
its advantage, and they will voluntarily use the method 
(as in an examination where they are especially anxious to 
get correct results) after the above artificial stimulus has 
been removed. 

The second method of aiding pupils to form this habit 
is to begin with it at the outset and apply it to very simple 
examples. If an example is compUcated the proving process 
usually is long and complex, and hence mistakes are likely 
to be made by the pupil during its progress. If a dis- 
crepancy thus arises, it is a matter of considerable difficulty 
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for the pupil to determine whether the error has occurred 
in the process of solving the problem or in that of checking 
it, and the pupil comes to regard the proving process as 
merely an added source of perplexity. Hence, the pupil 
should begin by checking many simple problems till he 
acquires skill and confidence in the application of the process. 

In this connection it may be well to state that some 
teachers make it a rule never to tell a pupil whether an 
answer is right or wrong, but require pupils to test their 
answers so as to make sure for themselves whether these 
are correct. 

14. Self Reliance and Co-operation. — The general plan 
advocated in the preceding pages, of giving our present 
immature pupils much simple work at the start and thus 
putting into action and utilizing the natural growth proc- 
esses of the child's mind, also has the advantage that when 
pupils are treated thus they come to work from a higher 
motive,that is, more to gratify their sense of mastery and ex- 
pansion and less to obtain good marks. They are less likely to 
copy each other's work, or, indeed, to get an undue amount of 
help from any outside source; for the pleasure which comes 
from personal achievement is so great that they want noth- 
ing to interfere with it, and they often desire ever harder 
work in order to add to this pleasurable sense of achievement. 

After this spirit has become general in the class, so that 
a pupil is not likely to accept aid except when it is really 
needed, it is possible to allow and even foster a certain 
amount of co-operation (see § 5) among the members of a 
class and thus to utiUze the remarkable power which some 
pupils have of realizing the exact nature of the stumbling 
blocks of other pupils and of aiding their fellow pupils to 
overcome their diflSculties. 



